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We report the results of a theoretical investigation of the formal relationship between effective-
Hamiltonian and effective-Liouvillian dynamics. It is shown that there are some difficulties associated
with the application of effective Hamiltonian dynamics to the modeling of spectral and temporal proper-
ties of quantum systems. More specifically, we provide a rigorous proof that effective-Liouvillian dynam-
ics is not reducible to effective-Hamiltonian dynamics without discarding dynamical information about
the interruption of certain phase coherences between the relevant and irrelevant parts of a system and
the transfer of those phase coherences into phase coherences and excitations in the irrelevant part. It is
shown that the discarded dynamical information makes a significant contribution to the frequency-
dependent nonradiative decay rate for a simple model system.

PACS number(s): 33.50.—j, 31.50. +w

I. INTRODUCTION

Recently we found that effective-Hamiltonian and
effective-Liouvillian treatments of the following two
problems yield dramatically different results: (i) spontane-
ous emission of photons in a cold cavity [1] and (ii) non-
radiative decay of an excited state coupled to a damped
manifold [2]. The difference in the results obtained in
these treatments suggested to us that there is some funda-
mental formal difference between effective-Hamiltonian
and effective-Liouvillian dynamics.

Although effective-Hamiltonian dynamics has been the
subject of many formal discussions [3] and is a commonly
employed mesoscopic model [3(d),4], we have been unable
to find anything in the literature for understanding the
differences in the results obtained for the two aforemen-
tioned problems. With the aim of resolving these
differences, we were prompted to undertake a theoretical
investigation exploring the formal relationship between
effective-Hamiltonian and effective-Liouvillian dynamics.

The results of our investigation are reported in this pa-
per. We show that there are some difficulties associated
with the application of effective-Hamiltonian dynamics to
the modeling of spectral and temporal properties of quan-
tum systems. More specifically, we provide a rigorous
proof that effective-Liouvillian dynamics is not reducible
to effective-Hamiltonian dynamics without discarding
dynamical information about the interruption of certain
phase coherences between the relevant and irrelevant
parts of a system and the transfer of those coherences
into phase coherences and excitations in the irrelevant
part. It is shown that this discarded information makes a
significant contribution to the frequency-dependent non-
radiative decay rate for a simple model system.

II. EFFECTIVE-HAMILTONIAN DYNAMICS

In treating spectral and temporal properties of quan-
tum systems, investigators often introduce a frequency-
dependent Hamiltonian # giw—+e) to characterize the
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dynamics of the relevant part of the system [3,4]. In gen-
eral, # q4{iw+¢) may be written in the form
Hlio+e)=H—itiH io+e) , (2.1)

where 7/1\(:}?1,7{},7{ and [5]
Fylio+e)=(1/H, o [lio+e)Qy
+/MHy, 0 1 'Hg p,,
2.2)

with ﬁp Py, _PWHP}[, HP Qy PﬁﬁQﬁ, HQ?{PW

—QWHPW, and Ay 0., Qﬂﬁgﬁ
The projection operators Py, =T /Ehbfﬂ )(¢1 | and
Ou= Sk, \¢k )(¢k | project onto the relevant and ir-

relevant parts of the dynamics embedded in the Hamil-
tonlan These operators satlsfy the usual relAatlons
Py +0y=Ty, PY{_PJ{’ 0% =0y, and Py, 05, =0y Py
=0y, where I 4 is the identity operator and 07, is the null
operator.

