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Using an expansion of the electromagnetic field in terms of quantized Fresnel modes, we calculate
the retarded Casimir interaction, in the asymptotic domain, of a polarizable system and a dielectric
permeable wall, that is, a wall characterized by a dielectric constant €2 and a magnetic permeability
p2. We obtain explicit analytic results for the atom-wall and for the electron-wall interactions.

When magnetic effects are ignored, the results reduce to those obtained by Lifshitz [Sov. Phys. 2

’

73 (1956)] for the atom-wall interaction and by the present authors for the electron-wall interaction.
The results simplify greatly for an ideal metallic wall and for a wall made of material such as liquid
helium, for which the dielectric constant and the permeability are very close to unity. Other than
in the determination of the amplitudes of the Fresnel modes, the calculations are entirely classical.

PACS number(s): 31.30.Jv, 12.20.Ds, 77.90.+k, 41.20.—q

I. INTRODUCTION AND NOTATION

In a recent work [1] we employed Fresnel modes [2],
quantized [3], to calculate the retarded Casimir interac-
tion of a polarizable system and a dielectric wall in the
asymptotic domain. In that work the known results for
the atom-wall interaction [4] were reproduced and appar-
ently previously unrealized results were derived for the
electron-wall interaction. However, in order to concen-
trate on matters of principle, we neglected the effects of
the magnetic field and assumed p; = 1 for the magnetic
permeability of the wall. Here, apart from the neglect
of the spin of the electron, the full electric and magnetic
Casimir interaction (in the asymptotic domain) will be
treated. We shall employ the same notation as in Ref. [1]
and draw heavily on the discussions in that work. In par-
ticular, it has been argued on physical grounds that only
modes with frequencies w ~ 0 are important. This leads
to an enormous simplification of the discussion compared
to that given by Lifshitz [4] and in Ref. [1], but it is lim-
ited to the asymptotic domain. Thus, only the case of
walls with real refractive index satisfying

Moo = (620/1,20)1/2 >1 (1.1)

need be considered. Here €30 = €3 (w = 0) and pgo = p2
(w = 0) are, respectively, the dielectric constant and the
magnetic permeability of the wall at zero frequency. We
always have €39 > 1. The restriction imposed by Eq. (1)
is clearly satisfied for ferromagnetic materials, which have
20 > 1 and are the only materials for which uyp plays
a significant role. [It is also satisfied for paramagnetic
materials, for which p2g is very close to, but greater than,
unity. Diamagnetic materials have pz0 < 1, but ugg is
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very close to unity, and even for this case Eq. (1) will
almost always be satisfied.]

Consider two semi-infinite and homogeneous media
with a plane interface, characterized by the permittivities
and permeabilities €;, u1 and €2, pa. A Fresnel mode of
class I consists of an incident plane wave (from medium 1
onto medium 2), a reflected plane wave, and a transmit-
ted plane wave, all with a given frequency w and a given
linear polarization A\. We assume that

na(w) = [e2(w) p2 (W)]'/? > [e1(w) 1(@)]'/? = 1 (W) -

There are two independent linear polarizations, namely
E perpendicular (A = 1) and E parallel (A = 2) to the
plane of scattering, where E denotes the electric field.
(The A = 2 case is depicted in Fig. 1 of Ref. [1].) The
corresponding magnetic fields are

B = (J/ei/k)k x E .

The mode ¢ = (k?, ), where k’ denotes the incident
wave vector and z = 0 the plane interface, is defined by

z2<0

N(E*® ik‘-r_‘_Er ik"-r ,
fq(r)={ (e ) RO CE)

NEt eik'<r

b
Here the superscripts i, r, and t refer to incident, re-
flected, and transmitted waves and N is a normalization

constant. It can be shown by an analysis similar to that
given in Appendix A of Ref. [1] that the choice
N2EY? = [(2m)%e] (1.3)

leads to the orthonormality relation
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(1.4)

