PHYSICAL REVIEW A

VOLUME 48, NUMBER 5

NOVEMBER 1993

Energy levels of the quartic double well using a phase-integral method

S. Bravo Yuste and A. Martin Sanchez
Departamento de Fisica, Universidad de Extremadura, 06071 Badajoz, Spain
(Received 13 November 1992)

Approximate energy eigenvalues for the double-well quartic oscillator are calculated using the phase-
integral method of Fréman and Fréman up to the fifth-order approximation. By means of appropriate
transformations, the integrals appearing in the quantization condition are expressed in terms of integrals
solved in previous papers. Different approximations are discussed. In general, the results are very good.
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I. INTRODUCTION

Double-well potentials appear often in physics and
have been a subject of permanent interest over the years
from both the classical and the quantum points of view.
For quantum double-well potentials, a great variety of
methods have been implemented to study their eigenval-
ues and other properties (see, e.g., Ref. [1] and references
therein). Among these quantum double wells, the most
studied [2] is the quartic,

V(z)=v,z*4+v,2z*, (1.D

where v, <0 and v, > 0. This is not an easy problem: the
perturbation expansion of the eigenvalues &,(v,,v,) in
powers of v, is divergent [3], and the variational methods
are not devoid of difficulties [4].

An old and well-known approximation able to deal
with the quartic double-well is the JWKB method to first
order [5-7]. This procedure is equivalent to the phase-
integral method of Froman and Froman of first order [8].
But for higher-order approximations, this last method is,
for several reasons [9,10], preferable to the JWKB
method. These reasons are related to the appropriate
handling of the wave-function connection problem and
the lack of flexibility of the higher-order JWKB method
in dealing with cases where approximate solutions of the
Schrodinger equation over the whole range of the in-
dependent variable are unsatisfactory. Lakshmanan,
Karlsson, and Froman [11], for the quartic single well
[Eq. (1.1) with v, >0 and v, > 0], were able to evaluate in
terms of elliptic integrals the integrals appearing in the
first four terms of a generalized Bohr-Sommerfeld (GBS)
rule of seventh order deduced from the phase-integral
method, and thereby achieve great numerical precision in
calculating the eigenvalues of this well. Also, recently
Yuste [12] has evaluated in terms of elliptic integrals the
integrals appearing in the GBS rule to ninth order for the
quartic double barrier [Eq. (1.1) with v, >0 and v, <0]
and for the quartic double well. For this last case, the
rule used only gave the unsplit energy levels, i.e., the en-
ergy levels calculated assuming that the internal barrier
between the two wells is totally opaque. When the bar-
rier is large enough, this assumption is good, and the re-
sults obtained from the GBS rule are excellent, compet-
ing in precision and ease of calculation with the varia-
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tional methods. However, when the barrier is thin or the
energy levels are close to the top of the barrier, the ap-
proximation is no longer valid and the GBS results are
poor.

The purpose of the present work is to express the quar-
tic double-well phase-integral quantification conditions of
Froman and Froman up to fifth order [13—15] in terms of
complete elliptic integrals in order to make these condi-
tions very well adapted for numerical evaluation of the
energy levels of the quartic double well, taking into con-
sideration the splitting and shifting due to the internal
barrier. By means of appropriate transformations all
relevant integrals appearing in these quantization condi-
tions are expressed in terms of integrals already evaluated
in Refs. [11] and [12].

The structure of the paper is as follows. Section II
gives a short presentation of the phase-integral method
and quantization conditions of Froman and Froman for
double wells up to the fifth order. The integrals appear-
ing in this quantization condition for the quartic double
well with energies below the internal barrier peak (sub-
barrier case) are explicitly solved in terms of complete el-
liptic integrals in Sec. III. The same is done in Sec. IV
for energies above the barrier peak (superbarrier case). In
Sec. V we check our results against published values, dis-
cussing their goodness in different cases. In Sec. VI some
concluding remarks are given.

