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Solid-state effects on Rayleigh-scattering experiments: Limits for the free-atom approximation
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Elastic scattering of photons from solid samples of Pb, Pt, and W was measured in order to investigate
the limits within which scattering experiments can be described as being due to free atoms. The experi-
ments were performed with photons of 22. 1 keV from an x-ray tube and from an "'Am (59.54 keV) y

o

source, providing a momentum transfer ranging from x =0. 1 to 2.0 A . It is shown that the low-
momentum-transfer limit for the free-atom approximation will depend on the scatterer, temperature,
geometrical resolution, and on the accuracy of the experiment.

PACS number(s): 32.80.Cy, 78.70.Ck

INTRODUCTION

Measurements of elastic scattering of photons by
bound atomic electrons, known as Rayleigh scattering,
are an important test of methods to calculate scattering
amplitudes. They are also important in measuring
higher-order scattering amplitudes such as Delbruck
scattering in which the amplitude of the effect corre-
sponds to a few percent of the Rayleigh-scattering ampli-
tude [1]. In the low-energy range, near absorption edges,
an accurate knowledge of the elastic scattering cross sec-
tion is particularly important [2].

Up to now, several experiments with photon energies
ranging from keV to MeV have been performed, most of
them with metals as scatterers. A review is presented in
Refs. [3,4]. The extent to which theories agree with the
experimental data is still not completely clear, but the
most successful theoretical approach is clearly the
second-order perturbation theory, as developed by Kissel
and Pratt [3,4], mainly for energies above 100 keV with a
corresponding momentum transfer x & 2 A ', where
x =(E 1/2. 4)si (n8 2/), E is in keV, and 8 is the scattering
angle.

There are very few data on Rayleigh scattering below
x =2 A '. Those data are not conclusive, and some of
them, when compared to theory, show discrepancies up
to 30%%uo [5]. An explanation of this discrepancy is not
given, even if the possibility of interference between pho-
tons scattered by different atoms is mentioned. Bragg
scattering is probably responsible for the discrepancies
pointed out in [5].

To our knowledge, the only systematic measurement
showing the transition between the environment scatter-
ing and the free-atom scattering regimes is one of our
former work [6]. There, we have reported the occurrence
of diffraction peaks due to Bragg scattering in photon
scattering differential cross sections for polycrystalline
samples.

The aims of the present work are as follows: (1) To
show how the transition between Bragg and Rayleigh

scattering can be understood by means of simple theoreti-
cal considerations. In other words, since all solid samples
have a periodic structure, we want to show why it is pos-
sible to consider a solid sample as being composed of free
atoms, and to show in which region of momentum
transfer this approximation is expected to be valid.

(2) To determine the minimum momentum-transfer
limit by comparison between measurements of elastic
scattering using solid samples with theoretical results us-
ing the free-atom approximation. Two sets of experi-
ments were performed with different photon energies and
geometrical resolutions. The use of different energies and
geometrical resolution provides quantitative information
about how these parameters affect the detection of
diffraction peaks in elastic scattering.

THEORY

Elastic scattering amplitudes of photons by atoms,
with photon energy ranging from a few keV to MeV, are
usually calculated with the assumption that the atoms are
free. The most common of such calculations are based on
the form-factor approximation either in the nonrelativis-
tic, relativistic, or in the modified relativistic version. Ex-
tensive tables were published by Schaupp et al. [7] and
Hubbel and co-workers [8,9]. In this approximation, the
scattering intensity is taken as the scattering intensity
due to a free electron multiplied by the Fourier transform
of the electronic density. Different ways of obtaining the
electron wave functions correspond to different form fac-
tors. The best agreement with experimental data was ob-
tained with the modified relativistic form factor, also
called the G factor. The wave functions are in this case
obtained from a Dirac-Hartree-Fock calculation consid-
ering spherical symmetry for the atom.

The most complete (and computer-time-consuming)
approach is the second-order perturbation theory, first
developed by Brown et al. [10] and improved by Kissel
and Pratt [3,4]. The method is still a one-particle model,
but considers all possible (permitted and forbidden) tran-
sitions to intermediate states in the scattering process.
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Both methods are described in detail in Ref. [3]. A
comparison between different theories and experimental
data for x ) 1 can be found in Refs. [11]and [3].