= §(k?* —k*) &
provided € and p are independent of the frequency w.
(They may depend, even continuously, on the location
r.) If the permittivities and permeabilities are frequency
dependent, the different modes are no longer orthogonal
but still form a basis for unique expansions of the fields
[1]. The boundary conditions imposed on the compo-
nents of the electromagnetic fields at the interface z = 0
lead to Snell’s law

ki =k = (kg ky, k), ) (15)
k" = (kgyky, —k.), k* = (ko, ky, k2), :

with &, given by Eq. (1.14) below, and to Fresnel’s for-
mulae [3] for the reflection and transmission coefficients
R = E"/E* and T = E!/E*. For E® perpendicular to
the plane of scattering these coefficients are given by

R+ = pak, — llli":z

 pok, + ik, (16)
and
7t 2eks , (1.7)
pak, + pik,
from which
Rt =T*+-1 (1.8)

follows. For E*? parallel to the plane of scattering, one
has

2 27
Rl = Panaks = pamiks (1.9)
Ml"%kz + lizn%kz
and
7l = _ 22mansk: (1.10)
Nlngkz + #2”%’91
and hence
Rl =1 - Tl (nyk, /nsk.) . (1.11)

In both cases the intensities R? and T? are related by

R? +T2(p,11::z/p,2kz) =1. (1.12)

The components of the wave vectors in Eq. (1.5) are all
real, k, and k, are non-negative, and, with w and n? =
en denoting the frequency and index of refraction, they
satisfy the dispersion relations

K24 k2 4 k2 = k2 = n2w?/c?, (1.13)

k2 + k2 + k2 = ndw?/c* . (1.14)

A second class of Fresnel modes (class II) consists of
plane waves incident from medium 2 on to medium 1.
We must here distinguish between # < 6. and 6 > 6.,
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where 0. is the critical angle for total reflection, given by
sinf. = n;/ny. (Recall that we are assuming ny > n,.)
For 0 < 6., the reflected and transmitted waves are plane
waves of the same general form as those for class I. For
6 > 6., however, the transmitted wave in the region z < 0
is replaced by a decaying wave. Thus, for class II modes
with 6 > 0. we have

ki =k = (ko, ky, —k2),

k™ = (kwakya+kz)7 kt = (km,ky’ _,iKz), (115)

where the signs have been chosen to make k, and K,
nonnegative. These wave vectors satisfy the dispersion
relations

ki-{—kg—l—kf =niw?/c?, (1.186)

k2 +k2—K?=nlw?/c. (1.17)
It can be shown that the orthogonality relation Eq. (1.4)
remains valid even for decaying modes, provided ¢; is
replaced by €z in expression (1.3) for the normalization
condition.

II. THE INTERACTION OF A POLARIZABLE
SYSTEM AND A DIELECTRIC PERMEABLE
WALL

Let a polarizable system be placed in medium 1, which
we now assume to be a vacuum with ¢; = 3 = 1, at a
distance £ from a wall (medium 2) characterized by e,
and ps. We assume that in the absence of the wall, the
polarizable system placed at (0,0,z = —¢) would be in a
spherically symmetric state. The introduction of the wall
changes the electric and magnetic fields at the location
of the system, and the system becomes polarized by the
vacuum fluctuating fields. The interaction energy of the
system with given components of the fields E; and B,
[defined in Egs. (2.3) and (2.4) below] is

(0] [-301(w) B — 36:(w) BJ1] 0),

where a; (w) and B; (w) are the dynamic electric and mag-
netic dipole polarizabilities of the system. Only that part
of the interaction energy which depends on the distance £
of the system from the wall need concern us — the rest,
namely the part which does not depend on £, merely
contributes to the self-energy of the system-wall pair at
infinite separation. In writing Eq. (2.1) the dipole ap-
proximation, in which the fields are assumed to stay con-
stant over the system, has been made. For a given dis-
tance £, this approximation breaks down at sufficiently
high frequencies w. To avoid spurious divergencies, we
shall employ, whenever necessary, a cutoff factor in the
integrals over w.