II. PHASE-INTEGRAL METHOD APPLIED
TO DOUBLE WELLS

In this section we summarize the phase-integral
method of Froman and Froman [8] and present the
quantization condition for double wells given by Froman
et al. [15]. In the phase-integral method of Froman and
Froman, the exact solution of the one-dimensional
Schrodinger equation

2
2Y L Rzw=0, @.1)
dz
with
R(z)z—zﬁ":—[é’—V(z)] : (2.2)

is written as

3478 ©1993 The American Physical Society



48 ENERGY LEVELS OF THE QUARTIC DOUBLE WELL USING A ...
Wz)=q ?exp [ii fzq (z)dz ] . (2.3)
Consequently g (z) must satisfy
2
q_3/2d—2q_1/2+R(z)/q2—1=0. 2.4)
dz
Let Q (z) be an approximate solution of (2.4). Then
_ d? _ R (2)—Q%2)
—n—32 172
€= (z)— (2)+—"=—— (2.5)
0 Q d22 Q QZ(Z)
will be small compared with unity. Writing g (z) as
q(2)=Q(z)g(z), (2.6)
g (z) can be expressed as an asymptotic series [8,16]:
N
g(Z):: z YZ] N (2.7)
j=0
where
Yo=2,, (2.8a)
Y,=2,, (2.8b)
_ 1 d?%,
Y4—Z4“‘§d—§2 N (2.8¢)
with
Zy,=1, (2.9a)
Z,=1ey, (2.9b)
Z,=—1é, (2.9¢)
and
¢=["Q(2)dz . (2.10)

The (2N +1)th-order, or
solution of (2.4) is

(N +1)-term, approximate

(2.11)

N
q(z): 2 q(2j+1)=Q(z)
=0 ]

N
Y, .
J =0
Hereafter the simplest and most usual choice of Q (z) that
generates the phase-integral approximation is used:
Q%*z)=R(z). Then, from Eq. (2.5), the value of ¢, is
given by
€ =Q—3/2(Z)d_2Q—1/2(z) (2 12)
0 2 . .
dz
At this point, some comments about the notation may
be appropriate. In the present paper, the recent notation
of Froman and Froman [10] is used, Q (z) and R (z) being
the functions Q, 4(z) and Q(z), respectively, of their pre-
vious papers [8,9,11,13-16].
The quantization condition of (2N +1)th order for a
symmetric double-well potential obtained by Froman
et al. [15] reads
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a—o*]arctan[ exp(—«k)]=(n +m,

n=0,1,2,..., (2.13)
where
N .
a= 3 A AR (2.14a)
j=0
N .
k=3 AR (2.14b)
j=0
N .
o= c@Th (2.14¢)
j=0
with
) 1 .
2j+1)— 1 (2j+1)
a Re 2fraq dz
_ 1
=Re EfraYzjdg , (2.15a)
K(2j+l)=_;_ifr q(2j+1)dz
=1i [ ¥,d¢ (2.15b)
Yy . .
The first three terms of o are
(1) (1)
(”_-[—arg r —+i£ +E [ | ],
2 T T T T
(2.16a)
-1
(1)
o=1gr | | (2.16b)
2 T
-3 -2
PN B PR RPN P
2 | 2880 T 24 7 T
1
(3) (1)
R e i (2.16¢)
2 T T

For energies far from the top of the intermediate barrier,
o can be neglected in the quantization condition (2.13),
but close to the top of the barrier, ¢ must be included.
The plus sign in Eq. (2.13) corresponds to an eigenfunc-
tion with even parity and the minus sign to one with odd
parity. The contours of integration I', and T, are closed
paths in the complex z plane encircling the classical turn-
ing points in the manner shown in Figs. 1 and 2 (see also
Ref. [15]). Notice that the sign of the right-hand member
of (2.15a) is opposite to that given in Ref. [15] because we
have chosen the opposite direction for the integration
contour. It should make no difference to use I',, instead
of I', in (2.15a) since the quartic double well is sym-
metric.

