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Results from the nonrelativistic dipole-approximation theory
of two-photon electron bremsstrahlung in the Coulomb field
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We extend previous nonrelativistic dipole-approximation theoretical studies of two-photon electron
bremsstrahlung in the Coulomb field by calculations exploring the cross section that describes the emit-
ted photons, irrespective of the direction of the scattered electron, and its dependence on the charge Z of
the target, for different detection geometries. A Born-approximation equation, valid for any emitted-
photon configuration, is derived. Comparisons with the most recent experimental data are presented.

PACS number(s): 34.80.—i 32.80.Wr

I. INTRODUCTION

Although the process of simultaneous emission of two
photons by an electron moving in the presence of an
atomic field was described years ago [1], its quantitative
treatment is limited to some relativistic Born-
approximation calculations [2] and to exact nonrelativis-
tic dipole-approximation calculations [3,4], all of them
considering the Coulomb potential case. The soft-photon
behavior of two-photon bremsstrahlung [5] and even-N-
photon bremsstrahlung [6] have been investigated recent-
ly.

Altman and Quarles [7] have reported the first observa-
tion of two photons emitted simultaneously by electrons
interacting with solid thin targets. New experimental
data came out from the measurements made by Hippler
[8] using gaseous targets, and by Kahler, Liu, and
Quarles [9].

A reinterpretation of the first experiment [10] has re-
duced the disagreement between experiment and theory.
The new experimental results of Hippler [8] and of
Kahler, Liu, and Quarles [9] have been compared only
partially with theory, because of lack of theoretical data.

It is the purpose of our paper to present new results
from the nonrelativistic theory of two-photon brems-
strahlung in the Coulomb field of a fixed charge Z. This
model could still serve as a useful guide in the interpreta-
tion of the complex experiments which detect photons in
coincidence. In contrast to Refs. [3] and [4], where only
one particular geometry was studied, now we consider
the cross sections for more than one configuration of the
experiments. In Sec. II we define the cross sections we
are interested in. We present in Sec. III a formula, Eq.
(6), which represents the result of an analytic nonrela-
tivistic Born-approximation calculation, valid for any
final photon configuration. Section IV is devoted to the
comparison of both exact Coulomb and Born-
approximation results with the most recent experimental
data. In Sec. V we explore more some features of the
two-photon bremsstrahlung in the Coulomb field, espe-
cially (a) the Z dependence of the cross sections beyond
the Z dependence predicted by the Born approximation;
(b) the dependence on the geometry of the experiment.

II. DIFFERENTIAL CROSS SECTIONS
FOR TWO-PHOTON BREMSSTRAHLUNG

The starting point for the description of electron two-
photon bremsstrahlung in the field of a fixed charge Z is
the Kramers-Heisenberg (KH) matrix element, denoted
by M, between two continuum states of the electron in
the Coulomb field [11,12]. The fivefold diiferential cross
section is

0
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where d 0], d Q2, and d A, are solid angle elements refer-
ring, respectively, to the photons and electron directions;
k, and k2 are the energies of the two photons.

The quantity relevant for the experiments performed
up to now, in which the electron direction and the polar-
izations of the photons have not been observed, is

0 /
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q]2 =n] -n2 =cosO]cos02+ sineisin02cose,

qo; =n;.p, =cosO;, q„=n,. -p2, i =1,2 .

0& and 02 are, respectively, the polar angles of n, and n2,
and N is the angle between their azymuthal planes.

In Ref. [4] we have given cross sections valid only for

where d o. /dk dQ is an abbreviation for the fourfold
differential cross section d o. /dk i dk2d Aid Q2. The dou-
ble bar means summation over the polarization vectors 8&

and s2 of the photons. The angles 8, and P, describe the
final electron direction in a reference frame with the Oz
axis along the initial electron momentum, and with the
xOz plane containing the photon momentum of frequen-
cy k, [13].

In the following, we shall denote by n, and n2
the unit vectors along the photon directions, and by q &2,

qo„qo2, q„, and q, 2 the following quantities:
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the configuration of Altman and Quarles [7] and Hippler
[8] experiments, i.e., for

The integration on 8, in (2) cannot be performed analyti-
cally.

tic Born-approximation calculation, automatically in-
cluding retardation. We think that the retardation effects
are responsible for these asymmetries. This aspect
deserves further consideration.

IV. COMPARISON WITH RECENT
EXPERIMENTAL DATA

III. BORN NONRELATIVISTIC DIPOLE
APPROXIMATION RESULTS

The first-order Born results can be obtained from the
exact nonrelativistic results in the approximation q& &(1,
2)2 ((1,with g, 2=aZm, c/pi 2 (m, is the electron mass;
c is the velocity of light).

The KH matrix element has a very simple expression
in the first-order Born approximation:

M (0)=- aZc 4 a»)'" si~s2~
k, k,

(5)

d4=

dk dQ

2 2"o (aZ) ax +bx +cx + ( d +ex )
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X(1—x ) ln, (6)
1 x

h. is the momentum transfer. Based on Eq. (5), the in-
tegration in Eq. (2) leads to a simple expression for the
cross section:

We first refer to the comparison with the results of
Hippler [8]. These are measurements for Ar, Kr, and Xe
gaseous targets. We present Fig. 1, which corresponds to
the conditions of Fig. 1 in Ref. 8, i.e., E& =8.82 keV,
k

&

=2. 8 keV, k z variable. Although the cross section is
scaled (divided by Z ), the nonrelativistic equations lead
to three distinct curves, that we have drawn. This illus-
trates the fact that the cross section has a Z dependence
beyond the Z that is factored out in the Born approxi-
mation. We shall comment more on this in Sec. V. In
Ref. 8 only one theoretical curve was shown (solid line in
Fig. 1 of Ref. 8, corresponding to Z =36, based on the re-
sults in [3]). The points are the experimental data. The
disagreement between experiment and theory is obvious;
besides the differences in the order of the magnitude, the
experimental data do not have the Z dependence predict-
ed by theory.