For the case of reversible systems (systems character-
ized by a Hermitian Hamiltonian), the prOJectlon opera-
tor Py, projects onto bound states {!d;] } and Qy pro-

jects onto unbound states { |¢kU )}. Given this interpreta-

tion of the projection operators, the effective Hamiltonian
F liw+¢€) is usually represented by the form [3(a),3(b)]

Heolio)=H+B,liv)—(i/2)Flim) 2.3)
obtained by _ taking the double limit
lim, o4 limy,  H io+e), where limy_, . denotes the
infinite-volume limit. In the above, F/{(za)) and Aﬁ(za))
are the frequency-dependent damping and level shift
operators [3(a),3(b),6]:

tylio)=2afp o 8(iwQy+Hy o VHy p, (2.4)
and
4485 ©1993 The American Physical Society
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Aptio)=—Hp o PH0Qy+Hy o ) 'Hy p. . (2.5

where P denotes the principal part.
It follows from Egs. (2.1) and (2.3) that the damping
and level shift operators may be written as
o lio)=26%Liw)
and
Alio)=

(2.6)

—iifl o) , 2.7)
where ??%(im) and 7/1\/‘%(1'60) denote the Hermitian and
anti-Hermitian parts, respectively, of the operator
Hylio)=lim, o limy,_, . H4io+e). Since we have
not 1mposed any symmetry restrictions on the Hamiltoni-
an A, Egs. (2.6) and (2.7) apply to both reversible and ir-
reversible systems. (The latter type of systems are
characterized by non-Hermitian Hamiltonians.) Hence,
we shall simply interpret {|¢; )} and {[¢; )} as the

basis vectors for the relevant and irrelevant parts of the
Hamiltonian A, respectively.

III. EFFECTIVE-LIOUVILLIAN DYNAMICS

With the effective Hamiltonian # (i) at hand, inves-
tigators often introduce an effective Liouville operator

L io) of the form [7]

X

o)=L+ | L R ti0)— f o), G

S~

Zﬁ

where 2=(1/ﬁ)7?' is the Liouville operator for the
relevant part, i.e., the Liouville operator associated with
Py Pyt R
In the above, the superoperators 7? -, f&%\(ico),
and ﬁ;,(za)) are deﬁned in such a way that H A
[7{ 4], f 4=[Tyliw), 4], and Ajlio)A
[Aﬂ(zco A]_ for any operator A, where the + (=)
has been used to, denote a commutator (antlcommutator)
Of course, A?f = 7{ A, ity Hiw) f+ (iw) A,
and 2&;}(1w)=—Aﬁ(zw)A.
A straightforward application of projection-operator
techniques [8,9] to the Liouville equation leads to the
effective-Liouville operator

.,LAeﬂ-(ia)-i-e):,Z*i??[(iw-i-e) ,
where =£ :i:P.L P.L
relevant part and

Fliote)=Lp o [Go+e)0 +ily o 17'Eq p, »

(3.2)

is the Liouville operator for the

(3.3)
with LP P‘L—PLLP.L’ LP Ry P_LLQ.L’ LQLPL
_Q,LLPL’andLQ 0, QLEQ,L

The projection operators
P,=3 |NjBkB>(NjTBkB| (3.4)

ip:kp

and
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O0,= 3 [N )N 1IN N
ipky
+ 3 N« kUl 3.5)
jurky

project onto the relevant and irrelevant parts of the Liou-
ville operator corresponding to the Hamlltoman
These ope/{ators satisfy the relations P ,+0, =7 yr
P_ZL—PL, Q.C Q[’ and P,LQ.L QLﬁL—O_C, where OL
is the null operator and T  is the identity operator for the
vector space spanned by the biorthornormal basis set
(NS4, | IN; & ) a,b=Bor U}.

The right-hand vectors { ]Nle k,); ab=B or U} are
vectors corresponding to the dyadic operators
{Njakbz |¢ja )(¢kb|; a,b=B or U}, where { 1¢jB Y, |¢ku>}

are the same set of orthonormal vectors used to construct

the effective Hamiltonian glven by Eq. (2. 1) By con-
struction, the vectors {(N Lk, L, N jk,); ab=B
or U} satlsfy the orthonormality and closure
relations (N kb IN, m ) =8, 1 8k,.m, and 1,
=Ea’b2ja'kb| ik, \ whereabcd Bor U. The
components ]T K, |A | of the vector

|A)[( AT correspondlng to the dynamxcal variable
A[AT] and the matrix elements L(j,,ky;l.,m,)
of ; the Liouville operator L are glven by
(N; kblAT (¢,|At¢k )=A(j, k) |
"<¢k |A w’j >— Ja’kb)] and L(.]a’kb’lc’md)
=( j K, |\E IN, m,)- Note that the inner product (AIB) is
defined by ( 4 |B)=Tr AB. Also, note that (4 T|=]4)'

