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The laser rf double-resonance technique in a Paul trap has been used to make high-precision measure-
ments of the hyperfine structure (hfs) of the 4f7('S, /2)6s S~ ground state in """Eu+. We have ob-
tained linewidths below 1 kHz for the magnetic-field-dependent rf transitions at frequencies between 1.7
and 10 6Hz. After corrections for the second-order hfs we obtain values for the magnetic-dipole,
electric-quadrupole, magnetic-octupole, and electric-hexadecapole interaction constants.

PACS number(s): 35.10.Fk, 32.30.Bv, 32.80.Pj

I. INTRODUCTION

The hyperfine structure of different levels in atomic
and ionic europium has been the subject of several inves-
tigations in recent years. The reason is that the two
stable isotopes of mass 151 and 153 are a prominent ex-
ample of a nuclear shape transition which manifests itself
in a exceptionally large isotope shift and in a large
difference in the nuclear magnetic-dipole and electric-
quadrupole moments [l]. Much effort has been devoted
to precise measurements of the hfs in different metastable
levels of the singly charged ion using collinear laser and
rf spectroscopy. Sen et al. [2] have measured the hfs in
the 4f ( S7/2)5d D4 state and obtained uncertainties of
1 and 10 kHz in the 3 and B hfs constants, respectively.
A similar precision was reported in a following experi-
ment by Sen and Childs on the 4f ( S7/2 )Sd D2 3 5 states
[3]. Villemoes et al. extended the measurements to the
4f ( S7/2)5d D6 and the 4f ( S7/2)6p3/2 J=5 levels

[4]
The 4f ( S7/2)6s S4 ground state has attracted much

less consideration due to the experimental difriculty of
optically existing resonance lines that are in the near uv
spectral range. Guthohrlein [5] has measured the
ground-state hfs with optical interferometric precision,
which was not sufticiently accurate to determine electric
quadrupole coupling constants B.

We have performed an ion-trap experiment on the Eu+
ground state. This technique has been demonstrated to
be extremely powerful in cases where the ionic level
structure is rather simple as in the alkali-metal-like ions
[6]. Uncertainties below l Hz in the several GHz hfs
splitting are often attained. Most recently the technique
has been extended to Pb+ with similar precision, al-
though this ion offers only a very weak M1 transition for
optical excitation [7]. The high precision is made possi-
ble by the fact that in all these cases the electronic angu-
lar Inomentum J=1/2 couples to a half-integer nuclear
spin, resulting in an integer total angular momentum F.
Therefore, a Zeeman sublevel mF=0 exists, which is in-
dependent of residual stray magnetic-field fluctuations

and inhomogeneities inside the trap to first order. In
contrast, the nuclear spin of I= 5 /2 and the electronic
angular momentum J=4 in ' " Eu+ couple to yield
half-integer quantum numbers F. Consequently no
m~=0 level exists and all Zeeman sublevels depend on
the residual magnetic field to first order. The precision
then depends on the degree to which the residual magnet-
ic field can be shielded or canceled. As it is shown below,
however, little effort is necessary to obtain linewidths of a
few kHz or below, which still enables the determination
of hfs coupling constants with great precision.

II. EXPERIMENT

A. Trapping

The ions are confined in a Paul trap of 2 cm radius,
driven by a rf oscillator at co/2m. =500 kHz of 550 V am-
plitude. They are created by surface ionization from a
platinum filament located near the inner surface of one
trap electrode. Two holes in the ring electrode of 4 mm
diameter serves as an entrance and an exit of a laser beam
for ion excitation. The upper end-cap electrode is formed
by a mesh (60% transmission) to allow the observation of
fluorescence light from the ion cloud. The base pressure
in our apparatus is about 10 mbar after bakeout at
350 'C. In order to achieve sufticiently long storage times
we introduce buffer gas into our apparatus to damp the
ion motion inside the trap and to compensate for energy
gain from the time-varying electric trapping fields. Using
Nz at about 2X10 mbar as a buffer gas, we obtain
storage times of about 1 day. Typical ion numbers are
10 -10 .