We turn now to the quantized electromagnetic field. In
the Coulomb gauge, in a box of volume 7, the expansion
of the field in terms of Fresnel modes f4(r) is [2]

(2.1)

A = " (2nhe® JwT)'/? (agfq + alf]), (2.2)
q
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1 0A £
E=—Ea— Z27rﬁw/‘r )2 (agf, —a q)EZEq,
q q
(2.3)
B=V x A
= (27he? Jwr)V? (agV x £+ a}V x £7)
q
= ZBq (2.4)
q

Here a, and a:; are the usual destruction and creation
operators, satisfying
(2.5)

lag,aq] = [a’q7 q ]=0, [aq,az,] = 0qq' -

With |0) denoting the vacuum state for the photons, use
of the commutation relations (2.5), the normalization
condition (1.3), and the relation

2
/;lz(v X £,) - (V x £2) dr = /e—‘:?fq frde (26)

[which follows from the definition (1.2) of Fresnel’s
modes] yields

2
[ {5+

1B
8m un 8

o
—Z(_“L‘“) 22. (2.7)

This is, indeed, the desired result for the expectation
value of the ground-state energy of the electromagnetic
field; each mode of frequency w carries, at it should, the
energy fw/2. Since

(0| E?|0)= <

> = 2rhwfy-f; (2.8)
q
and

om0 = (o5mi)o)
(2.9)

S e /) (V x £) - (V x £3)

>

Eq. (2.1) yields for the total energy due to class I modes
vI

I
o~
_+_

5‘.2

. (2.10)

Here f4(r) is to be evaluated at the system’s location,
r = (0,0,—£). As mentioned above, the energy V! is
given by the sum of two terms: a term depending on the
distance £, which we will denote by V!, and a self-energy
term. For example, writing explicitly the expression for

VL — recall that k, is non-negative —

Vi= —WZal(w)ﬁwfq(O 0,—

=_Wz/ dk/ dk/ dk, as (w)wN?

A=1,2
xlEle—zk w4 + Erezk,ll2’

€)-£2(0,0,—£)

(2.11)

we see that only cross terms of the form E* - E™ and
E* . ET contribute to the interaction energy V. The
direct terms E*-E*" and E"-E"" do not depend on £ and,
hence, express self-energy. Employing polar coordinates
with k = w/c (since nqy = 1) and k, = kcosf = (w/c)p
— we use §; = 0 and p = cosf — the contribution of
class I modes to V1 is

Vi=Vi+V,

mag

2
_ 471' h Z /dw Re/ dez 2iwlp/c

A=1,2
x[wle (W)(EY -ET)
+Pw B (w)(k x EY) - (k™ x ET)].

(2.12)

As argued before [1], the range of contributing w’s in
these integrals is 0 < w < @ where @ <« wo and where wg
is the smallest frequency of significance in the absorption
spectra of either the wall or the system.

To perform the sum over the polarizations A in
Eq. (2.12) we note that for E* perpendicular to the plane
of scattering

EY .E" = |[EY|?Rt (2.13)

and
(k xET). (k" x E") = |E?|?k2R*-(1 — 2cos?9) (2.14)
whereas, for E* parallel to the plane of scattering,
EY .E" = |[E?RII(1 — 2cos? ) (2.15)
and
(k xEY). (k" x E") = |[E*|?k?RIl .

We use these results together with the normalization con-
dition (1.3) and express the reflection coefficients R+ and
Rll [Egs. (1.6) and (1.9)] in terms of the variables p and

s = (eapa — 1+ p?)1/2 (2.16)
instead of k, = kp and k, = ks, that is, we write
pt—FP_2 (2.17)
H2p + S
and
Rl = 2P~ S (2.18)
€p + 8

We thereby obtain
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oo 0
yl = __h 3/ dw w? Re/ dp e2iwtp/c
2wc” Jo 1

(2.19)
x[al(w)H(p7 €2, ”2) +ﬂ1(w) H(pv ,LL2,62)] )
where
_S—yp 2\8 — TP
Hp,z,y) = ——+(1-2 —_— 2.20
pa) = TR -T2 (220)

We turn now to the contribution of class II modes,
those with waves incident from 2z > 0. Since only modes
with low frequencies contribute, na(w) > 1 and there will
be a critical angle for total reflection, given by sinf, =
1/ny. For 6 < 6., the transmitted wave contributes only
to the self-energy of the system-wall pair, since

lEt eik,£|2

is independent of £. On the other hand, for 8 > 6., the
transmitted wave
Etei(k,z+kyy—iK,z) , K,>0

decays for z < 0. Its absolute value squared at the sys-
tem’s position z = —¢, namely |E?|? e~2K:£  does depend
on £ and therefore contributes to the system-wall interac-
tion energy. Using polar coordinates with k = ny(w/c),
the contribution of class II modes is

