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A relative-state formulation of quantum systems is presented in terms of relative-coordinate states,
relative-number states, and relative-energy states. The relative-coordinate states are used to describe
quantum systems in position and momentum representations. The probability distribution is calculated
in terms of the relative-coordinate states and is shown to be equivalent to the functional definition of the
quantum probability in phase space. It is shown that a quantum-mechanical phase operator can be con-
structed in terms of the relative-number states without the well-known difficulties. The results are com-
pared with those obtained by the Pegg-Barnett phase-operator formalism and the relations to various
other phase-operator methods are also discussed. The energy-measurement and energy-probability dis-
tributions are discussed in terms of the relative-energy states. Furthermore, a relative-state formulation
is developed in the Liouville space. A phase representation in the Liouville space is introduced to inves-
tigate the time evolution of quantum coherence. In the Liouville space a time operator is defined as a
canonical conjugate of the time-evolution generator, but not the Hamiltonian energy operator. The rela-
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tion to the internal time presented by Prigogine and Misra is discussed.

PACS number(s): 03.65.Ca

I. INTRODUCTION

In recent publications [1-7], the author introduced
relative-number states to make it possible to investigate
the quantum-mechanical properties of phase variables. A
relative-number state is defined as follows [1]. Suppose
there are two systems 4 and B which are described by
complete orthonormal sets of boson-number eigenstate
{lm)4lm =0} and {|n)gz|n=0}. The relative-number
state |n,m )) is defined by

ln,m N =0n)m+n) @|m)g+0(—n—1)m)y
®|m “”)B ’

where n is an arbitrary integer, m is a non-negative in-
teger, and O(n) is defined as O(n)=1 for n=0 and
6(n)=0 for n <0. This state is an eigenstate of the num-
ber difference (relative number) between the two systems,
whose eigenvalue is n. The use of relative-number states
overcomes the well-known mathematical difficulties in
defining the phase operator [8,9], which stem from the
fact that a number operator has a lower bounded spec-
trum. The phase-operator formalism based on relative
number states [1,6,7] is useful for investigating the non-
classical properties of light [10-20]. It is shown that the
relative-number-state formulation developed in the Liou-
ville space is also suitable for describing the time evolu-
tion of quantum coherence (off-diagonal elements of the
density matrix of the system) [1,3-5]. Furthermore, the
number-phase quantization in a Josephson junction with
ultra-small capacitance can be described in terms of
relative-number states [1,2]. In these studies, the use of
relative-number states was restricted to problems related
to the phase operator. The purpose of this paper is to ex-
tend the relative-number-state formalism and to give a
method for investigating a wide range of problems to be
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treated.

This paper is organized as follows. In Sec. II, we con-
sider a quantum system consisting of two subsystems,
each of which is described by position and momentum
operators with continuous spectra extended over all real
values. We introduce several kinds of relative-coordinate
states and investigate their properties. Using these states,
we calculate and interpret the expectation values of phys-
ical quantities. The results reduce to conventional ones if
certain conditions are satisfied. Furthermore, we derive
the phase-space probability distribution in terms of the
relative-coordinate states. The probability distribution
thus obtained is compared with the functional definition
of quantum probability in phase space given by Aharo-
nov, Albert, and Au [21], O’Connell and Rajagopal [22],
Prugovécki [23], and Wédkiewicz [24-26]. In Sec. III,
we consider a system consisting of two subsystems de-
scribed by bosonic annihilation and creation operators,
and we develop a phase-operator formalism based on the
relative-number states [1,6,7]. The results are compared
with those obtained by Pegg-Barnett [27-30]. Further-
more, we discuss the relations to the other phase-
operator formalisms obtained by Newton [31], Shapiro
[32-34], and Hradil [35,36]. In Sec. IV, we introduce a
relative-energy state which corresponds to a continuous
version of the relative-number state. We calculate the ex-
pectation values of physical quantities by means of the
relative-energy states and consider their meaning. In Sec.
V, we develop a relative-state formulation in the Liouville
space [1,3-5]. We introduce a phase representation to
investigate the properties of physical systems in the Liou-
ville space [37-48]. It will be shown that the phase rep-
resentation is convenient and suitable for describing the
time evolution of quantum coherence or phase informa-
tion of the system. Furthermore, we define a time opera-
tor [49-51] in the Liouville space, which is a canonical
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conjugate of the time-evolution generator but not the
Hamiltonian energy operator, and we discuss its relation
to the result obtained by Prigogine, Misra, and Courbage
[49,50]. A summary is given in Sec. V1.

