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Relativistic cross sections of positron-impact ionization of hydrogenic ions
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Relativistic total and single-differential cross sections of positron-impact ionization are calculated for
the hydrogen atom and hydrogenlike ions for incident positron energies up to 10 times the ionization en-

ergy. Two different sets of distorting potentials are used to study the mutual screening of the outgoing

positron and electron. Relativistic effects are investigated by taking the nonrelativistic limit. Results are

compared with available theoretical and experimental data.

PACS number(s): 34.80.Dp, 25.30.Hm

I. INTRODUCTION

Impact ionization of atoms or ions by charged particles
is important for diagnostics of high-temperature plasmas
as well as for fundamental understanding of atomic struc-
ture and collision mechanisms. The positron-impact ion-
ization, in particular, is a good testing ground for the
"scattering of electrons without exchange, " and with the
great improvement in the intensity of positron beams,
positron-impact ionization processes have acquired more
emphasis than before.

Burke and Taylor [1] obtained the total cross sections
for positron-impact ionization of the hydrogen atom by
using the first-Born approximation. Various models of
the interaction potential within the distorted-wave for-
malism were used by Ghosh, Mazumdar, and Basu [2]
and by Mukherjee and co-workers [3,4] to calculate the
total cross sections for positron-impact ionization of hy-
drogen. In addition to the above nonrelativistic
quantum-mechanical calculations, the classical-trajectory
Monte Carlo method was also applied to the positron-
impact ionization of hydrogen by Ohsaki et al. [5] and by
Wetmore and Olson [6]. Threshold ionization of hydro-
gen and hydrogenlike ions was studied by Wetmore and
Olson [6], by Kiar [7] and by Campeanu et al. [8]. Ex-
perimental cross sections for positron-impact ionization
of hydrogen were measured indirectly by Spicher et al.
[9] Campeanu et al. [10] studied the positron-impact ion-
ization of helium by using the distorted-wave method. A
brief report of the physics of low-energy positron col-
lisions was given by Charlton [11].

In this paper, we investigate the cross sections for
positron-impact ionization of the hydrogen atom and
ions in the hydrogen isoelectronic sequence by using the
two-potential distorted-wave approximation in a relativis-
tic framework. Preliminary results for the hydrogen
atom have been reported [12]. In Sec. II, we establish the
relativistic formulation of positron-impact ionization and
use two different sets of distorting potentials to calculate
the positron-impact ionization cross sections. In Sec. III,
our results are discussed and compared with available ex-
perimental data and with those from other theories.

II. RELATIVISTIC FORMULATION
OF POSITRON-IMPACT IONIZATION

In the positron-impact ionization processes, we denote
the linear momentum and energy of the incident positron
by k; and E, , respectively. Before the collision, the target
is in its ground state with only one electron. After the
collision, the target is deprived of its electron and be-
comes a bare nucleus. The outgoing positron and elec-
tron are described by (k„Ep) and (k,E, ). We note that
all quantities in this paper are given in atomic units.

By energy conservation, we have

E; +Eh =E +E, ,

where Eb is the energy of the bound electron. From
scattering theory, it follows that

(2~)4 kpEpk, E,E;
C I

d CT

dE, dQ dQ,

where Tf; denotes, symbolically, the transition matrix ele-
ment. By integrating the triply differential cross sections
over A and Q„we obtain the following expression for
the single-differential cross section, which is similar to
the expression for electron-impact ionization [13],

dO 2K
0

k; (2jb+1)

where

(3)

o= g d
k,. , k, k,j

(4)

Here, the summation is over all possible channels, and
the real amplitude d is defined by the reduced matrix
element of the partial-wave amplitude in channel u, i.e.,

.I,. —(I +1 )
d exp(i5 ) = i ' P ' exp[t (o k +crk )]

P e

X '( ct (J Jp )J IIIII II (Jb1 )J ~

where HI denotes symbolically the appropriate interac-
tion.
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The total cross sections can be calculated as
E+E —c

C e
(6)

where c is the rest energy of the electron or positron,
and c is the speed of light. The total Hamiltonian H of
the projectile-target system is assumed to be

H = (ca, p, +c P, )+(ca& p2+c P2)

+ Z Z 1

~2 "12
(7)