VII — Velll + VII

mag
oo P,
= —2m2h Z / dwn%/ dp N2 e—2K:t
A=1,270 0
3
x (‘Z—sal(w)|Et|2 + Y81 (w)|k? x Et|2> ,
(2.21)
where
P.=(1-sin?6,)Y2 = [(n2 —1)/n2]"* . (2.22)
Using Egs. (1.17), (1.18), and
k2 = ni(w?/c?)P? (2.23)
to express K2 in terms of P, we find
K? = (w?/c?)[n3(1 - P?) —1]. (2.24)

In performing the sum over the polarizations A in
Eq. (2.21), two points must be kept in mind. First, since
the incident waves in class IT modes fall from medium 2
onto medium 1 (the vacuum), the roles of the two me-
dia in the expressions given for the reflection and trans-
mission coefficients must be interchanged. Second, if a
is a vector with complex component, we of course have
|al? = |az|? + |ay|? + |a.|?. We then find, for E* perpen-
dicular to the scattering plane,

|B*? = B %7+ (225)

and
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[kt x E*? = (w?/c?)|E*|*|T+|? [| cos 6;|* + sin® 8] ,
(2.26)

where 0, is, formally, the angle of the transmitted wave.
Since

sin? 0, = ng sin?0>1 for 6>96,, (2.27)
we have

]cos(ﬁ’t]2 =1 — sin? 0:| = sin?6; — 1 = ng(l —-p%) -1

(2.28)
and
[t x BY? = (w/e) BRI [(nd - 1)
2.29
+ni(1 - 2p?)]. (2.29)
From Eq. (1.7) we have
2k
b= 2.30
T kz - iMZKz ’ ( )
so that, using Eqgs. (2.23) and (2.24), we obtain
2
IT4? = feap (2.31)

po(e2pz — 1) — (3 — 1)eap?

In the second case, that is, for E* parallel to the scatter-
ing plane, we have

|Et)2 = |E?T|? [| cos 6% + sin® 6;]

. 2.32
= BRI [(F - 1) + 30 - 27)] %)
and
[kt x Bt = (w?/?)|EF?TI? . (2.33)
By Eq. (1.10)
2nqk
= _<72%z 2.34
T }l.zkz — Z’I’L%Kz ’ ( )
which leads, using Egs. (2.23) and (2.24), to
2
|T!|? = deap (2.35)

ea(e2pa — 1) — (€5 — Dp2p?

Inserting these results in Eq. (2.21) for V! and using the
normalization condition (1.3) with €; — €3 leads to

1 B[ 5.8 [1F 2K,
Vi=— / dww’n / dpe %=
4ncd J, 2 Jo

x{a1(w)[G(p, €2, p2)
+F (p, p2, €2) G(p, p2, €2)] + Br(w)[e2 & p2]}.
(2.36)

In Eq. (2.36), we have

F(p7 627/"’2) = F(p,,llz,éz)
(2.37)
= (n§ —1) +n3(1-2p%),
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G(p, €2, p2)= 4p?/ [p2(e2p2 — 1) — (u3 — 1)e2p?]
= |T*|?/ez, (2.38)

and G(p, p2,€2) is given by Eq. (2.38) with e; and s
interchanged. Note that
G(p, p2,€2) = |T"?/es . (2.39)

Changing the variable of integration from p to P =
(¢/w)K, we obtain, using Eq. (2.24),

h
VH == 27rc3 /dw w3 [al ("‘)) Qel(w) + ﬁl (w) Qmag(w)] ’
(2.40)
where
A
Qa(w) = | dP2P(n} —1— P%)l/2e-2wtP/c
% Th(a, €2, P) + (1 + 2P?) h(ez, u, P)]
(2.41)
Qmag(w) = Qel(w; €2 & ’U.z) ) (242)
h(ea, iz, P) = ea/[(n — 1) + (2 — )P?),  (2.43)
and
A= (n2-1)Y2%. (2.44)