For x less than 2 A ', the cooperative effects due to
the aggregate state of the atoms in the sample may render
meaningless the direct comparison of experimental data
on Rayleigh cross sections with results of free-atom
theories. Even the lack of periodicity in the atomic ar-
rangement of amorphous solids, liquids, or nonmono-
atomic gas does not avoid the conditioning of the elastic
scattering due to the finite size of the molecules. For very
low x values, accurate elastic scattering measurements
made with x-rays have been reported by different authors
[12—15] in studies of condensed-matter structure. Most
of those measurements were performed just by detecting
the diffraction peaks.

In that area it is usual to suppose that the elastic
scattering of photons by atomic electrons is well de-
scribed by the form-factor approximation. Although not
completely true, this will be assumed here in order to
show how the transition between the structure and the
free-atom scattering regimes can be understood.

Following Warren [16], for small momentum transfer
(where the form-factor approximation is expected to be
valid), the intensity of elastic scattered radiation (energy
per unit area per unit time at a distance R of the scatter-
er) from noncrystalline or polycrystalline samples with
randomly oriented grains is given in electron units by,

I, =I, gg f f„e

I, =ro/8 [(1+cos 8)/2],
where I, is the Thomson scattering intensity at a distance
R from the electron, Io is the intensity of incident radia-
tion, ro is the classical electron radius, 0 is the scattering
angle, f,f„are the atomic form factors, R (R„) is the
position of the mth (nth) atom in the cell, and K is the
momentum transfer, ~K~ =4irx.

Thermal vibration causes small displacements of the m
atom from R to R +p where p is the instantane-
ous displacement of the mth atom. For polycrystalline
samples with cubic unit cell and one atom per cell
(monoatomic), the intensity becomes

e is the Debye factor, and B the temperature factor.
The first term in Eq. (3) is the thermal diffuse scatter-

ing (TDS) intensity in the independent-atomic-vibration
model. This term tends to I,IiIf for large values of x,
i.e., to the free-atom-scattering intensity.

Even considering the more complete theory of coupled
atomic vibrations (phonons), the TDS intensity for large
x tends to the free-atom-scattering intensity. This theory
predicts that the TDS intensity scattered by a polycrys-
talline sample [with a cubic-face-centered (fcc) unit cell,
for example], does not increase monotonically with the
momentum transfer but has maxima coincident with the
reciprocal-lattice points. The widths of such peaks are
larger than the corresponding Bragg ones. Between the
reciprocal lattice points, the results of the phonon
scattering theory tends to the Debye-theory results, i.e.,
the scattering increases with x and with the atomic vibra-
tion amplitude.

The second term in Eq. (3) is responsible for the ordi-
nary crystalline diffraction and decreases with growing x
due to the form factor and due to e . For small vibra-
tion amplitudes, the e factor can become small
enough for the diffraction to be important. This can be
true even for relatively large momentum transfer (but still
in the context of the diffraction formalism).

Table I shows the B values for W, Pt, and Pb obtained
from Ref. [17]. It is possible to see the dependence of the
scattered intensities on the sample and on the tempera-
ture. The last three columns show the x value for which
100e will be 0.1%, 1.0%, and 5.0% respectively. The
dift'racted intensity will be reduced by TDS to 1% of the
corresponding intensity without considering the effect for
W (the smallest 8), for x =3.4 A ' at T=293 K and for
x =6.8 A ' at T=0 K. For lead, the same condition
will be reached for much smaller values of x: x =0.96
A at T=293 K and x =3.7 A at T =0 K.

The angular resolution of the experiment will also be
important. At higher energies the distance between the
reciprocal-lattice points will be smaller, which means
more Bragg peaks in the acceptance angle. Moreover,
the net peak area will be smaller than the area under the
peak (that is, the TDS scattering intensity). If the angu-
lar resolution of the scattering measurement is poor, the
diffraction peaks will not be detected. The aimed accura-

s eJ (2)

(3)

iK.(p —p )
The e " term is the only time-dependent term

in Eq. (2). Since measurements are carried over a long
period of time compared with temperature-induced oscil-
lations, this term must be taken as a time average.

With the oversimplified hypothesis of independent vi-
bration of the atoms, Debye theory [16] predicts the scat-
tered intensity to be

I y2~( 1 e
—2M) +I y2e —2M y y e m n

Temperature
(K)

Debye thermal x value (A ')
Element parameter 8 0. 1%%uo 1.0%%uo 5.0%%uo

Pb
Pt
W

0.17
0.06
0.05

4.5
7.6
8.3

3.7
6.2
6.8

3.0
5.0
5.5

TABLE I. Theoretical x values for which Bragg diffraction
intensities are reduced to 0.1%, 1.0%%uo and 5.0% of the intensity
diffracted by a crystalline lattice without vibrations, for temper-
atures 0 and 273 K. Values of 8 are an average of the values
published by International Tables for X-ray Crystallography
[17].

where

2M=28(X/4ir) =2Bx (4)

293
293
293

Pb
Pt
W

2.5
0.25
0.20

1.2
3.7
4.2

0.96 0.80
3.0 2.4
3.4 2.7
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cy of the results will determine the necessary minimum
angular resolution.