The mathematical structure of (2.8) has the general
form Y,,=Z2Z,,+dU,, /d{, and therefore, if I, and T,
are closed contours, Egs. (2.15) may be written in an
equivalent and simpler form as
11z dg]
270, ’

@ +tD=Re (2.17a)
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FIG. 1. (a) Quartic double-well potential showing the in-
tegration contours in the complex z plane in the sub-barrier
case. The phase chosen is such that Q!"%(z)
=exp[i(1—n)7/4]|Q(2)|'"”? on the real axis of the first
Riemann sheet, where n is the region’s index shown in the lower
part of the figure. Cuts are shown by heavy lines. The parts of
the contours that lie on the second Riemann sheet are indicated
by dashed lines. (b) The quartic double barrier associated with
the quartic double well by means of the bar transformation:
Q "(2)—>Q T(2)=e'™*QV2),  V(2)—>V(z2)=—V(2),
E—>E=—6. _Tihlf:/2 transformed integration contour T, is
shown. Here Q@ ~““(z)=exp[i(2—n)m/4]|Q(2)|'"? on the real
axis of the first Riemann sheet, n being the index of each region.
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FIG. 2. (a) Quartic double-well potential showing the in-
tegration contours in the complex z plane in the superbarrier
case. The phase chosen for Q!/%(z) on the real axis of the first
Riemann sheet is exp[i (1 —n)m /4], where n is the index of each
region. (b) The quartic single-well oscillator associated with the
quartic double well by means of the tilde transformation:
z2=—I, Q’/2(3)_>Q”2(7)=Q1/2(z), V(z)=v,22+v,z%—
V(Z)=—v,2"+v,z, 6—&=6. The transformed integra-
tion contour T'y(z) is shown. Here Ql/z(i)Zexp[i(l—n)ﬂ'/
4]1Q(2)|'”? on the real axis of the first Riemann sheet, 1 being
the index of each region.

S. BRAVO YUSTE AND A. MARTIN SANCHEZ 48

K2t0=1i [ Z,d¢. (2.17b)
In the next two sections we will show how to evaluate in
terms of complete elliptic integrals all the integrals ap-
pearing in the quantization condition (2.13) for the sub-
barrier and superbarrier cases.

III. SUB-BARRIER CASE

The o' "V integrals for the quartic double-well poten-
tial have already been calculated in Ref. [12]. For the
sake of completeness we quote here the results up to fifth
order. Let us define the function 57j(6,w2,w4;1?,ﬁ) as

i7j(e,wz,w4;1?,A)=Pj(k2)1?1:2E +(—1>fpj(k'2)k%— ,
3.1)
where
Polx)= 9’6"2 , (3.22)
k2
Py(x)=3(1+4x), (3.2b)
k2
Py(x)= —W(se—lssx +285x2—9320x 3
+32400x*—37 632x°
+14336x°) , (3.2¢)
with
k2=———azi‘i2 , (3.3a)
w,+2w, A
k?=1—k?, (3.3b)
Q=[32u(w,+20,4%) /#1242 . (3.3¢)

The quantity A is the amplitude of classical oscillations
with energy € in the potential V' (z)=w,z*+w,z*, i.e., the
energy and amplitude are related by

e=V(A)=w,A*+w,4*. (3.4)

In terms of the function ¥, the o' ™! integrals [see Fig.