Now, employing the definitions (2.20) and (2.16), the
functions Qei(w) and Qmag(w) can be written as

A
Qu(w) = / AP e~ 2tP/Re[i H(P, e5, pz)],  (2.45)
0
Qmag(w) = Qeil(w; €2 ¢ uz) . (2.46)
Defining
Ja(C,w) = Re / dp e¥P/¢ H(p, €3, p2) (2.47)
C
and
Jimag(Cyw) = Ja(Cyw; €2 ¢ uz) , (2.48)

where C' is an arbitrary contour in the complex p plane,
we have
Qei(w) = Ja(Co,in,w) (2.49)

and

Qmag(w) = Jmag(CO,iA7w)a

where the contour Cp ;s runs from zero to :A along the
imaginary p axis. Since, by Egs. (2.20) and (2.16),

(2.50)

Re[tH(p,€e2,12)]=0 for p>A, (2.51)

the contour Cy;a can be extended to Cp ico, which runs
along the imaginary p axis from 0 to ico. Using these
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results expressions (2.19) and (2.40) can be combined to
give

V =

T ones dw w? [a1(w) Je1(C1,0,i00, W)
+161(w) Jmag(cl,o,iooaw)] )

where the contour C1 g0 runs from 1 to zero along the
real p axis and then from zero to ico0 along the imaginary
p axis. In Secs. IIl and IV, the general expression (2.52)
for the interaction of a polarizable system and a wall
will be specialized to the atom—dielectric-wall case and
to the electron—dielectric-wall case, whereby considerable
simplifications can be achieved.

(2.52)

III. THE ATOM-WALL INTERACTION

As mentioned above, only low frequencies 0 < w < @
contribute significantly to the integral in Eq. (2.52). We
can, therefore, replace €z(w) and pa(w) appearing in the
definitions (2.47) and (2.48) of Je; and Jmag by €20 = €2
(w = 0) and pgo = p2 (w = 0), thereby reducing the w
dependence of the J’s to the exponential 2“4/ Sim-
ilarly, the polarizabilities a;(w) and S1(w) in Eq. (2.52)
will be replaced by their static values a9 = a;(w = 0)
and (10 = Pi(w = 0). Having done that, we can ex-
tend the upper limit of the integral over w to co. We
now change the order of integration in Eq. (2.52). In-
troducing a cutoff factor e~ to take care of spurious
divergencies arising from the dipole approximation, we
find

co c 4
lim e 1w g2iwtp/c ;3 4y, — 6 ( ) .

—— 3.1
¥—0 Jo 2¢4p (3-1)

Inserting this result in Eq. (2.52) and denoting the atom-
wall interaction by the subscript AtD, we find

Shc 0 100
Varp= — —n d
AtD 16”(4116 </1 dp +/0 P)

9 a10H (p, €20, p20) + BroH (p, p20, €20)
p? )

(3.2)
Now consider the integrals

/ dp H (p, €20, 1120) /7",
Co (3.3)

/ dp H(p, p20,€20)/p* ,
Co

where C) is a closed contour running along the real axis
from P > 0 (eventually we will let P — o00) to 0, then
along the imaginary axis to ¢P, and then, along the quar-
ter circle with radius P, back to P. We now assume that
20 — 1 > 0; since €30 — 1 > 0, it is easy to check that
neither H (p, €20, pt20) nor H(p, 20, €20) can have poles in
the upper right quadrant of the complex p plane. As
pointed out by Lifshitz [4], the singularity of the inte-
grands at p = 0 need not concern us; the contribution
from p = 0 to Vayp is independent of £ and therefore
adds to the self-energies of each of the two bodies but
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not to their interaction energy. We therefore conclude,
by Cauchy’s theorem, that both integrals in (3.3) vanish.
Since H (P, €20, pt20) is proportional to P2 for P — oo, the
integration along the arc iP to P contributes nothing, as
P — oo, and we are led to

0 100
Re(/ dp---+/ dp...)
1 0

:Re/ dp...:/ dp... , (34)
1 1

where the last step follows from the fact that the in-
tegrand in Eq. (3.2) is real along the real p axis. We
thus derive the following simplified result for the atom—
dielectric-wall interaction in the asymptotic domain