H=H, +V;, (8)

where a; and f3; are Dirac matrices, and the speed of
light c equals the inverse of the fine-structure constant in
atomic units. Here r, and r2 refer to the spatial coordi-
nates of the positron and electron, respectively. The total
Hamiltonian can be separated into two parts for the ini-
tial state,

with x =Zr, . The distorted-wave function y';+'(r, ) with
the outgoing-wave boundary condition for the incident
positron satisfies the Dirac equation with the distorting
potential U;. Consequently, we may reduce the transition
matrix element (11) into the two-potential form as

Tp= ((lif '(r&, r&)le, ly';+ '(r&)pb(r, )) . (19)

We approximate the final-state wave function by
distorted-wave functions for the outgoing positron and
electron as

The charge density of the bound electron is also polarized
by the incident positron. In order to take account of the
polarization effect, the dipole component in the polariza-
tion potential of Temkin and Lamkin [16] is incorporated
in the distorting potential for the positron,

V,&(r I)= — [1—e ( 1+2x +2x + ~x9

(18)

where (IIf '(r„r2) =y '(rl )g, '(r2), (20)

Z
I'1 12

Z
H; =(ca, p, +c P, )+(ca~ p2+c P2)—

T2
(9)

(10)

which satisfy Dirac equations with distorting potentials
U and U„respectively. The choices of the distorting
potentials are given explicitly for the present two-
potential distorted-wave models (TPDW) as follows.

The transition matrix element for positron-impact ion-
ization is given exactly by

(+f (ri rp) V; l(It';(r(, rp) &

A. TPDW01

The scattered positron is entirely screened in the
asymptotic region by the ejected electron which itself is
unscreened, i.e.,

where P;(r„r2) is the initial-state wave function for a
positron impinging upon the bound electron in hydrogen,
and 4f '(r„r2) is the final-state wave function with the
incoming-wave boundary condition for the outgoing posi-
tron and electron. These wave functions satisfy the fol-
lowing equations:

Z
U =

y 1

—Vb(r, )+ Vp, ((r, ),
Z

(21)

(22)

(H; E; Eb )(II(;(r„r2)—=O,—

(H E E, )4'f '—
( r „r—2 ) =0 .

(12)

(13)

In the two-potential formulation [14,15], we separate the
interaction potential V; into the distorting potential U,.

and the residual potential 8', as

where U and U, represent the distorting potentials for
the outgoing positron and electron, respectively. The
numbers 0 and 1 in the notation TPDW01 stand for the
absolute values of the asymptotic charges experienced by
the outgoing positron and electron, respectively, in the
case of hydrogen.

B. TPDW1I
V;=U, +8'; . (14)

1 + Vb(r&) —
Vp, &(rl) . (16)

Here the average potential Vb(r, ) due to the bound elec-
tron pb(r2) is evaluated by

1
V2 (rl ) (($2(r2 ) P (r ()22 (17)

Because in the initial state the incident positron is
screened by the bound electron, we may well choose

=ZU;= —Vb(r, )+ V „(r,),
r1

U
Z

p
1

(23)

U, =—
I'p

(24)

Here again, the numbers 1 and 1 in the notation
TPDW11 stand for the absolute values of the asymptotic
charges experienced by the outgoing positron and elec-
tron, respectively, in the case of hydrogen. The distort-
ing potentials and asymptotic charges for the scattered
positron and ejected electron in models TPDW01 and
TPDW11 are summarized in Table I.

Both the scattered positron and the ejected electron are
unscreened, i.e.,
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TABLE I. Distorting potentials and asymptotic charges for ihe scattered positron and ejected elec-
tron in models TPDW01 and TPDW11.

Model

TPDW01

TPDW11

Distorting potential

Up

~j)(r1 )+ ~p 1(rl )
Z
r1

Z

U,

Z
r2

Z
r2

Asymptotic charges

Zp

Z —1

Z

Z.

Z

III. RESULTS AND DISCUSSION

To compare single-differential and total cross sections
of different ions, we use the threshold energy units,
u, =(E; c)/I—, u =(E c)/I—, and u, =(E, c)/I—,
measured with respect to the rest energy of the electron.
Here, I denotes the ionization potential of the particular
ion in consideration and is given by c [+1—(Za) —1].
Also, we make use of reduced cross sections defined as

dO 6 dcT

~4
~reduced

We have calculated single-differential cross sections for
H I at u; =1.1, 3, and 10 and for He II at 1.1, 4, and 10.
Total cross sections for H I, He II, C VI, Ne X, Na XI,
Ar XVIII, Fe XXVI, and Ag XLVII and their nonrelativistic
limits are also evaluated for u; ranging from 1.001 to 10.
In this paper, we present only selected results.