1(a)] with negative energy (& <O, sub-barrier case) are
[12]

¥V =F,(8,0,,v43 19K (), 19 E () — 72K (nD)]) ,
(3.5)

where the functions K and E are the complete elliptic in-
tegrals of the first and second kind, respectively [17]. The
elliptic modulus is in this case n=1/k. The complemen-
tary elliptic modulus is defined as 7'2=1—n>

In order to evaluate the integrals appearing in the

k% *D terms [see Egs. (2.15)], let us define
0V z)=e'™*Q 1 (z) , (3.6a)
6=—6, (3.6b)
V(z2)=0,22 40,2 =—V(z)=—v,22—v,z* . (3.60)
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From these definitions, one concludes that

— — U = =

R(z)zQZ(z)z;i%[é—V<z)]=—Qz(z) .
Notice that in terms of barred quantities, the quartic
double-well potential V'(z) becomes a quartic double-
barrier potential V(z), since 7, >0 and 7, <O [see Fig.
1(b)]. Also we define

Z,,=2,(0—-0)=2,,0),

where the arrow means that Q(z) is replaced by 0(z),
i.e., Z,;(Q) are the expressions defined by Egs. (2.9) with

€, given by Eq. (2.12) in which Q is replaced by Q.
Defining

(3.7

(3.8a)

dt=Qdz , (3.8b)
one obtains (see Appendix A)
Z,ds=(—1Y*Z,dF, (3.9)
and therefore Eq. (2.17b) becomes
: 1 - —
K(Zj+1)=(_1)_13 erZZjdg
1 - =
:(—1)15frkzzj(Q)Q dz . (3.10)

But, from Eq. (2.17a), the a'® ") term of the quartic dou-
ble barrier V(z), agff”( 6,7,,0,), is given by
appt1(6,0,,7,

)=Re . (3.11)

%ffazﬁdf

Therefore, as T, =T, and the integral of Eq. (3.11) is real
(so that, actually, Re is not needed in this case), one finds,
comparing Eq. (3.11) with Eq. (3.10), that

K(2j+1)=( _l)jagéJrl)( 5’52,54)
=(—1a@ (=6, —v,, —vy) . (3.12)

Explicit expressions for the terms a2 ! are known [12]:
using the function F; defined by Egs. (3.1)-(3.4), the

(2/+D term reads

K
_ 2
K(2f+1)=(—l)ji7j 6,52,_4;p'K(p2),E—;iL) , (3.13)
where
k2
2
= , (3.14a)
PR
and
pt=1—p?%. (3.14b)
IV. SUPERBARRIER CASE
In the superbarrier case
a¥+tV=Re %fr szng , 4.1)

I', being the integration contour shown in Fig. 2(a). This
integral can be expressed equivalently as

a(2j+1):Re , 4.2)

1
2 Jr 22t

where I'; is the open integration contour shown in Fig.
2(a). By the symmetry of the potential, we can write (4.2)
as

2j+1) =
a%th=_"Re > f Z,d¢ |, 4.3)

where T is the closed integration contour shown in Fig.
2(a). The integral of (4.3) has already been calculated in
Ref. [12]. The result, in terms of the function F; defined
through Egs. (3.1)-(3.4), is

a¥TD=1F.(8,0,,v4;K (k?),E (k?)) . (4.4)
Next we have to calculate the % *1) integrals:
K(2j+l)=%ifFKZZjd§, 4.5)

where now I', is an integration contour that encircles the
imaginary turning points and the Stokes line [see Fig.
2(a)]. To evaluate these integrals we use the change of
variable

Z=—iz (4.6)
and define

0V z)=0"2iz)=0"(z2) . 4.7)
Then

ﬁ(E)EQ2(2)=Q2(iZ)=%I;—[6— V(iz)]

2 s
=—h/j—[6—V<z>], 4.8)

where the potential ¥ associated with ¥V is given by

V(Z)=V(iz)=—v,2"+v,2'=0,22+v,2* . 4.9)