II. RELATIVE-COORDINATE REPRESENTATION

A. Relative-coordinate states

In this section, we introduce relative-coordinate states
and investigate their properties. For this purpose, we
consider a quantum system which consists of two in-
dependent subsystems; a relevant system and a reference
system. We would like to obtain information only about
the relevant system. These systems are assumed to be de-
scribed by canonical coordinates and momenta, (% 4, 4)
and (Xp,pp) , which satisfy the canonical commutation
relations [X 4,p ,]=i and [Rp,pp]=i with #=1. It is
also assumed that these operators have continuous spec-
tra extended over all real values. In this paper, we ex-
press quantities of the relevant system as O 4 and those of
the reference system as O B-

The relevant and reference systems are described, re-
spectively, by the complete orthonormal sets,

Sy={lx;4)% |x;4)=x|x;4),xER]} ,
Sp={lx;B)|%glx;B)=x|x;4),x ER]} ,

2.1
(2.2)

where R is the set of all real numbers and we have the fol-
lowing relations:

(X;x|y;X)=8(x —y), f_"" dx|x; X)) (X;x|=1, ,

for X=4,B, (2.3)

where T, and T are unit operators of the relevant and
reference systems. Thus, the complete orthonormal basis
of the total system is given by

SA+B:{IX,,V)=’X;A)®|.V»B>|X,.V6R} ’ (2.4)
and the state |x,y ) satisfies the following relations:
(Yisxqlx2,y,) =8(x, —x,)8(y1—y,),
2.5)

f_wwdx f_wwdﬂ&y)(y,x] =T,

where T=T1 4® 15 is a unit operator of the total system.
Now, we consider a state |7,X)) of the total system
defined by

[nXN=lr+X,X)=|r+X;4)®|X,B) . (2.6)

It is easily found that the state |r,X )) satisfies the rela-
tions,

RInXN=rlr,X), XplnXN=Xr,X)), (2.7

2

where X is defined by X=%,—Xz. A set given by
Sg ={lr,X»|r,X ER} becomes a complete orthonormal
set of the total system. The state |7,X )) satisfies

<<X|}rl‘r2yX2 )>:8(r] —rz )S(Xl _‘Xz) >

- - - (2.8)
[ 7 dx [T arlrnxnx,r=1.

3453

It should be noted that the operator X=X,—Xj
represents the relative position of the relevant system
with respect to the position of the reference system.
Thus, we call |r,X)) the relative-position state. The
relative-position state |r,X )) is obtained from the state
|nX)=|r;A)®|X,B) by a unitary transformation
U=e ™8Pa,

Now, we define a unitary operator D(s) in terms of the
relative-position states {|r,X))} through the following
relations:

ﬁ(S)|r,X))=|r—s,X)) ’

(2.9)
D)X W =|r+s5X) .

The operator D(s)isa displacement operator for the rela-
tive position r of the relevant system. It is easily found
from the definition that the commutation relation be-
tween the displacement operator D(s) and the relative-
position operator X is given by

[D(s),2]1=sD(s) . (2.10)

It is also seen from (2.9) that the following relations are
established:

ﬁ(sl)ﬁ(32)=ﬁ(s] +s2) ?

D(s)D (s))=D(s,—s,), (2.11)
bo)=1.
These relations show that a set defined by
Sp={D(s)|sER} becomes a one-parameter unitary

group, and D(s) is strongly continuous. Therefore
Stone’s theorem [52] gives a Hermitian operator p which
satisfies the relation,

D(s)=exp[isp] .

Towards the limit as s —0 in (2.10), we obtain the com-
mutation relation,

(2.12)

X,pl=i. (2.13)
This indicates that the Hermitian operator p is a canoni-
cal conjugate of the relative-position operator X.

It is found from (2.9) and (2.13) that the operations of p
on |r,X)) and ((X,r| are represented, respectively, by
PIrnXN=i(3/3r)|r,X) and (X, rlp=—i(3/3t)(X,r|.
It is easily seen that p and D(s) transform a direct prod-
uct state |1; 4 )® |$,B ) into another direct product state
|¢'; A)®|¢';B). Thus, if a state |¥) is factorizable, that
is |W)=|y;4)®|¢;B), the operators p and D(s)
preserve the factorizability of the state. It will be found
in the following sections that quantum-mechanical phase
and time operators do not have such a property.