From Figs. 1 —3 we present the single-differential cross
sections for HI at u;=1. 1, 3, and 10, respectively. In
Fig. 1 both TPDW01 and TPDW11 curves decrease with
u, slowly. The TPDW01 curve is much higher than the
TPDW11 curve because of the screening effect. In Fig. 2
both TPDW01 and TPDW11 curves decrease with u,
more rapidly. Apparently, the ejected electron is likely to
have a much lower velocity than the scattered positron at

high incident energies because the interaction time for
collisions away from the threshold is much shorter than
near the threshold. Comparing the TPDW01 curve with
the TPDW11 curve, we find that the screening effect
enhances the total cross sections because it, in general,
leads to a shorter mean distance between the positron
and electron, and the energy transfer between them is
more likely to occur. However, this enhancement de-
creases with the incident energy as shown in Figs. 1 —3.
This can be understood from the following property of
the Coulomb wave function. Because the Coulomb wave
function depends on Z only through the parameter Z/k,
it is insensitive to changes in Z when the momentum k is
high. Consequently, the different asymptotic charges for
the positron in the TPDW01 and TPDW11 models do
not result in significantly different cross sections at high
incident energies. By comparing Fig. 2 with Fig. 3, we
also find that the decrease of the single-differential cross
section with u, in Fig. 3 is more rapid than in Fig. 2 be-
cause of the shorter collision time at higher incident ener-
gies. We also note that the total cross section comes
mainly from the low-u, region. In other words, an
uneven sharing of the available kinetic energy (u,. —1) is
more favorable at high incident energies.

From Figs. 4—6 we present the single-differential cross
sections for HeII at u;=1.1, 4, and 10, respectively. In
Fig. 4 the decrease of the TPDW01 curve is more rapid
than that in Fig. 1 because of the shorter collision time
for HeII. Due to a smaller relative screening effect for
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FIG. 1. Reduced single-differential cross sections (in a.u. ) for
H1 at the incident energy u; = 1.1 (in threshold energy units).

FIG. 2. Reduced single-differential cross sections (in a.u. ) for
H 1 at the incident energy u; =3 (in threshold energy units).



360 KUO CHEN HSU AND HUANG

10

6

e++ HI (u;=Ip) TPDW01

—- ——TPDW11

10

: e++ HeII (u;=Ip) TPDW01

----- TPDW11

4

0
~ ~ ~ I ~ ~ ~ ~ I ~ ~ ~ ~

I I
~ ~ I ~ . . ~

I I I
I - I
I

~ ~ ~ ~ ~ ~ I~ ~ ~ ~ ~

I I I 0 ~ ~ ~ ~ I ~ ~ ~ ~ I ~ ~ ~ ~ ~

I I I
~ ~ ~ I, ~ I~ ~ ~ ~ ~ ~ ~

I I I

0.0 0.2 0 4

ue/( u —1 )

0.8 1.0 0.0 0.2 0.4 0.6

u, /(u; —1)

0.8 1.0

FIG. 3. R. 3. Reduced single-differential cross sections (in a.u. ) for
I at the incident energy u; = 10 (in threshold energy units'

FIG. 6. R. Reduced single-differential cross sections (in a.u. ) for
He rI at the incident energy u; = 10 (in threshold energy units)
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FIG. 4. Reduced single-differential cross sections (in a.u. ) for
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FIG. 7. R~ . educed total cross sections (in a.u. ) for Herr.
TPDW01 ( ) and TPDW11 ( ———): the present results.
(~ ): Classical-trajectory Monte Carlo results of Wetmore and
Olson [Ref. 6].
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FIG. 8. Reduced total cross sections (in a.u. ) with and
without the polarization effect for H I.
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FICs. 14. Nonrelativistic reduced total cross sections multi-
plied by u; (in a.u. ) in model TPDW01 for H I, He 11, C vI, and
Ag xLvII.
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He u, the difference between the TPDW01 and TPDW11
curves in Fig. 4 is also smaller than that in Fig. 1. In
Figs. 5 and 6, the characteristics of the TPDW01 and
TPDW11 curves are similar to those in Figs. 2 and 3 ex-
cept for a smaller difference between the TPDW01 and
TPDW11 curves.