Notice that P (Z) is, in terms of Z, a quartic single-well
potential because ¥, >0 and U, >0. With this transfor-
mation, the contour of integration I', is transformed into
that termed I, in Fig. 2(b). Next we define
Z,/(2)=Z,,(Q—0,22)=Z,,(Q'(iz)), (4.10)
ie., sz are the expressions defined by Egs. (2.9), €, being

given by Eq. (2.12), but with Q and z replaced by O and 2,
respectively. Defining

df=0(z)dz , (4.11)
one obtains (see Appendix B)
Z,/(2)d5=(—1ViZ,(2)dE
=(—1ViZ,;Q dz (4.12)
and then % *1) can be written in equivalent form as
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2j+1):(_1)j+1

S. BRAVO YUSTE AND A. MARTIN SANCHEZ

TABLE 1. Eigenvalues of the double-well quartic oscillator ¥V (z)=—2?+0.02z* (W= %) calculated
using the phase-integral method of one, two, and three terms. Quoted values are the results of calcula-
tions shifted so as to make the minimum of the potential zero. In other words, the listed values E, are
defined as E, =&, —V,;,,. The upper (lower) value of each pair of eigenvalues corresponds to o0
(o0 =0). Results obtained by Banerjee and Bhatnagar [6] are given for comparison. In this and the fol-
lowing tables the values are in units of #*/2u=1. When E, < W, that is, when &, <0, the energy level
lies below the top of the intermediate potential barrier, so that in this table all energy levels lie below

the top of the barrier.

No. of terms

1

2

3

Banerjee and
Bhatnagar

E, 1.396 003 493 1.393 489 387
1.398 900 695 1.393 535083
E, 1.396 003 495 1.393 489 389
1.398 900 697 1.393 535085
E, 4.094 579173 4.092019 534
4.098402 813 4.092 043 891
E, 4.094 579 656 4.092 020030
4.098 403 299 4.092 044 387

1.393 541616
1.393 352764

1.393 541 618
1.393 527 643

4.092 028 506
4.092 028 337

4.092 029 002
4.092 028 832

1.393 527 585

1.393 527 587

4.092028 113

4.092 028 608

Egs. (2.13)-(2.16), where, for the sub-barrier case, the

term o

) is given by Eq. (3.5) and the ¥ *1) term is

%frazzfdf

=(—1)"! (4.13)

1 5 ~
3ffazszdz

But the expression in large parentheses is, by definition,
the a'¥ ™V integral of the single-well quartic potential
V(z), a@ T (v,,7,,6), whose value (a real quantity) was
obtained by Lakshmanan, Karlsson, and Froman [11].
The result, in terms of the function 7j, reads

K(2j+l)=(_1)j+1a(s2‘1}+1)(6’32’54)

=(—1Y"'F(6,0,,05;K (K*),E (k%) . (4.14)

V. DISCUSSION OF RESULTS

In the preceding sections we have seen that the quanti-
zation condition for the quartic double well is given by

given by Eq. (3.13), and, for the superbarrier case, by Egs.
(4.4) and (4.14), respectively.

Some results for the energy levels of four different
quartic double wells are listed in Tables I-IV. They are
given in units of #%/2u=1 and taking as zero the bottom
of the potential, that is, the listed energy is defined as
E =86~V pin, where V.. = —v3 /4v,. The energy of the
top of the internal barrier, W, is then equal to the
difference between the potential maximum ¥V, =0 and
minimum V_;,, i.e.,, W=V .. —V_ .. =—V,i,- Results
are obtained using one, two, or three terms in the quanti-
zation conditions, and either including or neglecting o in
the calculations. The results are compared with those ob-
tained by Banerjee and Bhatnagar [6] using a nonpertur-
bative method of high accuracy. All the figures of the
eigenenergies taken from this reference must be taken as
exact. On the other hand, notice that the levels E, and
E,| lie close together and that, at some distance from

TABLE II. The same as Table I but now for the double-well oscillator ¥ (z)= —2z24+0.05z* (W =5).
The upper (lower) value of each pair of eigenvalues corresponds to 00 (o =0). Notice that all energy

levels lie below the top of the intermediate potential barrier.