B. Optical spectrum

A prerequisite for an optical-microwave double-
resonance experiment is the resolution of the different
hyperfine components in the optical spectrum to allow
selective excitation of a given hyperfine sublevel. We ex-
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cence intensity, since the population of the optically
pumped hyperfine level increases by population transfer
from the resonantly coupled neighboring level. From the
hI' =+1 selection rule there are five different hyperfine
transition frequencies between the levels F=13/2 and
F=3/2 for each isotope. Every transition is split into
Zeernan sublevels by the residual magnetic stray field at
the ion position. Using three mutually perpendicular
Helrnholtz coils, which are limited in size to 10 cm radius
by the experimental setup, we achieved a average mag-
netic field of 270 mG over the ion cloud volume of about
1 cm . Because this field is inhomogeneous, in some cases
we are not able to completely resolve the km~ =+1 com-
ponents of the transitions because of their large depen-
dence on the magnetic field. However, the central com-
ponent, corresponding to the AmF=0 selection rule, is
well resolved in all cases. Figure 4 shows as an example
the F=13/2 to F'= ll/2 transition in ' 'Eu+ at 10
GHz. Figure 5 shows the innermost two components of
the AmF =0 manifold of the transition in Fig. 4 at higher
resolution.

As a second example, Fig. 6 shows the F=S/2 to
F'=3/2 transition in ' 'Eu+ at 3.8 6Hz. Here the
Am~ =0, +1 components overlap because of the gF fac-
tors for this set of quantum numbers and all possible lines
are well resolved. The quantity of interest is the center of
the Zeeman pattern giving the desired hyperfine transi-
tion frequency. For a precise determination of this fre-
quency we usually restricted our measurements to the in-
nermost lines symmetrically around the center as in Fig.
5. In most cases the linewidth of these components could
be reduced below 1 kHz and the experimental points
could be well fitted by a I.orentzian. We believe that
the limiting factor in linewidth is the residual 8-field
inhomogeneity. The linewidth 5v would then be
5v=(gF —g~)p~58. In fact, we observe for a given B
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field a linear increase of 5v with increasing distance of the
individual Zeeman transition from the center. The sta-
tistical uncertainty of the center frequency from the fit
typically is (5 —10)%%uo of the linewidth. As an example, the
statistical uncertainty of the F= 13/2 to F' = l l /2
hyperfine frequency from the lines of Fig. 5 is 22 Hz.

III. EXPERIMENTAL RESULTS

From the center of the observed Zeeman pattern, we
derived the hyperfine transition frequencies for all possi-
ble EF=1 transitions for both isotopes. These frequen-
cies must be corrected for a small quadratic Zeernan
effect, which can be calculated with suKcient accuracy
from second-order perturbation theory using the g~ value
obtained from pure I.S coupling. Most of these correc-
tions are of the order of a few Hz and are in general
smaller than the statistical uncertainties. Table I gives
our experimental results including these corrections.

rf Frequency + 10 017 418 (kHz)

FIG. 5. The two innermost lines of Fig. 4 with high resolu-
tion. The statistical uncertainty of the central hfs frequency,
determined from these lines, is 22 Hz.
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FIG. 4. bmF=O component of the Zeeman transitions be-
tween the F= 13/2 and F= 11/2 ground-state hyperfine level in
"'Eu+. The residual magnetic field at the ion position was 270
mG.
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FIG. 6. 6m+=0, +1 Zeeman transitions between the F=5/2
and F=3/2 ground-state hyperfine levels in ' 'Eu+. Because of
the large g factor the hmF =+1,0 components overlap.
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TABLE I. Measured transition frequencies in 4f ( S)6s S4 ground-state hyperfine structure of Eu
corrected by the second-order Zeeman shift (column 3). Column 5 gives the final second-order hfs
corrections corresponding to the fit number VI in Table II. The last column gives the differences be-
tween experimental frequencies and the calculated ones using the fitted parameters of VI in Table II.