The eigenstate of p is expressed in terms of the
relative-position states {|r,X))],

= 1 *® ipr
|p,X))——‘/§f_wdr|r,X»ep , (2.14)
where  plp,X)=plp,X)». A set given by

S, = {|p,X»|p,X ER} becomes a complete orthonormal
set for the total system,
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UX1,p1 12X, D =8(p, —p,)8(X,
[ dx [7 dplp,x »(x,p|=1

From (2.6) and (2.14), the state |p,X )) can be expressed
by a direct product of the momentum eigenstate of the
relevant system |p; 4 ) and the position eigenstate of the
reference system |X;B) with a phase factor of e "X g0
that |p;X)=|p;4)®|X;B)e PX, Furthermore, we
define another relative-coordinate state which is the
Fourier transform of |7, X )) with respect to variable X,

[r,k ))=%_ﬁf_:dX|r,X eikX |

—'Xz) ’
(2.15)

(2.16)

This state plays an important role when we consider
phase-space distribution functions (see Sec. II C). It will
be found that {|r,k ))} are closely related to the function-
al definition of the quantum probability distribution in
phase space. It is easily seen that a set given by
S, ={lr,k )|r,k ER} becomes a complete orthonormal
basis of the total system, satisfying the following rela-
tions:

RlnkN=rln,X), Xplrnk)=

.0
taklr,k» R (2.17)

ky,rylry,ky ) =8k, —ky)8(ri—ry) ,
[ ak [ arlrk Wk r=1

Before proceeding further, we will briefly mention the
relative state theory proposed by Everett [53]. Consider
a direct product state given by |¥)=|¢;4)®|¢,B).
The scalar product with the relative-position state |7, X ))
leads to X)=v ,(r+X)pp(X with ¢ ,(x
=(A;x|;A) and ¢z(x)=(B;x|¢;B). This wave
function is the simplest considered by Everett. Accord-
ing to Everett, the wave function W(r,X) is interpreted as
follows. When one subsystem is in state ¢5(x) while the
total system is in state W(r,X), then the corresponding
relative state of another subsystem is given by ¢ 4 (r +X).
It is stressed that the state of one subsystem cannot be
determined independent of the state of another subsys-
tem. Indeed, ¥ ,(r +X) depends on the position of

J

(2.18)

(WA@Y = [ dy [7 dxlepy)Pe%(x)A(x —p,—id/3x W 4(x)

where ¥ 4(x)=
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another subsystem. By developing such ideas, the mea-
surement process in quantum mechanics was discussed
[53].

B. Expectation values of physical quantities

We consider the expectation values of physical quanti-
ties of the relevant system in terms of the relative-
coordinate states introduced in the previous section. It is
postulated in our formulation that the physical quantities
of the relevant system are measured as differences from
the corresponding quantities of the reference system. In
other words, only variations from the reference values
determined by the state of the reference system are ob-
served. When we would like to know a quantity O , of
the relevant system, we measure the relative quantity
given by 0 =0 4—Op, where OB 1s the quantity of the
reference system corresponding to 0o 4- For example, in a
position measurement, the quantity X =% ,—Xp is ob-
served, and so the observable quantity is the relative posi-
tion of the relevant system with respect to that of the
reference system. Furthermore, we assume that the phys-
ical state |¥) of the total system, is given by the direct
product of states of the subsystems,

W)=|y; 4)2(¢;B) ,

where |1; 4) is the state of the relevant system and
|¢; B ) is that of the reference system.

Consider an arbitrary observable quantity 4 (X,p) of
the relevant system expressed in terms of the relative po-
sition X and its canonical conjugate P,

/\’/\ 22 AmnAmn-

(2.19)

(2.20)

Using the commutation relation (2.13), any analytic func-
tion of X and p can be written in this form. Now we cal-
culate the expectation value of A4 (X,p) with the |¥)
given by (2.19). Using the fact that the relative position
states { |rX ))} become a complete orthonormal basis
and using the relations {(X,r|x=r{(X,r| and
{X,rlp=—i(3/3r){X,r|, we can calculate the expecta-
tion value as

(2.21)

(A;x|¢; A) and ¢z(x)=(B;x|¢;B) are the wave functions of the relevant and reference systems.