Banerjee and

No. of terms 1 2 3 Bhatnagar
E apes Lol LSS s
g g TR R
B mmam omemoms emE e
E; 3.855390310 3.848 801 283 3.848 839097 3.848 838 300

3.886 782 620

3.853572993

3.848 585280
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TABLE III. The same as Table I but now for the double-well oscillator ¥V (z)=—z?+0.07z*
(W= % ). The upper (lower) of each pair of eigenvalues corresponds to 070 (o =0). Notice that only

energy levels with E, < W= 27—5 =~3.57 lie below the intermediate potential barrier.

No. of terms

1

2

3

Banerjee and

Bhatnagar

E, 1.333 154781 1322815514 1.323 513 649

1.347888 175 1.324 152994 1.323 595 043 1.323374074
E, 1351885911 1.343 150963 1343413059

1.367291 489 1.344 562268 1.343 512492 1.343365616
E, 3.356.835777 3.341944 288 3.342248 186

3.389316 732 3.301967 381 3214441023 3.342216720
E, 3.839976 781 3.833 138199 3.833 122 064 3.833 129938

3.785338131

3.485417279

3.973 632973

3.833129938
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these levels, we have the levels E, and E;, which also lie
close together (except in the neighborhood of and above
the top of the barrier, i.e., for energy levels close to W).
This is indicated in Tables I-III by the use of brackets.
Finally, in Table V we give this splitting of the energy
levels for eigenvalues lying below the maximum of the in-
termediate barrier both with and without considering o
in the calculations.

From these tables some interesting conclusions may be
drawn. For the double well with v,=—1 and v,=0.02
(Table 1), results obtained neglecting o (i.e., taking o =0)
are very good: with the three-term approximation one
obtains (except for the first level) at least seven significant
figures in agreement. The results with 050 do not quite
reach this level of agreement, although they are indeed
still good: with three terms one achieves at least five
significant figures of precision. All the eigenvalues are far
from the critical zone, which is close to the top of the in-
termediate potential barrier (W =2).

For the double well with v, =—1 and v,=0.05 (Table
II), results obtained with 00 are good (at least five ac-
curate figures with the three-term approximation), in-
cluding values near the critical zone. Results with =0

are also good except for energy levels close to the critical
zone. From the other two cases, v, = —1 with v, =0.07
(Table III) and v,=—1 with v,=0.15 (Table IV), one
reaches the same conclusion: for levels close to the top of
the intermediate barrier the use of the simple value o =0
is not good (i.e., o is not negligible), and results are very
much better using the value of o obtained from Eqgs.
(2.16). One can verify this assertion by comparing the
precision of the values of E, in Table III, or the values of
E, and E, in Table IV, when o is neglected (0 =0) and
when the value of o deduced from Egs. (2.16) is used
(o#0). Froman et al. [15] reached the same conclusion
when analyzing a different double well (a harmonic well
with an intermediate Gaussian barrier).

In Table V one can see that the values obtained for the
splitting of the energy levels are excellent. Also one no-
tices that, using the values of o calculated with Egs.
(2.16), one obtains, in general, better results than using
o=0. As expected, this is especially true for levels near
the critical zone: see, for example, the values of A, for
v, =0.15 or the values of A,; for v,=0.05. As observed
in the discussion of Froman (Ref. [13], p. 92), the energy
splittings are obtained with a greater absolute accuracy

TABLE 1IV. The same as Table I but now for the double-well oscillator V(z)=—z>+0.15z*
( W=%). The upper (lower) of each pair of eigenvalues corresponds to 070 (o =0). Notice that only
energy levels with E, < W =3 ~1.67 lie below the intermediate potential barrier.