Isotope

151E +

Transition
FFr

13/2-11/2
11/2-9/2
9/2-7/2
7/2-5/2
5/2-3/2

Frequency (Hz)

10017442 828
8473 144 121
6 930424 679
5 388 995 721
4 848 568 018

Expt. freq.
error (Hz)

22
105
57

183
150

Second-order
hfs corr. (Hz)

—5 831 871
—1 547 373

1 040 890
2 243 683
2 370 352

(Expt) —(Fit)
(Hz)

0
26

—20
249

—84

153F + 13/2-11/2
11/2-9/2
9/2-7/2
7/2-5/2
5/2-3/2

4 449 976 109
3 765 315 459
3 080 679 446
2 396063 741
1 711463 310

70
101
111
187
210

—1 151 697
—305 715

205 486
443 128
468 221

0
5

—17
59

—37

TABLE II. The hfs coupling constants for the magnetic-dipole (A), electric-quadrupole (B),
magnetic-octupole (C), and electric-hexadecapole (D) interaction in the ground state 4f ( S)6s; S4 of
the two stable isotopes ' 'Eu+ and ' Eu+. The fit numbers correspond to I, uncorrected hfs constants;
II, corrected for the magnetic-dipole hfs interaction with the S3 state only; III, corrected for M1 and

E2 hfs interactions with the state S3 only; IV, additional changes of differences E{S3)—E( S4) by
taking the F dependence into account; V, added hfs interactions with other J=3 states; VI, added hfs

interactions with the state 'D5 and F„final results.

Fit
No.

hfs
constant

A

B
C
D

151E +

(Hz)

1 540 476 486( 12)
8 910554(231 )

466(22)
—6{5)

153E +

(Hz)

684 601 369(5)
137400( 86)

66(8)
—5(2)

151Eu+ .153 Eu+

2.250 18026(2)
64.85(4)
7.1(9)
1.2(1.1)

A

B
C
D

A

B
C
D

1 540297 161(12)
—653 445(231 )

466{23)
—6(5)

1 540 297 163(12)
—653 519(230)

455(23)
—6(5)

684 565 948(5)
—1 751 726( 86)

66(8)
—5(2)

684 565 951(50
—1 751 808(86)

54(7)
—5(2)

2.250 034 73(2)
0.373 03( 13 )

7.1{9)
1.2( 1.1)

2.250 034 73(2)
0.373 05(13}
8.4( 1.2)
1.2( 1.0)

IV A

B
C
D

1 540297 283(12)
—656 137(231)

24(23)
—6(5)

684 565 962(9)
—1 752 030(85 }

17(7)
—5(2)

2.250 034 87(3)
0.374 50( 13)

1.4(1.5)
1.2( 1 ~ 1)

A

B
C
D

1 540297 264(12)
—656 878(231)

36(23)
—6(5)

684 565 959(5)
—1 752 215(84)

14(7)
—5(2)

2.250 034 85(2)
0.374 88(13)
2.6(2. 1)
1.2(1.1)

VI 1 540297 394(13)
—660 862(231)

26(23)—6(5)

684 565 993(9)
—1 752 868(84)

3(7)—5(2)

2.250 034 927( 35 )

0.377 02{13)
9(22)
1.2{1.1)
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FIG. 7. Hyperfine structure of the S4 and
'S3 levels in "'Eu+ and '"Eu+. All energies
are given in cm
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IV. DETERMINATION OF THE hfs

A, B, C, AND D CONSTANTS

Initially, the hyperfine parameters /I (magnetic dipole),
B (electric quadrupole), C (magnetic octupole), and D
(electric hexadecapole) were linear-least-squares fitted to
the data in Table I. The functional relationship between
these parameters, level shifts, and the quantum numbers
I, J, and F are given by the formulas of Kopfermann [8]
and Schwartz [9]. However, it is well known that the hfs
interactions mix electronic states with different J quan-
tum numbers. This effect is especially strong for the ion
' 'Eu+ and manifests itself in deviations from the Lande
interval rule and, as shown below, an anomalously large
8 constant.