In order to make a comparison between the eﬂ'ectlve—
Liouvillian operators given by Egs. (3.1) and (3.2), it is
convenient to recast Eq. (3.2) in the superoperator form
(@/0f i),

eﬁ{ta))—l:—l-AL(za) (3.6)

where KL(ia)) and T ,(iw) are Hermitian operators

defined by

£ i0)=2H Wiw) (3.7)
and

Aslio)=—iH Mio), (3.8)
with # Hiw) and #H Miw) denoting the Hermitian
and anti-Hermitian parts, respectively, of the operator
H liw). In the above,

eﬂ(zw —52%1+I}1in Leﬁ(tw-i-e

and

2 = lim 1 .

Hliow)= girél+Vl_Igoj{£(lm+€)

IV. RELATIONSHIP BETWEEN
EFFECTIVE-HAMILTONIAN AND
EFFECTIVE-LIOUVILLIAN DYNAMICS

Of particular interest is the relationship between the
effective-Liouville operators given by Egs. (3.1) and (3.6).
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tCOI;a(;‘llgj their equivalence requires the following relations ﬁi( 0)=(1 /ﬁ) Hiw) . 4.2)
So let us turn our attention to establishing the conditions
for the applicability of Egs. (4.1) and (4.2).
R o) =1/5F 2o @.1) The  matrix  element WL(jB,kB;j}’g,lc,};ia)+e)
Lo 7 =N} 4, |72 (iw+e)|N, ) of the operator # ,(iw+e)
B"B

is simply the Fourier-Laplace transform of the time-

and correlation function

KL(JB’kB’]B’kB’t) k |LPLQ.LeXp( lLQ Q t)LQLP[|NI l) (43)

Introducing the explicit forms for LP ey —PLLQI and LQ P, QLLPL into Eq. (4.3) and then evaluating the per-
tinent matrix elements of the Liouville operator L, we find that
K (g, kgsjp,kp;0)=(1/%) 3 (H(my,kz) (N my [€XP( —ILQLQLI)|N, ’,J Y (kp,my;)
mysmy

ﬂ(mU,kB N

ij |exp _lLQ Q )Nmbké)ﬂ(mij"]é)
—ﬁ(jB,mU)(NmUkB |exp(—iEQLQLt)leém,U)?{(k,;,m;n

+7{(jB,mU)(N,JI,UkB lexp( —ilA‘QLQLt)INm,

Iy, p)) (4.4)
U™B

It is evident from Eq. (4.4) that the following four time-correlation functions contribute to K ;(jg,kp;jp,kj;t):

(N, lexpl=iLg o DIN,, V=TeR] , exp(—ilo, 0,08, . , (4.5)

(Nf,mylexp(—iLy o DIN,, , )=TN] , exp(—ifQLQLz)ﬁmbké, (4.6)

(N i, lexp(—iLg, o, DIN, . )=TrA}, , exp(—ilg, UL 4.7)
and

(N,LUkB lexp( _iEQIQLt)INm(’,kI’,):Trﬁ'LukB expl( —ifQLQLt)ﬁm(’,k); . (4.8)

Since effective-Hamiltonian dynamics does not include information about phase-coherence transfer that is mediated
by interactions within the manifold of relevant states and interactions between the relevant and irrelevant manifolds
(see F1g 1), it seems reasonable to assume that effective-Liouvillian dynamics is reducible to effective-Hamiltonian dy-
namics when we neglect this information in the projected Liouville operator LQ 0, by allowing

I:Q_L 0, _’Efu»kuzj ! N; i, )L Gy kys iy ki )(N;:,Jk&} [see Eq. (3.5)]. The elimination of this dynamical information

is equivalent to makmg the replacement
exp(—iLg, o, DN, i, —expl —(i /Wy o 1IN,  expl+Gi/MAY o 1], 4.9)
where ﬁg 0y is the adjoint of the projected Hamiltonian ﬁQ 0y appearing in effective-Hamiltonian dynamics.