Banerjee and

No. of terms 1 2 3 Bhatnagar
B e lomen om0 g
" L450348207  Lrcasweisy  1ow7ssa 1421086891
B e s ey
B s smeem m0r o
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TABLE V. Energy splittings in the sub-barrier case,
E,—E,=Aj and E;—E,=A,;, calculated with the three-term
(fifth-order) phase-integral approximation, compared with the
values given by Banerjee and Bhatnagar [6] for the double wells
V(z)=—z?+v,z* considered in Tables I-IV. Notice that for
V(z)=—z?+0.15z* and 0 =0, the eigenvalue E, lies above the
top of the barrier in the approximation considered (see Table
1V).

Banerjee and

vy Ay o#0 o=0 Bhatnagar
0.02 Aoy 0.000 000 002 0.000 174 879 0.000 000002
Ay 0.000 000 496 0.000 000 495 0.000 000495
0.05 Aoy 0.001 695854  0.001695990  0.001711494
Ay 0.101912277 0.100867954  0.101921219
0.07 Aoy 0.019 899410 0.019917 449 0.019991 542
0.15 Aoy 0.354460726 0.895908 882 0.358 587 643

than the eigenenergies themselves. This phenomenon is
most notable for levels that lie far below the barrier max-
imum.

Finally, one must notice that Egs. (2.16) were derived
under the assumption that the transition zeros associated
with the barrier lie sufficiently far away from all other
transition zeros. If this is not the case, it sometimes hap-
pens (especially if the energy lies far away from the top of
the barrier) that one obtains an energy level more accu-
rately when o is neglected that when o is calculated ac-
cording to Egs. (2.16).

VI. CONCLUDING REMARKS

The integrals appearing in the quantization conditions
of the phase-integral method of Froman and Froman up
to fifth order have been explicitly obtained for the
double-well quartic oscillator. The terms ‘¥ *! and
«%*D appearing in the quantization condition, Eq.
(2.13), are given by Egs. (3.5) and (3.13), respectively, for
the sub-barrier case, and by Egs. (4.4) and (4.14), respec-
tively, for the superbarrier case. For both cases the
a'¥ ™V terms have already been calculated in Ref. [12].
To evaluate the k% 1 terms, we have used an indirect
method. For both cases (sub-barrier and superbarrier),
we have shown that each ‘% *!) term is proportional to
the a'¥ 1 term of an associated quartic oscillator:
k2 V=c,a2It1. For the sub-barrier case, the quartic
oscillator associated with the quartic double well
V(z)=v,z2+v,z* (v, <0 and v, >0) with energy & is the
quartic double barrier V(z)=—v,z*—v,z* with energy
— & and ¢;=(—1 ). For the superbarrier case, the quar-
tic oscillator associated with the quartic double well
V(z)=v,z2+v,z* (v, <0 and v, > 0) with energy & is the
quartic single well V(z)= —v,z%+v,z* with the same en-
ergy & and ¢;=(—1)"!. The key point is that the
a1 terms of the associated oscillator have already
been calculated for the single well in Ref. [11], and for
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the quartic double barrier in Ref. [12]. Using these ex-
pressions in the phase-integral quantization condition of
order 2N +1 (N =0,1,2), accurate values have been ob-
tained for the eigenenergies in both the sub-barrier and
superbarrier region, including the intermediate or critical
zone close to the top of the barrier.
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APPENDIX A
In this appendix we prove Eq. (3.9). From the
definitions of Eqgs. (3.6) one has that
Q=cQ, c=—i, (A1)
and from Eqgs. (2.10) and (3.8) one finds
dt=Qdz=cQdz=cdE . (A2)

Applying the change Q —Q to Eq. (2.12), the quantity ¢,
is converted to

d2
dz?
From (A1) it is easy to see that & =c?e,. Therefore, from
Egs. (2.9), one finds

=0 ¥%z) (A3)

Q—I/Z(Z) .

(A4)

Using Egs. (A2) and (A4) and substituting the value of c,
Eq. (A1), one proves that Z,;d{ is given by Eq. (3.9).