Earlier measurements [3,10—12] have shown that
the isotropic electric quadrupole hfs ratio
B(' 'Eu)/B (' Eu) is about 0.393. The ratio
Q(' 'Eu)/Q(' Eu) of the nuclear ground-state electric-
quadrupole moments is conventionally assumed to be the
same, since the quadrupole moments cannot be directly
measured like the dipole moments. As can be seen from
Table II, the first-order theory gives a ratio
B(' 'Eu)/B(' Eu)=65 that is completely inconsistent
with the anticipated ratio of 0.393. The discrepancy can-
not arise from imperfect knowledge of eigenvector com-
positions, which would alter the B value for each isotope
by the same factor and therefore leave the ratio un-
changed. It must instead arise from second-order
hyperfine effects, which can perturb hfs splittings by
hyperfine interactions between the I4f ( S7/2)6s S4',F )
states and other atomic states. This effect is called
"breakdown in J as a good quantum number. " In such a
case secular equations should be constructed for an atom-
ic structure, where only one quantum number F
representing a total angular momentum of the atom, is a
good quantum number. The concept of atomic secular
equations was first proposed by Casimir [13]and recently
was successfully applied by Kronfeld et al. [14] for ex-
planation of the hfs splittings in the neutral Eu term e D

(2)

where T& is the nuclear multipole-moment operator of
order K [15], T()") is the electronic one-body hfs opera-
tor [15], and X( "' is the two-body hfs operator (for
more details see [16]).

In most cases [17], the denominator in Eq. (1) is limited
to

E(%,J)—E(iII',J') . (3)

This approximation is not suitable in the case studied.
As seen in Fig. 7, the sequence of hyperfine sublevels of
the S4 and the S3 configuration are inverted. This re-
quires, particularly for ' 'Eu+ with larger hyperfine sub-
level separations, taking into account the F dependence
of the energy differences.

The matrix element in the numerator of Eq. (1) can be
expressed as a function of one- and two-body hfs radial
parameters a",b" [10] and a;,b, [16], respectively, when
the calculations of the second-order effects are limited to

of 4f ( S7/2)6s6d. However, this procedure cannot be
used for the analysis of our measurement because the
differences between the hfs-sublevel energies of the Eu+
ground state S4 and the hfs-sublevel energies of the main
perturbing state 4f ( S7/2)6s S3 have been measured
only with optical interferometric precision [5], and there-
fore do not have sufficient precision for the analysis.
Therefore, we used second-order perturbation theory to
calculate the "repulsion effect" between different hfs sub-
levels with the same quantum number F. The second-
order energy shift is given by

I & y, JIFm la„„lq', J'IFI ) I'
6W~, J =

E (P,JF) E(P',J'F)—
where g) =IPSL ) denotes the real fine-structure SLJ
state (wave function in intermediate coupling) written in
SL basis and I,F, m are good quantum numbers charac-
terizing the real hfs state.

The Hamiltonian operator Hhf, can be written as

y TK y ( T(ak)K+ Jt (ak)K)

K a., k
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magnetic-dipole and electric-quadrupole hfs interactions.
The values of these hfs radial parameters can be deter-
mined by semiempirical methods [16]using experimental-
ly determined A and B constants.

The observed hfs splittings of the S4 level is dominat-
ed by contributions from the 6s electron. The contribu-
tions of the 4f electrons to the hfs splittings are much
smaller, however, they cannot be neglected in the inter-
pretation of very-high-precision experimental data. To
determine all contributions to A-, B-, C-, and D-hfs con-
stants it is necessary to measure hfs splittings for several
levels belonging to the same configuration. Unfortunate-
ly, for the 4f 6s configuration of Eu+ sufficient informa-
tion is not available. Only one excited level, S3, of this
configuration is known [18] with its A-hfs constant mea-
sured by Guthohrlein [5]. Therefore, for the determina-

tion of hfs radial parameters, which are needed for calcu-
lations of the second-order corrections, we used measure-
ments of hfs splittings of the level S7/p in neutral Eu per-
formed by Sandars and Woodgate [10] and the results of
Baker and Williams for the S7&z level in Eu + [19].