Then we finally obtain the following expression for the expectation value of 4 (X,p):

(Wl 4@p)W)= [ dy( a4l 4R~y

On the right-hand side of (2.22),
(A;9| AR —y,p,4)|th; A) represents the expectation
value of only the relevant system, in which the position of
.the relevant system is measured from the position y at
which the reference system is placed, and |¢5(y)|%dy is
the probability that the reference system is placed at a
position between y and y +dy. This shows that the quan-
tity (W|A4(X,p)|¥) can be calculated as follows.

D4 )W; A >|¢B(y)

12 . (2.22)

First, the expectation value of the relevant system with a
fixed reference point is calculated as
(A;¢9| AR, —y,p4); A ), and then the average over
all possible reference points is taken. Thus, (2.22) can be
expressed as

(VAR PNV =4[ AR =y, p gl 4),  (223)
where () means the average over the possible reference
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points. If the reference system is treated as a classical
system, its position can be fixed with great accuracy.
Consequently, when the position of the reference system
is chosen as the origin of the coordinate system (y =0),
then (2.23) can be approximated by

(W ARPIW)={A;9 AR Pl 4) . (224

The right-hand side of (2.24) is the conventional expres-
sion for the expectation value of a relevant system.
Therefore, our formulation reduces to the conventional
case if the reference system is assumed to be a classical
object.

Using the same method as that used to derive (2.22),
we find that in the momentum representation the expec-
tation value of 4 (g,#) can be expressed as

(V|4 (q,7)W¥)

=7 dkCasylaz K)ly; 4) gk,

(2.25)

where #=p , —Pp is the relative momentum, and g is the
canonical conjugate such that [§,#]=i, and ¢z(k) is the
momentum representation of the wave function of the
reference system, which is the Fourier transform of
¢p(x). On the right-hand side of (2.25),
(A;¢| AR 4,p4—k)|h; A) represents the average value
of only the relevant system, of which the momentum is
measured from the reference value k, and |§,(k)|%dk is
the probability that the reference system has a momen-
tum between k and k +dk. Thus, (¥|A(q,#7)|¥) is ex-
pressed as

(V[A@,7)|W)=(A;¢| A(

-kl 4),  (2.26)

o) Py

X 45D 4
where () is the average taken over all possible reference
values k. When the reference system has zero momen-

tum with great accuracy, (2.25) can be approximated by
(V|4 @A) =459 AR Pl 4) . (227

The right-hand side of (2.27) is the conventional expres-
sion for the average value of the relevant system.

It is seen from (2.22)-(2.27) that our formulation gives
the conventional expressions for the expectation values of
physical quantities when the reference system satisfies
certain conditions. It seems to be sufficient, at least, that
the reference system satisfies the semiclassical condition.

C. Probability distribution

In this section, we consider the probability distribution
in terms of the relative coordinate states {|r,k ))} defined
by (2.16). For this purpose, it is convenient to introduce
a probability operator measure defined by

ﬁ[A,,Ak]Z_freA a’rfkeA dk|r,k Wk, r| ,

where A, and A, are subsets of R. Using the probability
operator measures (2.28), the probability distribution that
the relative position r takes a value between » and r +dr
and the parameter k takes a value between k and k +dk
in the state |¥) is calculated as

(2.28)

P(r,k)dr dk =(W|N[A, ;4,00 2 11¥) , (2.29)

where A, | 4, =[r,r+dr)and Ay, 54 =[k,k +dk). When
the state of the total system is given by (2.19), it is found
from (2.16) that (2.29) becomes

Pink=5 | [ 7 dxu r+208,0e |7, @30

where 1/JA(x)=( A;x|p;A) and ¢p(x)=(B;x|¢;B).
From (2.30), the marginal probability distribution
P(r)= [ ®_dk P(r,k) that the relative position r takes a
value between r and » +dr in the state | ¥ ) reduces to

=fj° dX |y (r +X)|*|¢p(X)|? (2.31)

Let us consider two systems characterized by the wave
functions ¥(x) and ¢(x) in order to compare the above

result with those given in Refs. [21-26]. The Wigner
functions of these systems are given by
Wylap) =1 [ 7 dxg*(q+xtg—xer, .32

W ,(q,p)= % 7 dx g*(g +x)9(g —x)e?", (2.33)
respectively. It is seen that W,(q +rp +k)W¢(q p) is
the quasiprobability density that one system in state l)
has momentum p +k and position g +r are the other sys-
tem in state |¢) has momentum p and position g. Thus
the propensity of these two systems to have momenta and
positions differing by amounts k and r, respectively, is
given by

PW(r,k)=f_m dp fﬁw dq Wy(q +rp +k)W,4(q,p)

© . 2
1 ‘f dx P(x +r)¢p*(x)e ~k* (2.34)
o — o0
This is clearly equivalent to (2.30) if we chose
PY(x)=1 4(x) and d(x)=¢%(x). Note that (2.34) is for-
mally written as

Pylr)=2-[gIDr )11,

—kg)],

where ¢ and p are position and momentum operators and
D(r,k) is a displacement operator in phase space. The
meaning of (2.34) was first considered by Aharonov, Al-
bert, and Au [21].