APPENDIX B

In this appendix we prove Eq. (4.12). Taking into con-
sideration (2.10) and (4.11), one easily finds that

dé=idE . (B1)

Applying the changes @ —Q and z—Z to Eq. (2.12), the
quantity €, is converted to

2
%‘0=Q'3/2(7)%Q_1/2(7) ‘ (B2)
dz

From Eqgs. (4.6) and (4.7) one easily finds that g,= —¢,.
Then, from Egs. (2.9) one has

From Egs. (B1) and (B3), one deduces Eq. (4.12).




48 ENERGY LEVELS OF THE QUARTIC DOUBLE WELL USING A . .. 3485

[11R. J. W. Hodgson and Y. P. Varshni, J. Phys. A 22, 61
(1989).

[2] J. Dias de Deus, Phys. Rev. D 26, 2782 (1982); S. K. Bhat-
tacharya, Phys. Rev. A 31, 1991 (1985); A. Radosz, J.
Phys. C 18, L189 (1985); P. E. Shanley, Phys. Lett. A 141,
331 (1989); W.-Y. Keung, E. Kovacs, and U. P. Sukhatme,
Phys. Rev. Lett. 60, 41 (1988); F. Arias de Saavedra and E.
Buendia, Phys. Rev. A 42, 5073 (1990), and references
therein.

[3] C. M. Bender and T. T. Wu, Phys. Rev. 184, 1231 (1969).

[4] R. Balsa, M. Plo, J. G. Esteve, and A. F. Pacheco, Phys.
Rev. D 28, 1945 (1983); R. F. Bishop, M. F. Flynn, M. C.
Bosca, and R. Guardiola, Phys. Rev. A 40, 6154 (1989).

[5] A. Martin Sanchez and J. Diaz Bejarano, J. Phys. A 19,
887 (1986).

[6] K. Banerjee and S. P. Bhatnagar, Phys. Rev. D 18, 4767
(1978).

[7]1 P. M. Mathews and K. Eswaran, Lett. Nuovo Cimento 5,
15 (1972); H. K. Shepard, Phys. Rev. D 27, 1288 (1983).

[8] Unfortunately, there is no completely self-contained single
reference where this method is exposed in detail. The in-
terested reader may find especially useful the following
references: N. Froman and P. O. Froman, Ann. Phys.
(N.Y.) 83, 103 (1974); N. Froman, Ark. Fys. 32, 541 (1966);
N. Fréman and P. O. Froman, JWKB Approximation.

Contributions to the Theory (North-Holland, Amsterdam,
1965). Two good short reviews of the phase-integral
method are M. Crescimano, J. Math. Phys. 31, 2946 (1990)
and O. Dammert, ibid. 24, 2163 (1983), especially Appen-
dix A.

[9] O. Dammert and P. O. Froman, J. Math. Phys. 21, 1683
(1980).

[10] N. Froman and P. O. Froman, in Forty More Years of
Ramifications: Spectral Asymptotics and Its Applications,
edited by S. A. Fulling and F. J. Narcowich, Discourses in
Mathematics and Its Applications No. 1 (Texas A&M
University, College Station, TX, 1991), pp. 121-159.

[11] M. Lakshmanan, F. Karlsson, and P. Froman, Phys. Rev.
D 24, 2586 (1981).

[12] S. B. Yuste, Phys. Rev. A 46, 5367 (1992).

[13] N. Froman, Ark. Fys. 32, 79 (1966).

[14] N. Froman and U. Myhrman, Ark. Fys. 40, 497 (1970).

[15] N. Froman, P. O. Froman, U. Myhrman, and R. Paulsson,
Ann. Phys. 74, 314 (1972).

[16] N. Froman and P. O. Fréman, Ann. Phys. (N.Y.) 83, 103
(1974).

[17] P. F. Byrd and M. D. Friedman, Handbook of Elliptic In-
tegrals for Engineers and Scientists, 2nd ed. (Springer, Ber-
lin, 1971).