3hc
Va = —{g 7
X/oo dp (o0 H(p, €20, p20) + BroH (p, p20, €20)
1 p* ’

(3.5)

Setting B10 = 0 and w20 = 1 in the last equation we re-
cover Lifshitz’s result [4]. Since Eq. (3.5) involves only
one-dimensional integration, it is easy to calculate the
interaction Va¢p numerically as a function of the two pa-
rameters involved, namely €3¢ and pgg. It is also possible
to evaluate the integrals analytically. Using Eq. (2.20)
and the Appendix, we find

Vatp = 122‘24 {a10 [5 — 2p20T W (1, p20)
—2620I(4)(1,620)

+4e20I @ (1, €20)] +Pro[€a0 ¢ p20]} - (3.6)

Setting B10 = 0 and pzo = 1, Eq. (3.6) reduces, as it
should, to the result derived by Dzyaloshinskii, Lifshitz,
and Pitaevskii et al [5].

As a further check, we could use the analytic proper-
ties of the functions Iég)(l), defined in the Appendix, to
derive from Eq. (3.6) some known special results (e.g.,
the atom-ideal-wall interaction). It turns out to be sim-
pler to derive these special results directly from Eq. (3.5).
Thus, using €29 — oo for the case of the ideal conducting
wall, we find from Eqgs. (2.16) and (2.20) that as €30 — oo

H(P,Gzo,ﬂzo) - 2p2 9

(3.7)
H(pv “207620) — _2p2 )
and, hence, by Eq. (3.5),
—3hc
Vatm = W(alo — Bio) » (3.8)

where the subscript M indicates that the wall is an ideal
(metallic) wall. This result was derived by Boyer [6].
The original derivation, with 810 = 0, is due to Casimir
[7]. For an ideal ferromagnet we let usg — oo. The
signs in Eqgs. (3.7) and (3.8) are then reversed, that is, as
H20 — OO,
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H(pa €20, ,“20) - —2p2 ) (37/)
H(p, 20, €20) — 2p°,
and, with the subscript F' denoting a ferromagnet,
3hc
Vatr = Sndd (@10 = Pro) - (3.8")

As can be checked, Egs. (3.8) and (3.8)’ follow also from
the general expression (3.6) by use of the asymptotic ex-
pressions (A19)-(A23).

The case €390 = 1 and p20 = 1 is also of interest. From
Eq. (2.16) we obtain

S0 — €20P Nzﬁg—l _€0—1
So + €20p 4p?

So — M20P
So + H20pP 4p?

(3.9)

Inserting this approximation into Eq. (2.20) and perform-
ing the integration in Eq. (3.5), we find

Vatp(€20 = 1, pag = 1)
= 3;# {o10 [2(n20 — 1) — 5(e20 — 1) + (p20 — 1)]
+B10 [2(n20 — 1) — 5(p20 — 1) + (€20 — 1)]} .

(3.10)

As a special case, consider a wall made up of a dilute gas
of atoms. We then have

€20 — 1 = 47I'N2Ata20 < 1,

p20 —1 = 4w Napefa0 K 1, (3.11)

where N3¢ is the number density of atoms in the wall.
Furthermore, the atom-wall interaction in this case is
given by the sum of the interactions of the atom in the
vacuum with all the atoms of the wall. Assuming the
atom-atom interaction at a distance r to be given by a
power law

VMM(T) = — q/rq 5 (312)
we find by integration [8]

Vatp (€20 = 1, pr2o = 1)
= =27 N2a:Cq/l(a — 2)(¢ — 3)£77°]. (3.13)
Comparing Eq. (3.10) with (3.13) and using (1.1) and

(3.11), we obtain ¢ = 7 for the atom-atom power law
and

Cr = % [23(a10020 + B10820) — T(10P20 + 20510)]
(3.14)

for the coefficient in Eq. (3.12). These results have been
known for a long time [9,6].