With the above considerations we have shown that the
application of the free-atom approximation will depend
on the sample (chemical element and atomic structure)
and on experimental parameters (momentum transfer,
geometrical resolution of the setup, and temperature).
The next section presents experimental data obtained in
order to investigate these limits (unless the temperature
factor) for polycrystalline samples.

EXPERIMENTAL PROCEDURE

59.54-keV experiments

The measurements with photons of 59.54 keV were
performed at the Instituto de Fl.sica of the Universidade
Federal do Rio de Janeiro. Laminated foils of W, Pt, and
Pb with thicknesses of 200, 120, and 150 pm, respective-
ly, were used as scatterers. The photon source was a
200-mCi 'Am y source from Amershan. Source and
scatterer were placed in a vacuum tube to eliminate
scattering in the air. The detection system was a Ge-Li
detector, conventional spectroscopic electronic, and a
multichannel analyzer. Details of the apparatus are re-
ported elsewhere [6].

The results are presented in number of scattered pho-

tons per unit time (N„,«), corrected for attenuation
N„„. The relation with the cross section is given by

1 do
Nt:0' =Nscatt F =NON~t d~att

where 1/F,« is the attenuation correction factor, do. /d 0
is the differential cross section in cm, No is the number
of incident photons per unit time, and N„ is the number
of illuminated atoms per cm . For normal incidence (an-
gle between incidence direction and sample surface
8; =90'),

( e
—)»a e

—)aa /coss)

a)tt, (1—1/cos8)

where p is the total attenuation coefficient in cm /g, a is
the scatterer thickness in g/cm, and 0 is the scattering
angle. The angular resolution was 0.3' for 0(20 and
0.5' for 0) 20 resulting in a momentum-transfer resolu-
tion Ax of about 0.02 A

22.1-keV experiment

The measurements with 22. 1-keV photons were per-
formed at the Departmento de Fisica of the Universidade
Federal do Parana, using the characteristic Ag Kn lines
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FIG. 1. Results for Pb. (a) Theoretical
Bragg scattering intensities corrected for TDS.
(b) Scattering intensities for 22. 1-keV photons:
dashed lines, experimental data; solid line,
theoretical data for the free atom including
Compton scattering. (c) Differential scattering
cross sections for 59.56-keV photons: dashed
line, experimental data; solid line, theoretical
data for the free atom including Compton
scattering. Experimental errors in the intensi-
ty ( ( S%%uo ) and in the momentum transfer
(5x=0.02 A ) are smaller than the point
size. (d) Theoretical differential cross section
(do/de) for the free-atom case. The small
figures are just part of (a), (b), and (c) with
another scale.
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FIG. 2. Same as Fig. 1 for Pt. Some peaks
modified by preferential grain orientation are
pointed out by arrows.
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from an x-ray tu e in eb
'

the conventional Bragg-Bretano
focusing pow er id d'ffractometer with divergent an
scattering slits equa o1 t 2' and receiving slits of 0.3 mm.
The same scatterers from the y experiment were mea-
sure using a
channel analyzer. For some scattering ang es,
photon-energy spectrum was meameasured with a Ge HP

rder to compare the measured elastic areadetector in or er o c
with the NaI detec-with the corresponding one obtained wit t e a e

he NaI did not worsenThe lower-energy resolution of the a
the resulting data error because,use for this energy, the

~ ~

m arable with the elastic in-Compton intensity is not compa
x =2.0sit bein of about 1% for the worst case (W, x =2.

t the measured num-A '). It was not necessary to correct the
ber of scattered photons for absorption since at this ener-

and angu ar range1 the sample thickness can be sup-
( "'= 10 ) which implies the sameposed to be infinite ~e

correction factor for all measured angles.
The angular resolution of the syste m was 0. 1', resulting

momentum-transfer resolution of 0.002 A . Itin a mom
ld be noted that in spite of the poorerrer resolution

b.E/E of the x-ray line (10 ) when compom ared with the
y line (10 ), the resulting momentum-transfer resolu-
tion in the x-ray case is 10 times better.