Introducmg the replacement given by Eq. (4.9) into Eqs (4. 5)—(4.8) and subsequently making use of the relations
(¢j lexp[ =( z/ﬁ)ﬁQ 0,t1= (¢j | and exp[ %( z/ﬁ)HQ 40t |¢j =|¢jB),we find that

(NijU [exp( _iLQ,LQLt”Nj,}mb )_}61‘3’11’; ( ¢mb lexp[ +(i/ﬁ)HQ7{QWt] }qﬁmu ), (4.10)

(N mg lexp(—=Lg o DIN, . . )—0, (4.11)

(N iy lexp(—iLg o DIN,, ., )—0, 4.12)
and

(V) &, lexp(—iLg, o, OIN,,. )8, (b, lexpl—(i/fHg o 11l4,,) . (4.13)
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Now introducing the replacements given by Egs. (4.10)-(4.13) into Eq. (4.4), we obtain

K (o knslpo ki 0=K 3k, k53008, + Koy injpi 0

where

Kyip,jps0=(1/7); | Hp o expl—(i/mHg o 11Hg p |,:) .

K 4/(kp,kg;t), is similarly defined.
The Fourier-Laplace transform of Eq. (4.14) yields

H L jprkpsipskpsio) =H Ky kp3i0)8; . + I jp,jp3i)d

jB’
and

H g kgijp kpsio)= —ﬁ;;(k;,kB;iw)aj i +H Mg, Jpi)d

.B ,

__ With the aid of the formal definitions of the operators
[ io), Aslio), Tylio), and Ayliow), we find that Egs.
(4.15) and (4.16) lead to Egs. (4.1) and (4.2), which enables
us to pass from Eq. (3.6) to Eq. (3.1). Since there is no a
priori reason to expect the replacements given by Egs.
(4.10)—(4.13) to be mathematical equalities, we conclude
that effective-Hamiltonian dynamics is an approximation
to effective-Liouvillian dynamics.

Clearly, the use of effective-Hamiltonian dynamics to
compute frequency-dependent decay rates and to con-
struct effective Liouville operators of the form given by

PHASE COHERENCE TRANSFER NEGLECTED IN
EFFECTIVE-HAMILTONIAN DYNAMICS

PHASE COHERENCE TRANSFER INCLUDED IN
EFFECTIVE-HAMILTONIAN DYNAMICS

FIG. 1. Diagrams illustrating the phase-coherence transfers
neglected and included in effective-Hamiltonian dynamics. The
lines represent the interaction between the superstates enclosed
in the circles. All of the displayed phase-coherence transfers
are included in effective-Liouvillian dynamics.

kpokl ? (4.14)
- (4.15)
4.16)

’o.
kg.kp

f

Eq. (3.1) is tantamount to discarding dynamical informa-
tion about phase-coherence transfer that is mediated by
interactions within the manifold of relevant states and in-
teractions between the relevant and irrelevant manifolds
(see Fig. 1). Of course, effective-Hamiltonian dynamics
does include information about phase-coherence transfer
that is mediated by interactions within the manifold of ir-
relevant states (see Fig. 1).

The phase-coherence transfers neglected in effective-
Hamiltonian dynamics vanish from effective-Liouville dy-
namics when the interactions within the relevant part
and between the relevant and irrelevant parts vanish.
This suggests that the effective Liouville operator given
by Eq. (3.1) may be a good approximation to Eq. (3.6) for
sufficiently weak interactions. Nonetheless, the neglected
phase-coherence transfers may give rise to some interest-
ing and important physical effects even when the interac-
tions are weak [1,2].