IV. THE ELECTRON-WALL INTERACTION

Our analysis of Vg p will differ from that of Va¢p in two
respects. First, we will neglect the magnetic properties
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of the electron, that is, we ignore the spin and set #; = 0.
(We do not ignore the permittivity of the wall.) Second,
while the static limit a0 of the polarizability a; (w) exists
for an atom, it does not for a free electron, for which

ai(w) = —e?/mw? (4.1)
Using the low-frequency limit €3 and pyo for the wall
and inserting expression (4.1) for a;(w) into Eq. (2.52),
we could try (as in the atomic case) to integrate first over
w, that is, to employ

(o) 2
: —yw 2iwlp/c I <
ql,l—% A e e wdw (—%p) (4.2)
to obtain
Veip = -5 ( / dp + / dp)
T 8w mcf (4.3)

X nga 6207/“20}
p

While it is still true that H(p, €20, 20) has no poles in
the upper right quadrant of the complex p plane, it is no
longer true that the integral along the quarter circle from
1P to P vanishes. On the contrary, since

lp> = pp?

H(P, €20, ) ~ 2 (44)

€20 +

as P ~ oo, this integral diverges. We must, therefore,
extract from H its asymptotic part given by Eq. (4.4),
before the procedure leading to Eq. (3.5) can be applied.
Writing H (p, €20, ft20) in the form

H(p, €20, 1120) = Bp® + H(p, €20, fi20) , (4.5)

we can calculate explicitly the contribution Vg from the
asymptotic part, namely

ﬁe2 €20 — 1
Ve = .
B~ 8rmce? €0 +1" (4.6)
where Egs. (4.4) and (4.3) have been employed. [The

second integral in Eq. (4.3) does not contribute, since the
integrand there is purely imaginary.] Since H (p, €20, f20)
defined by Eq. (4.5) behaves as a constant for p — oo,
the procedures which lead to Eq. (3.5) can be applied to

H and one obtains
he? €20 — 1 * dp—
[ z - / %H(P, fzoyﬂzo)]
1 P
(4.7)

VEID =

8mmct2 | e+ 1

Finally, using the definitions (4.4), (4.5), and (2.20), we
obtain

2
VeEp = sh#z [—4 — 2p20I P (1, p20)

T mct (4.8)
—2620I(2) (1, 620) =+ 4620[(0) (1, 620)] ,

where the I’s are given in the Appendix.
We now evaluate Vg)p for some known particular cases.
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For the electron—ideal wall interaction (€29 = 0o0) we use

H(p, €20 = 00, o) = 2p? ,

il 4.9
H(p7620:OOaN20):2p2_2p2:07 ( )
to obtain from (4.7)
he?
= 4.10
VeEim " (4.10)
a known result [10,11].
A similar procedure, starting from Eq. (4.7), does

not work for the electron-ferromagnetic wall (pz0 —
00). The failure can be traced to the lack of commuta-
tivity of some limiting processes. Thus, we have

€20 — 1
hm hm H(p, 620,[1,20) ~ 2 20 2

2
20 —>00 P~ OO €20 + 1

but

lim lim H(p, €20, [Lzo) ~ —2p2

PrvoO fag —>00

[The problem did not arise in the electron-metallic-wall
case since H (p, €20, ft20) approaches 2p? for €39 — oo and
p ~ oo, for either order of the limiting processes.] One
has to fall back upon Eq. (4.3) from which one easily
obtains both Eq. (4.10), in the limit €39 — oo, and

he?

41 mchl? (4.107)

VEir = —

in the limit puzo — oo. Incidentally, the same difficulty
arises when one tries to apply the asymptotic behavior
(A19)-(A23) to the general expression (4.8). It works for
the electron—metallic-wall case but fails for the electron—
ferromagnetic-wall case due to the divergence noted in
Eq. (A24).

For €30 = 1 and pgo = 1, we have by Egs. (2.20), (3.9),
(4.4), and (4.5)

H(p,e20 = 1, pao =~ 1)

~ [(€20 — 1) + (p20 — 1)] (5—1* - 1) . (4.11)
Inserting this result into Eq. (4.7), we obtain
Ve (€20 = 1, pao = 1)
. he?
~ ewmepz H1(e20 = 1) + 5(uz0 —1)] . (4.12)

In particular, for a wall made up of a dilute gas of atoms,
assuming a power law for the electron-atom interaction,

Viiag(r) = Cqr? (4.13)
we obtain, using (3.11), (3.13), and (4.12),
he?
q= 5, Cs = (11@20 + 5,@20) . (414)