The energy levels have been estimated using ratios of
Hartree-Fock values for the Slater integrals, F", the
values of the spin-orbit parameters, and the experimen-
tal energy values for the terms 4f P and I of Eu + and
4f 6s S of Eu+. The radial spin-orbit parameter of neu-
tral Eu as well as of Eu + have been set to provide agree-
ment between experimental and calculated g factors of
the S7&2 levels. The resulting components of the inter-
mediate wave functions needed for hfs interpretation are
as follows.

(i) For the Eu + ion

~4f S7y2 ) =0.982 415~4F S7y2 ) +0.184 771 ~4f P7y2 ) 0.015 107~4f D7yp ) +0.001 332 ~4f F7y2 ) +

(ii) For the neutral Eu

~4f 6s S7~2) =0.984831~4f 6s S7~2)+0. 171922~4f 6s P7)2)
—0.013 405~4f 6s D7)2 )+0.001 114~4f 6s F7)2 )+

(iii) For the Eu+ ion

i4f ( S)6s; S4) =0.982641 4f ( S)6s; S~)+0.183 122~4f ( P)6s; P4)
—0.003995~4f ( D)6s; D4) —0.014654~4f ( D)6s; D~)

+0.000576~4f ( F)6s; F~) +.00102 5~84f ( F)6s; F4)+. . .

i4f ( S)6s; S3)=0.982013i4f ( S)6s; S3)+0.181359i4f ( P)6s; P3)
—0.042496~4f ( P)6s; P3 ) —0.014466~4f ( D)6s; D3)

+0.006310~4f ( D)6s; D3)+0.001216~4f ( F)6s; F3)—0.000826~4f ( F)6s; F3)+

(4)

(6)

(7)

Using these eigenvector amplitudes to form the matrix elements of the hfs operator (2), one obtains theoretical expres-
sions for the hfs constants. Since the participation of the 4f electrons in the hfs of the levels S4 and S3 is small, the
two-body hfs effects involving these electrons have been neglected (effect of excitations from open shells into empty
shells [20]). In our case, only the two-body hfs effects involving the 6s electron (excitations from closed n "s shells into
open 6s shells and open 6s shells into empty n's shells) are important. These effects have been parametrized in the same
way as has been done for the 3d "4s configuration [16]. Hence, the hfs constants of interest are expressed as follows:

A (Eu+; S4 ) =0.008 467 56a 4&+0.002 542 66a 4& +0. 866 532 74a ~& +0. 125 000 03a 6, +0.001 209 65a 9,O,

2 ( Eu+; S3 ) =0.011 230 22a 4I +0.003 39042a 4&+ 1.113767 50a 4&
—0. 124 998 78a 6,

—0.284 091 Oa 9 Io,
A (Eu; S7&2)=0.008 671 66a4&+0.002 566 68a~&+0. 991 223 08ag,
2 (Eu +; S~&2)=0.010051 02a~&+0.002 842 07a4&+0.989 809 12a 4&

—0.282 802 5la9, 0,
B (Eu Sq):0.001 733 46b4I+0. 000062 78b4~+0. 055 058 03b4~

(8)

(9)

(10)

where a4&, a„'I, a4&, a6, b~&, b4j, and b4& are the familiar radial parameters (one-body parameters) [15],a»o is the
two-body hfs parameter defined as follows [16]:

+9 10

oo 5

(f~C ~s) R (4f6s, n's4f)$6, (0)g„,(0)—g (f ~C ~s) 8 (4f6s, n "s4f)$6,(0)g„-,(0) . hE .
n'~7 n"=1
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Radial
parameter

01
Q4f

12
Q4f

10
Q4f

10
Q6s

Q9, 10

64f

151E +

(MHz)

916(20)
982

—30.79(80)
12450.88( 80)

298.56( 3 )

833.4(3.5)
83.3

—38.4

153Fu+

(MHz)

404(9)
433

—13.60( 30)
5533.25(31)

132.66(2)
2210.6(3.5)
221.0

—101.7

TABLE III. The hfs radial parameters used for calculations
of second-order corrections.