Next we consider another situation treated by
Woédkiewicz [25]. The probability distribution that the
system described by the density matrlx p is 1n the state
l¢) is usually given by P=Tr[pP,], where P,=1¢)(4l
is a projection operator. According to Wodkiewicz [25],
in order to physically compare the state of the relevant
system with that of the measurement apparatus in a real-
istic laboratory arrangement, we have to bring the mea-
surement apparatus towards the relevant system to be
measured. This indicates that P should be modified as
follows:

(2.35)
D(r,k)=expli(rp

F :%Tr[ pll )], Miye)=0%)P, 0, (2:36)

g
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where ﬁ(g) is a unitary operator which represents the
displacement of the measurement apparatus and g is an
element of the transformation group to express such a
movement. The normalization constant Z is given by
Z =2gTr[p‘ﬁ¢(g)], where ¥, means the summation (or
integration) over all possible transformations. When the
relevant system is in a pure state p=|9){ |, (2.36) be-
comes

P=— (gl DI . @37
If the unitary transformation U(g) is given by a spatial
displacement in phase space, such that U(g)=D(r,k),
(2.37) reduces to (2.35) and so to (2.30).

Therefore, it is found that the probability distribution
calculated by the probability operator measure construct-
ed in terms of the relative-coordinate states {|r,k))} is
equivalent to the operational phase-space probability dis-
tribution or the propensity in phase space considered by
several authors [21-26].

III. RELATIVE-NUMBER STATE
AND PHASE ORDER

A. Relative-number state

In this section, we consider a system which consists of
two independent subsystems described in terms of boson-
ic annihilation and creation operators. We denote the an-
nihilation and creation operators of the relevant subsys-
tem as (a,aT) and those of the reference subsystem as
(b,b"), where [a,aT]Z[b,b*]Zl. For simplicity, we as-
sume a single-mode boson for each subsystem. As we did
in the previous section, we assume that the physical
quantity of the relevant system is measured as a
difference from the corresponding quantity of the refer-
énce system. Thus, in the boson-number measurement
the observable quantity is

N=RN,—Ng,

where N’A =a'q and ﬁB =b". In the following, we first
introduce a relative-number state [1,6] and then we con-
sider boson-number measurement. Using the relative-
number states, we can define a phase operator and a
phase probability distribution [7].

The relevant and reference systems now considered are
assumed to be described by complete orthonormal sets,

(3.1

S,={ln;4) N |ln;A)=nln;4),n€Z,}, (3.2)
Sz={|n;BY|Ngzln;B)=n|n;B),n€Z,}, (3.3)
which satisfy the following relations:
(X;mln;X)=5,,, 3 ln; X X;nl=1,,
n=0
for X=A4,B . (3.4)

Here, Z . is the set of non-negative integers and 1, (1)
is the unit operator of the relevant (reference) system.
Thus, the complete orthonormal basis of the whole sys-
tem is given by
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Sqyp={lmn)=|m;4)®|n,B)\m,n€Z.}, (3.5)
which satisfies the following relations:

<n1,m1 |m2’n2 ) :smlmzsnlnz ’

o w (3.6)
> im,nY(n,m|=1,
m=0n=0

with =1 ,®15.
We define a relative-number state (RNS) as follows
[1,6,7]:

ln,m N =0n)m+nm)+0(—1—n)lmn—n), 3.7

where 6(n)=1 for n 20 and 8(n)=0 for n <0. Note that
in (3.7), n can be any integer while m is a non-negative in-
teger . Since the quantum number » in |n, 4 ) or |n,B)
cannot take a negative integer, we introduce the 6(n)
function and express |n,m )) as a superposition of two
terms: one with n =0 and the other with n <0. It is easi-
ly seen from the definition that n represents the boson-
number difference between the relevant and reference sys-
tems and that |n,m )) is an eigenstate of N defined by
(3.1), N|ln,m Y =n|n,m)). The set of relative-number
states, S = { |n,m ) |m EZ, ,n EZ}, becomes a complete
orthonormal basis of the whole system, which satisfies the
following relations:

«m1,n1|n2>m2»:8m1m28nln2 ’

® (3.8)
S 3 lnm»lmnl=1.

m=0n=—o

Here Z is the set of all integers.
Next we introduce the following projection operator in
order to consider a boson-number probability:

fi,= S InmM»mnl.

m =0

(3.9)

This projection operator maps the whole space into a
subspace with a fixed boson-number difference n, which
satisfies the following relations:

nt=n, f0,0,=s,M1, 0,20, 3 f,=1.

n=—oo

(3.10)

Using (3.9), we can obtain the probability distribution
P(n) that the boson-number difference between the
relevant system and the reference system in state |W) is
n,

P(n)=(¥|fl,|¥) . (3.11)
If a state of the whole system is given by
[W)=|y; 4)®|d;B ), P(n) is calculated to be
P(n)=6(n) 3 ¥, (m+n)*¢gz(m)|?
m=0
+0(—1—n) 3 |, (m)Plog(m —n)*, (3.12)
m =0

where the wave functions v 4,(n) and ¢z(n) are defined,
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respectively, by ¢ ,(n)={(A;n|;4) and ¢z(n)
=(B;n|¢;B). This result corresponds to (2.31) in the
relative-coordinate state. In particular, when the refer-
ence system is in the vacuum state |¢;B)=|0;B ), P(n
reduces to P(n)=6(n)|y 4(n)|% This is the conventional
expression for the probability distribution of boson num-
ber.

Remember that it is postulated in our formulation that
the boson number of the relevant system should be mea-
sured as a difference from the boson number of the refer-
ence system and that the basic observable quantity is

=N, —Nj. Itis found from (3.12) that the expectation
value of any analytic function of N, £(N), is calculated as

BIFEW) =S, (A9l f (B =)l (9 4) | dg(m))?

n=0
> f(n)P(n) (3.13)
Furthermore, (3.13) is expressed as follows:
(WIF (W)= 4;9lf (N —n)lgs4) , (3.14)

where ( ) means the average taken over the boson num-
bers of the reference system. This expression is the same
as (2.23) and (2.26). If the reference system is in the vacu-
um state, (3.13) reduces to the conventional expression of
the expectation value,

(W)= A9 f(N )l 4)

=3 f(n)P(n) (3.15)
n=0

Therefore, it is clear from (3.13) and (3.15) that our for-

mulation based on the relative-number states {ln,m »}

gives the conventional results when the reference system

is in the vacuum state.

B. Phase operator

Now we consider a quantum-mechanical phase opera-
tor in terms of the relative-number states {|n,m ))}. Re-
cently, the phase operator has been extensively used in
quantum optics by many authors to investigate the non-
classical properties of light [10-20]. First, using the
1:§1ative-number states, we introduce a unitary operator
D’

b=3 3 InmWmn+1]. (3.16)

m=0n=—o0

From the definition, Disa displacement operator for the
boson-number difference between the relevant and refer-
ence systems, which is unitary operator satisfying

Dlnm»=|n—1,m)) ,
DilnmM=In+1,m)) .

It should be noted that since n is an arbitrary integer, b
becomes a unitary operator. It is easily seen that the
commutation between D and N is given by

[D,N1=D .

(3.17)

(3.18)
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Using the completeness relations
S _oln;4)(4;n|=T, and 3_oln;B)(B;n|=15 in
the Hilbert spaces of the relevant and reference systems,
we can formally rewrite (3.16) into the following form:

0

2 nA )”+1®|n,B>(B;n|

=]

z ln; A)(A:ml@@ L) (@)

=@t @) ey
where ¢ 4 and @ are the Susskind-Glogower phase opera-
tors [8,9] of the relevant and reference systems, which are
defined by 2, =(aa’)™'/? a and & =(bb ")=1/2p. Since a
boson-number operator has a lower bounded spectrum,
the Susskind-Glogower phase operator is isometry, but
not unitary. In the following, the displacement operator
D defined by (3.16) is called the RNS phase operator. It
is easily seen from the definition that by restricting the
domain of the RNS phase operator D from # ,®#p to
F£ 4@ {|0;B )}, where # , and #y are the Fock spaces of
the relevant and reference systems, the Susskind-
Glogower phase operator of the relevant system is ob-
tained from the RNS phase operator,
(B;0|D|0;B)=¢,.