47T mc

The a and 3 terms were obtained previously for the in-
teraction of a charged point particle and a neutral sys-
tem [12], while the o term was obtained previously for
the interaction of a charged point particle and a charged
system [11].
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V. DISCUSSION

For the very limited case of asymptotic separations,
the results obtained encompass essentially all of the re-
sults obtained previously for the interaction of an elec-
tron or of an atom with a dielectric permeable wall, of
two atoms, and of an electron and an ion or atom, and are
somewhat more general than those results. The asymp-
totic domain is a relatively simple one, by virtue of the
fact that the various frequency-dependent polarizabili-
ties reduce to their zero- or very-low frequency values.
A manifestation of that simplicity is that apart from the
determination of the amplitudes of the Fresnel modes,
the calculation is entirely classical.
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APPENDIX: EVALUATION OF SOME
INTEGRALS

Only definite integrals are required for our purposes,
but it will be useful to begin by considering some associ-
ated indefinite integrals. We introduce

P
dp s — bp
J@(P,b) = —= Al
(o= [ EE (a1)
where
s = (az +p2)1/2 ,
a?=n2,—-1>0, b=c¢€z or ugp,
and ¢ = 4,2, or 0. We rewrite Eq. (A1) as
p
d 2b
J@(Pb) = —P(1— P )
== TpeT 2619 (P, b) ,
where
P
dp 1
ID(Pb) = , q¢=4,2,0. A3
o= [ S (43)
The transformation
t=s+p=(a?+p)2+p (A4)

brings the integrand in Eq. (A3) to a rational form suit-
able for quadrature. One obtains

I (P,b)
__ 1 1 2b—11 |, 22 —1
S Topis+ P T Ty P g8 In A(P)

—b(bz—;:}ﬂf In B(P) (A5)
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where
A(P) = Zi—ﬁl—i (A6)
and
B(P) = s+P—[(b—1)/(b+1)]"%a (A7)

s+ P+ [b-1)/0b+1)]7% "

Similarly, we find

1 b
(2) - = .
I'¥)(P,b) = o [ln A(P) BT 1)i2 In B(P)] (A8)
and
__ 1 _b+1_a®
0@ = gk |+ P - b L
- 2ab InB(P ] ) A9
G- e nEE) (49)
For further reference we note that
I®(P,b) — 0, I (P,b) - 0
b I b) b AlO
I®(P,b) ~ P/(b+1) (A10)
as P — oo. Using
a? = egouz0 — 1 =n3 — 1, (A11)
we find
- 262 — 1
IO(P = 1,b)= 22710 _ 5373 nC
2(n3o — 1)  2(ng —1)
2 1\1/2
W=D D, (A12)
(n3o —1)%/?
where
C = ngo + (n2y — 1)/? (A13)
and

D = (nzo +)/ [(bnzo + 1) + (2 = D2(ndy — 1)*/?] .

(A14)
Similarly, we find
IG)(P =1,b)
1 b (A15)
= g 2 [0~ Gt e
and
1
IOP =1,b) = e [(b — n20)
b("go - 1)1/2
_W— InD]|. (A16)

To facilitate comparison with other works, we will need
the values of 19 (P = 1,b = 1) for ¢ = 4 and 2. These
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are given by 1
bI®M(1,b) — -3 (A19)
IOP =1,b=1)
I (1,6) - —1, A20
2(nzo — 1) (n2o — 1) ’
bI®(1,b6) —» 1. (A21)

and, using Eq. (A15) and I’'Héspital’s rule,

IPP=1,b=1)

N 1/2
T30 —

Finally, it is useful to have expressions for the asymp-
totic behavior of the functions I(9(1,b) in the limit
b — 00 or ngg = oo. For b » oo we expand in powers
of the parameter (nzo/b) [recall that (nzo/b) is propor-

tional to either e;y % or /l.z_ol 2]. Keeping powers up to
and including third order, we find, as b — oo,

The limits, as nyg — oo, are much easier to find. We
obtain

I®(1,b) "t © (A22)
and
I (1,5)"23>0. (A23)
Note, however, that
I(O)(l,b) X Tigg , Mg~ OO . (A24)
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