V. ILLUSTRATIVE EXAMPLE

Now that we have discussed the relationship between
effective-Hamiltonian and effective-Liouville dynamics,
let us turn our attention to the comparison of these dy-
namics for an exactly solvable model. More specifically,
we wish to determine the frequency-dependent nonradia-
tive decay rate I ,(s,s;s,s;iw) for some radiatively
damped excited state |¢; ) that is coupled through the in-
teraction U to some radiatively damped excited state
|¢,). The states |¢,) and |$,) are characterized by sim-
ple exponential radiative decay in the absence of the in-
teraction U. A schematic representation of the model is
given in Fig. 2.

It follows from Egs. (3.7) and (3.8) that

I /(s,5;5,55i0)=2ReH /(s,5;5,5;im)
and
A (s,s;8,55i0)=ImH ((s,5;s,5;i0) ,

where

K (s,558,55i0)=lim,_ g imy_ H ((s,5;5,5;i0+E).
Exploiting the mathematical apparatus of dual Lanc-

zos transformation theory [9,10], one can readily show

that the exact result for # ,(s,s;s,s;iw+¢) may be writ-

ten in the form of the continued fraction
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(5.3)

20U (s,1)|* /%

H (s,5;8,5;i0+¢)

A(s,])

filio+e)+d (s,])+

2d _ (s, D} U(s,1)|%e(s,1)* /A(s,1)?
flio+e)+d  (s,)—d_(s,De(s,)*/A(s,1)

|1 >
TR, 0/R)

e(s,0) U(s,1)

—f— s >

[TR(s,5)/h]

|60 >

FIG. 2. Schematic representation of two coupled, radiatively
damped excited states.

4.0 T

T
L

3.0

LELELE A o

I

flio+e)+d (s,1)—2d _(s,D)|U(s,D)|*/A(s,])—

2.0

Ty(s,s;s,551w)

{r T

S S Y E S S N

0.0
-2.0

o
o
N
o

FIG. 3. Comparison of the exact results (O) for
I'/(s,s;5,5;iw) with the approximate results (O ) obtained by as-
suming the equivalence of the effective-Liouvillian and
effective-Hamiltonian treatments. The displayed results are for
the two-state system depicted in Fig. 2, with e(s,/) /%= —1.0,
[U(s,D| /%=1.0, T”(s,s) /%=0.5, and T'®(],1)/%=2.0. For the
effective-Hamiltonian treatment, €(s,/)= —§,=1.0.
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or the rational function
H ((s,555,5i0+e)=[2|U(s,D)|*/A]{[Alio+e)+d
X {[Alio+e)+d  (s,1)]*—d _(s,

+A(s, D[ filio+e)+d (s,1)]—

where d (s,1)=1[TR(s,)£TR(1,1)], e(s,) =&, —§), and
As,)=2|U(s,! |2+Esl)2 with U(s,)={(¢,|0|4,).
It follows from Egs. (2.6) and (2.7) that
LCols,s;iw)=2%ReH 4(s,5;5iw) (5.5)
and
Agds,s;io)=RImH 4(s,5i0) , (5.6)
where H s, s3iw)=lim,_ o, limy_, F4(s,s;i0+e).

One can readily show that

(1/8)| U, D2
filio+e)+&+LDRAD

Hals,s5i0+e)= (5.7)

From Egs. (4.1) and (4.2), we see that the equivalence
of the effective-Hamiltonian and effective-Liouvillian
|

A(s, 1)

W. A. WASSAM, JR.

(5,D*—d _(s,D[#io+e)+d , (5,]1)]}
D[#Aio+e)+d, (s,D)]?

_(s,De(s, 1?11, (5.4)
[
treatments requires the following equalities to hold:

I/ (s,5;8,5;i0)=(2/R)T 45,5 ;iw) (5.8)
and

A (s,858,5;iw)=0 . (5.9)
These relations imply that

ReH ((s,5;8,5;i0)=2ReH 4(s,5;iw) (5.10)
and

Im¥# /(s,5;5,5;i0)=0 (5.11)

It is clear from Egs. (5.3) and (5.7) that, in general, Egs.
(5.10) and (5.11) or, equivalently, Eqs. (5.8) and (5.9) do
not hold. In fact, we see that these relations approxi-
mately hold only when

~g(s,1)? (5.12)

2d _(s,D?|U(s,D))%(s,1)* /A(s,1)?