The radial parameter a4f used above is defined for the
configuration 4f 6s in neutral Eu. The differences in
definition of the core-polarization effects for the Eu+ and
for the Eu + have been taken into account by use of the
two-body hfs parameters a 9 ]0.

We take experimental values of the A and 8 constants
for S4 (Eu+ ) obtained in this work and results'from oth-
er authors including the states S3 (Eu+ ) [5], S7&z (Eu)
[10], and for the S7&2 in Eu + [19] into account. Using
these values in Eqs. (8)—(12) results in the one- and two-
body hfs radial parameters given in Table III. Moreover,
according to the relativistic self-consistent-field calcula-
tions of Lindgren and Rosen 15] the following relations

TABLE IV. Values of second-order corrections for the hfs sublevels of the state S4 of the isotope
' 'Eu+ (a) and "Eu+ (b). *, theoretically predicted level energy value in cm; I, correction for
magnetic-dipole hfs interaction with the S3 state only; II, correction for M1 and E2 hfs interaction
with the S3 state only; III, additional changes of differences E( S3)—E( S4) taking the F dependence
into account.

(a)
Second-order corrections for hfs sublevels in ' 'Eu+ (Hz)

Perturbing state

S3

F= 13/2 F= 11/2

5 828 062
5 828 121

F=9/2

7 377 943
7 377 949

F=7/2

6 340 420
6 340 377

F=5/2

4098 857
4098 806

F=3/2

1 729 205
1 729 176

S3
7p
5p

D3
5D
7F

III
E=27 336*
E =28 077*
E =34 817*
E =35 848*
E =49 600*

5 830214
328

5
178
10

1

7 377 989
410

6
212

12

6 338 578
349

5
172
10

1

4 096 721
224

3
106

6
1

1 728 020
94

1

43
3
0

J=3
D5
F5

total
E=34 377*
E=49 000*

0
3823

19

5 830736
4952

25

7 378 631
4433

23

6 339 115
3065

16

4 097 061
1444

8

1 728 161
0
0

total 3842 5 835 713 7 383 086 6 342 196 4098 513 1 728 161

(b)
Second-order corrections for hfs sublevels in ' Eu+ (Hz)

Perturbing state

S3

F= 13/2 F= 11/2

1 151 186
1 151 253

F=9/2

1 457 326
1 457 333

F=7/2

1 252 390
1 252 341

F=5/2

809 626
809 567

F=3/2

341 561
341 528

S3
7p
5p
7D
5D

F3

III
E=27 336*
E =28 077*
E =34817*
E=35 848
E =49 600*

1 151437
69

1

48
2
0

1 457 337
81

1

43
2
0

1 252 183
66

1

26
2
0

809 384
41

1

13
1

0

341 426
17
0
4
0
0

J=3
D5
F5

total
E =34 377*
E=49 000*

0
866

4

1 151 557
1005

5

1 457 464
813

5

1 252 278
515

3

809 440
226

2

341 447
0
0

total 870 1 152 567 1 458 282 1 252 796 809 668 341 447
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between radial hfs parameters have been assumed:

12 13 11

, =1.071, =0.100, = —0.46 . (14)

Using the intermediate-coupling wave functions for the
perturbed state ~4f ( S)6s; S~ ) and also for the perturb-
ing states ~4f U, s, L,6s; +'LJ) with J =3 and 5, and
the values of the hfs radial parameters given in Table III,
the second-order corrections, Eq. (1), have been calculat-
ed and are given in Tables IV(a) and IV(b).

The nonlinear correction (1) cannot be implemented in
the linear fit routine used for the solution of the linear ex-
pansion of the hfs interaction. Therefore an iterative pro-
cedure was applied, starting with a preliminary set of hfs
one- and two-body radial parameters. The hfs radial pa-
rameters are used to explicitly calculate the resulting en-
ergy shifts WF of every hfs sublevel under study. These
shifts are used to correct the measured rf transitions,
which leads to corrected A, B, C, and D constants. The
corrected A and B constants are then used for the deter-
mination of the hfs radial parameters of the next iterative
step. This procedure converges to a final set of hfs radial
parameters and the final corrected A, B, C, and D con-
stants, listed in Table II.