RESULTS AND CONCLUSIONS

~ ~

Experimental resu1ts with theoretical predictions are
shown in Figs. —,a*

. 1 —3 all of them normalized to 1 ~ The
ions oflabeled (a) are the result of calculations ocurves a ee a

diffraction intensities considering re uc ion
k d t TDS. The resulting TDS intensi-

ties (which would increase the intensity between t e
The data were obtained

by using the second term of Eq. (3) and data from Ref.
I17].

The curves labeled (b) are the experimental results o-ults ob-
tained with photons o

'
h h t of 22. 1 keV and those labeled (c) are

its of the 59.54-keV experiment. Theexperimental resu ts o e
d' m-dashed in (b) and (c) lines are just a gui e to eme ium- as e

eye. The solid lines are theoretical results oobtained for
the free-atom case wi th the modified form-factor theory
[7] corrected to mc u e1 d Compton scattering. The Comp-

b usin thettering intensities were obtained by using t eton sca erin g
'

n 8. Since theherent-scattering-factor approximationinco eren -sc
data are not absolute measurements, ethe theoretical
curves are norma ize o1 d t fit the experimental data in the
high-x region.

are lotted inThe theoretical results for both energies are p o e
Figs. 1 d), 2(d), and 3(d), normalized to 1 to compare both
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FIG. 3. Same as Fig. 1 for %'. Some of the
small peaks in (b) that do not appear in (a) are
due to the unfiltered Ag K/3 radiation. Some
peaks modified by preferential grain orienta-
tion are pointed with arrows.
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energies. Curves (d) show the well known theoretical re-
sult that no oscillation is predicted by the free-atom mod-
el. The use of form-factor approximations instead of per-
turbation theory does not change the conclusions: both
predict smooth scattering amplitudes in the considered
experimental range of x, and consequently, they are un-
able to explain the experimental peaks due to Bragg
scattering.

Figures 2(a) and 3(a) show that, even for x ) 1 A
diffraction peaks could be detected. Due to TDS, some of
them are concealed in the experimental curves (b), more
for Pb and less for Pt and W.

In the experiment done with y rays (c) no peaks are
detected at x ) 1, not only due to TDS but also due to the
lower x accuracy when compared to the x-ray experi-
ments.

Comparing curves (a) and (b), one can see, for the Pt
and W cases, the effect of preferential grain orientation.
In Fig. 2(b) the effect results in a reduction of the (hhh)
peaks and an increase of peaks (h00). In Fig. 3(b) (W),
the preferential grain orientation results in reduction of
(hh0) peaks and in an increase of (h00) peaks, both
pointed with arrows.

Comparing curves (b) and (c) one can easily see the
effect of different geometrical accuracy. In the X-ray ex-

periment, with a momentum-transfer accuracy 10 times
better than the y one, it is possible to detect peaks on
x =0.64 A ' for Pb and x =1.4 A for Pt and W. In
the y experiment, the largest values of x for which
difFraction peaks were detected are x =0.5 A ' for Pb
and X= 1 A ' for Pt and W. Figures l(c), 2(c), and 3(c)
show that, in general, a good agreement between theory
and experiment is achieved for x ) 1 A

In brief, six parameters are involved in Rayleigh-
scattering measurements: chemical element, atomic struc-
ture of the sample, temperature, momentum transfer, an-
gular resolution, and the measurement accuracy. For a
given sample, for a given temperature, and for a given
momentum transfer, the detection of solid-state effects
like diffraction peaks depends on the angular resolution
and on the measurement accuracy. For the studied ele-
ments the momentum-transfer limits for which
diffraction peaks are detected lie between 0.5 and 2.0
A

With respect to the applicability of the free-atom ap-
proximation in the analysis of photon elastic scattering, it
is convenient to divide momentum transfer into three re-
gions with diffuse limits: small (x &1 A ), medium (1
A &x &5 A ), and large (x ) 5 A '). For large x, it
is well known [3j that the free-atom hypothesis is valid
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for any chemical element, independent of the type of
sample and temperature. From the present work it is
possible to conclude that (1) for medium x, the compar-
ison between experimental data and Rayleigh theories
should only be made after testing the occurrence of in-
terference effects; (2) for small x, the solid-state effects
cannot be ignored expect in measurements with samples
with large 8 factor, with samples at high temperatures,
and in experiments with low accuracy. The limit between

the medium and large x (x =5 A ) should be investigat-
—1

ed. Since it is not easy to reach x values larger than 2
with x-ray tubes, synchrotron sources could be used.
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