Now we consider the new experimental results of the
work of Kahler, Liu, and Quarles [9]. In this experiment
the geometry is new: the two photon detectors do not see
each other anymore, the recorded photon momenta make
angles of ~/4 with incident electron direction and are co-
planar with it, i.e.,

where x =p2/p„and the coefficients have the expres-
sions

qoi qo2 (8)

a =2[25—21(qoi+q02)+27qoiq02 4qoiq02q12+2q12]

b =
23 [26 58(qoi +q02 )+ 190qoiq02

In Fig. 2 we represent the Coulomb results for E& =70
keV, k

&

=kz =20 keV as function of Z for both
geometries (4) and (8). The experimental data (Ref. 9)

88qoi q—02q 12+4q 12 ]
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(7)
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e= —c/2,
where qoi, q02, and q, 2 are the scalar products in (3). For
the geometry (4) we reobtain our previous result [Eq. (21)
of Ref. 4]. Our Eq. (6) has the same structure as the men-
tioned particular equation, in its dependence on the vari-
able x. In the limit x~1 (both photons soft), the last
term in (6) does not contribute.

One notices that the cross section (6) is invariant to the
change p&

—+ —
p&, i.e., xoy is a plane of symmetry for the

angular distribution of the photons. This is not particu-
lar to the Born approximation; the exact cross section has
the same symmetry. Very recent calculations performed
by Quarles [14],based on the relativistic formula of Smir-
nov [2], indicate serious deviations from these sym-
metries. The Smirnov equation is the result of a relativis-
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FIG. 1. Exact nonrelativistic Coulomb cross section
Z d a/dk dQ [Eq. (2)] as a function of the photon energy k2
at the incident electron energy E, =8.82 keV and photon ener-
gy k& =2.87 keV for Ar, Kr, and Xe (in order from below),
configuration described by Eq. (4). The points represent the ex-
periniental results of Hippler [g].
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FIG. 5. The dependence on the incident electron energy E,
of the cross section Z d o/dk'dQ, in the Born approxima-
tion, modified by the Elwert factor, for several values of Z. The
dashed curve represents the Born approximation. The dotted
curve corresponds to the exact Coulomb results at Z =29.

FIG. 6. The dependence on angle 0 (=0&=0&) of the cross
section Z d o. /dk d 0, in the Born approximation for
E& =70 keV, k2 =20 keV, and three values of k &. (a) 10 keV; (b)
20 keV; (c) 30 keV. The full and dashed lines correspond, re-
spectively, to N =~/2 and m.

ticed that for low Z the Born-approximation results get
closer to the exact ones if they are multiplied by the
Elwert factor,

t)z 1 —exp( —2~g, )

1 —exp( —2~g2)
(9)

This correction factor is known from the study of single-
photon bremsstrahlung [16]. The situation is illustrated
in Fig. 4. The electron and photon energies are those of
the experiment in Ref. 9, both geometries (4) and (8) are
considered. The solid line represents the exact Coulomb
results, the straight line the Born-approximation value,
while the dashed line results by multiplication of the
Born results with the Elwert factor (9).

In Fig. 5 the Born cross section corrected by the
Elwert factor is represented as a function of the incident
electron energy for difFerent values of Z, for the geometry
(8). The dashed curve does not include the Elwert factor.
The upper dotted curve represents exact Coulomb results
for Z =29. It is to be noted that the Elwert factor fol-
lows rather well the change from the Born approximation
to the exact Coulomb approach.

Finally, we present some predictions based entirely on
the Born approximation. In Fig. 6, for E& =70 keV and
k&=20 keV, we have plotted the cross section (6) as a
function of the angle 8 (=0&=Oz) of the photons, for
C&=sr (dashed lines) and N=m/2 (solid lines). The cross
section is unchanged if 0~vr —0. The maximum is
reached at 8=~/2, in all cases, but the cross section

changes with 0 in a difFerent way for 4=m/2 and ~. It is
to be noted that for 0=0 the value is independent on @,
and for 8=~/2, the dependence on @ is very weak. On
the contrary, at O=vr/4, there is a clear @ dependence,
and when @ changes from 0 to m the cross section de-
creases. This situation might be of interest in choosing
the experimental configuration.

In conclusion, in this paper we have compared the
most recent experimental results for two-photon brems-
strahlung with the theoretical predictions coming from a
nonrelativistic dipole-approximation evaluation of the
process in the Coulomb field. A Z dependence beyond
the Born approximation exists in the theoretical predic-
tions, in qualitative agreement with that found by the
work of Kahler, Liu, and Quarles [9]. The Born approxi-
mation is improved by the use of the Elwert factor. The
disagreement between experiment and theory in the
dependence of configuration seems to be mainly due to
the use of the dipole approximation.
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