V. DISCUSSION

]5& i53 A ( Eu )

g (153E +
)

(153E +
)

(151E +
)

= —0.006 63(18)

when we use the ratio of the nuclear magnetic moments

pl from [21]. We note, that Eu+ is a good candidate for
a systematic investigation of differential hyperfine anoma-

ly, since it has seven unstable isotopes with lifetimes
exceeding several days, which could be investigated off
line from the production area. The high accuracy of this
measurement technique is more than sufhcient for de-
tailed, precise studies of the hyperfine anomaly.

We have determined the ratio B( 'Eu+)/B(' Eu+)
of the quadrupole interaction constants to be
0.37702(13). This agrees well with measurements of the
ratio of quadrupole moments in muonic atoms
Q(' 'Eu+ )/Q (' Eu ) =0.3744(53) [22], it disagrees,
however, from other spectroscopic determinations of the
B factors in different atomic states of Eu and Eu+ as re-

We have determined the ground-state hyperfine split-
ting of both stable isotopes of Eu+ with great precision.
The experiment demonstrates that spectroscopy in ion
traps, which so far has been restricted to ions with simple
alkali-metal-like level schemes, can successfully be ex-
tended to complex level structures. From our magnetic-
dipole interaction constants we derive a precise value of
the hyperfine anomaly

cently compiled by Moiler et al. [12]. It can be seen from
Table IV that the main contribution to the second-order
corrections originates from the magnetic-dipole hfs in-
teraction with the state ~4f ( S)6s; S3 ). Inclusion of the
electric-quadrupole hfs interaction (denoted by II in
Table IV) changes the second-order corrections
insignificantly. Similarly, if we take into account M1 and
E2 hfs interactions with other J=3 and J=5 states
(Table IV), the changes are also insignificant. Moreover,
introducing these interactions does not change the ratio
B (

' 'Eu+ ) /B (
' Eu+ ) within the quoted errors, as seen

in Table II.
The coupling constants for the magnetic-octupole in-

teraction obtained by our analysis are small and can be
taken as zero within our limits of error. An anomalously
large "pseudo-octupole" coupling constant could be in-
duced by the approximation b.F. =E ( g, J,F)

E(g', —J', F)=E(g,J) E(g—', J') in cases where the nu-
clear magnetic moment pI is large and AE is small
(=1000—2000 cm '). If, e.g., we take the differences
E( S3,F) E( S~,—F) into account, the calculated C con-
stants are reduced from 466 to 24 Hz for ' 'Eu+ and
from 66 to 17 Hz for ' Eu+ as seen in Table II.

In our analysis of the hyperfine splitting we find a value
for the electric-hexadecapole interaction constant D,
which is significantly different from zero. To our
knowledge, this is the second time that such a value has
been determined; the first observation was by Dankwort
and Penselin [23]. The hexadecapole hfs constant D is
not significantly affected by the M1 and E2 hfs interac-
tions between electronic states with different J quantum
numbers. These D constants can be affected only if the
M3 interaction is strong. We have simulated the
inhuence of the hfs octupole interaction on the values of
the second-order corrections. Using A=1 nmb for the
nuclear octupole moment, we obtained changes of the
calculated corrections below 1 Hz. Hence, the values ob-
tained for the D constants, in particular for ' Eu+, can
be considered as the "true" hfs hexadecapole constants.
This is also confirmed by the fact that the obtained values
for D constants are independent from the included
second-order corrections (see Table II).

The accuracy of the second-order corrections could be
improved by high-precision hfs measurements for the S3
level and if the energy separation E( S3) E( S~) was-
better known. The hfs data for the S3 state would
inAuence the obtained values of the hfs radial parameters,
and as consequence, calculated second-order corrections.
The impact on the values of the coupling parameters,
however, would be small.
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