The comparison of our total cross sections for H I with
the experimental data of Spicher et al. [9], the first-Born
approximation results of Burke and Taylor [1], the
distorted-wave results of Ghosh, Mazumdar, and Basu
[2] and of Mukherjee et al. [4], and the classical-
trajectory Monte Carlo results of Ohsaki et al. [5] and of
Wetmore and Olson [6] has been presented in a previous
paper [12]. There are discrepancies not only between
theoretical and experimental data but also among
theoretical results. Comparing theoretical results with
the experimental data, we find the indirect measurement
of the total cross sections of Spicher et al. [9] lies far
above all theoretical predictions except near the thresh-
old. Direct measurement of the total cross sections of
positron-impact ionization of hydrogen is required to
resolve this discrepancy.

In Fig. 7 we display the total cross sections for He?I,
compared with the classical-trajectory Monte Carlo re-
sults of Wetmore and Olson [6]. As expected, the
TPDW01 and TPDW11 results come closer at higher in-
cident energies. Because of the higher nuclear charge,
the deviations among theoretical results for He II are less
than those for H I. Further experimental and theoretical
studies of He II are also needed.

The polarization of the charge density of the bound
electron induced by the incident positron has a small
effect on the total cross sections as demonstrated in Fig. 8
for H I. The polarization potential has an even less effect
on the total cross sections for He II, and the results with
and without polarization are almost discernible. For
higher-Z ions, the polarization effect on the total cross
section is negligibly small.

The total cross sections for Fe XXVI and Ag XI VII are
displayed in Figs. 9 and 10, respectively. The nonrela-
tivistic TPDW01 curves are also presented in these
figures. The relativistic effect in the total cross sections
becomes discernible for ions beyond NaxI in the hydro-
gen isoelectronic sequence. With the increase of the nu-
clear charge, the relativistic effect becomes more
significant and the screening effect less important. In Fig.
10 the deviation of the relativistic TPDW01 curve from
the nonrelativistic one is more prominent because of the
larger relativistic efFect in Ag XLVII. The relativistic
effect tends to reduce the total cross sections for the low
incident energies and enhance the total cross sections for
high incident energies. The screening effect becomes
negligible in AgxLvII because of the higher nuclear
charge Z.

To study the systematics of total cross sections of
positron-impact ionization along the hydrogen isoelect-

ronic sequence, we plot the TPDW01 results for all ions
in Fig. 11. The total cross sections for H I and He II devi-
ate from the general trend at low incident energies be-
cause of the screening effect and for Fe xxvr and
Ag xLvII at high incident energies because of the relativ-
istic effect. This general trend is more apparent for non-
relativistic TPDW01 cross sections which are presented
in Fig. 12. For ions after C vI, the nonrelativistic
TPDW01 curves are almost indistinguishable from each
other such that they form a universal curve. This general
trend is also followed nicely for the TPDW11 results,
which do not include the screening effect. In Figs. 11 and
12, Thomson's scaling law [17] manifests itself in the
quantum-mechanical calculations of positron-impact ion-
ization. Another form of Thomson's scaling law is
presented in Figs. 13 and 14 by multiplying the reduced
total cross section by u, , where the universal curve be-
comes almost a straight line except near threshold. We
emphasize that the apparent deviations of the H I and
Hen curves from the universal curve, which are better
seen in Fig. 12, are due to the screening effect and the ap-
parent deviations of the FeXXVI and AgXLVII curves
from the universal curve, which are better seen in Fig. 13,
are due to the relativistic effect.

Starting from a relativistic formulation, we arrive at an
exact expression for the transition matrix element of
positron-impact ionization. This transition matrix ele-
ment is then reduced in the two-potential formalism. Fi-
nally, the distorted-wave approximation is made for the
final-state wave function. Two models are used for the
distorting potentials for the scattered positron and eject-
ed electron. Although the screening effect between the
scattered positron and ejected electron is only treated ap-
proximately by using distorted waves for the final-state
wave function, the contribution arising from the screen-
ing effect may be estimated by the difference between
models TPDW01 and TPDW11. The relativistic effect is
also studied by comparison with cross sections in the
nonrelativistic limit. We conclude that the screening
effect is more significant for ions with low nuclear charge,
and the relativistic effect is more significant for ions with
high nuclear charge. The polarization of the electron
density induced by the positron has a small effect on the
total cross sections for HI and can be neglected for
higher-Z ions. Results presented in this paper provide a
systematic exposition of positron-impact ionization of hy-
drogen and ions in the hydrogen isoelectronic sequence
and reveal some of the interesting features in the
positron-impact ionization.
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