It is important to note that the RNS phase operator b
does not preserve the factorizability of state. This indi-
cates that D |¥) cannot be expressed by a direct product
state such as |¢; 4)®|¢;B), when |W¥) is factorizable,
|W)=|y; 4 )®|dy;B). This contrasts with the case in
which we considered the relative-coordinate states, where
D(s) defined by (2.12) does preserve the factorizability of
state. It is considered that the nonfactorizability of D re-
quires the introduction of the reference system to define
the phase operator. The eigenstate of the RNS phase
operator is given by

(3.19)

=_1_. < —in¢
l¢,m ) Ve > n,m e (3.20)

n=-—ow0

with E [ — 7+ 7+ o). Here, ¢y is a phase-reference
value which can take any real value and determines the
27-phase window. The properties of the RNS phase
operator D, its eigenstate |¢,m )), and the phase proba-
bility distribution P(¢) have been investigated in the pre-
vious papers [1-7].

C. Relations to other phase operators

In quantum optics, the Pegg-Barnett (PB) Hermitian
phase operator [27-30] is frequently used. Hence, in the
following, we will show that in the physical state, the PB
phase operator and the RNS phase operator give the
same physical results in spite of their mathematical struc-
tures being quite different. In the PB phase-operator for-
malism, all physical quantities are calculated in (s +1)-
dimensional space, where s is arbitrarily large but finite,
and after the all calculations are completed, s is made
infinite (s — o). The PB phase operator and its eigen-
state of the relevant system in (s + 1)-dimensional space
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are defined by

Bip= 3 145,445, (45651, 3.21)
m=0

where |¢¢,; 4 ) is the PB phase eigenstate defined by

s — s
E "nln; )

|5, 4)= (3.22)

\/s +1

where ¢, is given by ¢}, =d¢o—7+[2mm /(s +1)]

(m=0,1,2,.. .A,s). From (3.21) and (3.22),
pe=exp[ —i®P pg] is expressed as

s—1 .
Dip= S In;A)(d;n+1]+e' T

n=0

s;4)(A4;0!.

(3.23)

In (s +1)-dimensional space, the physical state of the
relevant system is expressed as

ly54)=T3 a,ln;4), (3.24)
n=0

which is assumed to satisfy the condition

lim { 4;¢*|(D $p)*

§— o0

Y% 4)=

s—®© ,—0

where we have used (3.21)-(3.24). The first term on the
right-hand side of (3.28) is equal to (3.27) and the second

term vanishes because of the condition (3.25). Thus we
obtain

(V|D *w)= lim (A (D sp)¥lyss 4) . (3.29)
Similarly, we can get

(\PIﬁTkl\P)=slirI:°(A;¢sl(ﬁ SRS 4) . (3.30)

Let f(x,y) be an arbitrary polynomial of x and y ex-
pressed as

fx,y)= (3.31)

A

Since both D and D Pp are unitary operators, we have

A M N
f(DT,D)ZE Eamn n— mzz zamn T)m—n’
m=0n=0 m=0n=0
(3.32)
M N
fD§pD3e)= 3 3 apDip) "
m=0n=0
M N .
=3 3 g (D). (3.33)
m=0n=

It is found from (3.29)—(3.33) that we obtain
(w|rDtD)w)= lim (4; sWIf(D P D sp)lys 4) .

(3.34)

lim 2<A Yln; A A;n+k|yPs4)+ h
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lim 2 la, |*n*=(finite) ,

S—>® —o

(3.25)

for an arbitrary non-negative number p [27,28]. Thus, in
the PB phase-operator formalism, the average value of a
phase quantity can be calculated as follows:

(F(¢))=1lim { 4;¢’|F(®

§— o0

Splvss4) . (3.26)

Now we show that when the reference system is in the
vacuum state |0;B ), the RNS phase-operator formalism
gives the same average values of physical quantities as
those obtained by the Pegg-Barnett formalism. To do
this, we first calculate the kth-order moment of the phase
operators. For the RNS phase operator, we obtain

(UIDHWY= 3 (A:pln; A Asn+kly; A)
n=0

(3.27)

where |¥)=|14; 4 )®|0;B). On the other hand, for the
PB phase operator, we have

kf
1 (s + 1)y 2 as*—nak‘n—l , (3.28)

n=0

In particular, when we put f(x,y)=[(x +y)/2]" and
f(x,y)=[i(x —y)/2]", we obtain the followmg relations:

(¢|S7|w)= lim (A9 1(S5p) % 4) (3.35)
(WIC"W)= lim {A;¢*(Csp) |y 4) , (3.36)

where S, C, § g and C pp are sine and cosine operators in
the RNS phase-operator formalism and in the PB formal-
ism.