#io+e)+d, (s,1)—2d _(s,)|U(s,D|*/A(s,])—

Hliote)+d,

E=0 or es,)=—¢, and TRs)=0 or
d,(s,)=—d_(s, I)—;I‘R(l D). .

The approximation given by Eq. (5.12) is equivalent to
assuming that |U(s,1)|? <<e(s,1)®. Nonetheless, the ap-
proximation £, =0 or &(s,/)= —§, is meaningless unless
one assumes that the energy &, is with respect to &;.

Since there is no a priori reason to expect the above
conditions to hold, we conclude that the effective-
Hamiltonian treatment is not equivalent to the effective-
Liouvillian treatment. For the two-state problem, we find
that the effective-Hamiltonian treatment is only approxi-
mate due to the discarding of dynamical information
about the phase-coherence transfer mediated by the in-
teraction between the two states. This is illustrated in a
concrete way in Figs. 3 and 4.

Upon inspection of Figs. 3 and 4, we see that the re-
sults based on the assumed equivalence of the effective-
Hamiltonian and  effective-Liouvillian  treatments
represent a rather poor approximation to the exact re-
sults for the effective-Liouvillian treatment. The approxi-
mate result for I /(s,s5;s,5;iw) exhibits a much stronger
dependence on w than the exact result (see Fig. 3). More-
over, the approximate result for A /(s,s;s,s;iw) vanishes
for all w, while the exact result assumes nonzero values
for finite values of w (see Fig. 4).

Agreement between the approximate and exact results
is obtained only for a single frequency o 4, differing for

(s,1)—d _(s,De(s,1)* /A(s,])

0.0 G

0.4 r

-0.6
-2.0

FIG. 4. Comparison of the exact results (O) for
A/(s,s;s,5;iw) with the approximate results (O ) obtained by as-
suming the equivalence of the effective-Liouvillian and
effective-Hamiltonian treatments. The displayed results are for
the two-state system depicted in Fig. 2, with &(s,/) /A= —1.0,
|U(s,1)| 7%=1.0, TR(s,s)/#=0.5, and T'*(1,1)/%=2.0. For the
effective-Hamiltonian treatment, €(s,/)=—§&,=1.0.
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I' [(s,s;5,5;iw) and A/(s,5;s,5;iw). For w<w 4, the ap-
proximate results overestimate I ,(s,s;s,s;iw). For
w>w,, the approximate results underestimate
I /(s,s;s,5;iw). Just the opposite behavior of the ap-
proximate results is realized for A /(s,s;s,5;i®).

Apart from the aforementioned difficulties with the ap-
proximate results based on the assumed equivalence of
the effective-Hamiltonian and effective-Liouvillian treat-
ments, we find that the approximate results do not reflect
the correct symmetry of I' ((s,s;s,5;iw) with respect to
®. As can be seen from Fig. 3, the exact results for
I /(s,s;s,5;iw) are symmetric in w. Since the approxi-
mate results for A /(s,s;s,5;iw) vanish for all w, they ob-
viously conform to the antisymmetric character of this
quantity (see Fig. 4).

VI. CONCLUDING REMARKS

Difficulties inherent in the application of effective-
Hamiltonian dynamics to the theoretical investigation of
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spectral and temporal properties of quantum systems
were revealed. These difficulties were shown to arise
from the neglect of phase-coherence transfer that is medi-
ated by interactions within the manifold of relevant states
and interactions between the relevant and irrelevant man-
ifolds. In this paper, we have shown that the latter type
of phase-coherence transfer is important for a simple
two-state model. Elsewhere, we show that both types of
phase-coherence transfer play an important role in the
spontaneous emission of photons in a cold cavity [1] and
the nonradiative decay of an excited state coupled to a
damped manifold [2].
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