Therefore it is found that when we calculate the aver-
age value with the state vector |W)=|y; 4 )®|0;B ), the
RNS phase-operator formalism gives results equivalent to
those obtained by the PB formalism. However, the
mathematical structures of the formalisms are quite
different. In the PB formalism, the commutation relation
between the annihilation and creation operators becomes
[a,a ]—1—|s >(s +1){s|, and the PB phase operator in-
cludes the term |s ) (0| due to the finite dimensionality of
the formalism. As pointed out by Collett [54], these extra
terms give unphysical dynamics when the time evolution
caused by a certain interaction Hamiltonian is con—
sidered. On the other hand, we have [a, a'l1= [&, b' 1=
in the RNS phase-operator formalism. It will be shown
in the next section that the RNS phase-operator formal-
ism can be constructed in the Liouville space. The
mathematical structure of the formalism is quite similar
to thermofield dynamics [43], and so the useful method in
thermofield dynamics can be used in the RNS phase-
operator formalism. Thus, the RNS phase-operator for-
malism can be applied to investigate many kinds of physi-



48 RELATIVE-STATE FORMULATION OF QUANTUM SYSTEMS

cal systems besides quantum optical systems.

We have found that by using the state belonging to the
subspace # ,®{|0;B)} of # ,®%fp, the RNS phase-
operator formalism gives results equivalent to those ob-
J

f1=|0;4)(4;0/®|0;B){B;0|+ i {In;4)(A4;n|®|0;B){B;0|+|0;4){ 4;0|®|n;B){(B;nl},

n=1

which transformations the RNS phase operator D into
the following form:

D¥=MN1H1=2,8(0;B)(B;0/+]0;4){ A;0le2},
(3.38)

where @ , and €5 are the Susskind-Glogower phase opera-
tors. This unitary operator ¥ is identical to the extended
Susskind-Glogower phase operator considered by Shapiro
et al. [32-34] who developed the phase-measurement
theory within the framework of quantum detection
theory [55,56]. Recently, Hradil derived the relation be-
tween the RNS phase operator and the description of the
realizable Shapiro-Wagner phase [36,37]. The Shapiro-
Wagner phase is treated within the framework of hetero-
dyne detection and is expressed as a unitary operator as
R=V/(a+5%/(@"+5). The commutation relation be-
tween R and N=a'a—bTb is given by [R,N]=R, which
is the same commutation relation as between D and N.
Hradil has shown the relation, D=0R0O T, where U is a
nonunitary operator. This relation has been derived by
means of the Linblad-Nagel basis of su(l,1) Lie algebra
[58]. The RNS phase operator is thus closely related to
the heterodyne detection. The details are given in Refs.
[35,36].

In this section, we have used the relative-number states
{ln,m )} in order to remove the difficulties in defining
the phase operator, which are caused by the lower bound-
ed spectrum of the number operator. For the same pur-
pose, Newton considered a two-valued spinlike variable
[31], and he expressed a state vector of the relevant sys-
tem as |<I>>)=(]‘;§), where the upper component corre-
sponds to the state with the up spin and the lower com-
ponent to the state with down spin. In order to define the
phase operator, Newton introduced a complete orthonor-
mal set of the relevant system as follows:

Sy={lnN|—ow <n<w,n€Z} (3.39)

with

In ) =6(n) "z) +6(—1—n)

0
I—n—l)] . (3.40)

Then, using the states {|n ))}], the unitary phase operator
is defined as

Py=3 InN«n+1].

n=—o0

(3.41)

In Newton’s formalism, only the subspace with up spin
has physical meaning. The projection on the subspace
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tained using the Pegg-Barnett phase-operator method.
The projection on the subspace # ,®{|0;B)} is ex-
pressed as P=1,®|0;B)(B;0|. Now, let us consider
another projection given by

(3.37)

[

with up spin corresponds to that the state of the reference
system is assumed to be vacuum in the relative-number-
state formalism.

IV. ENERGY MEASUREMENT
AND RELATIVE-ENERGY STATE

In this section, we apply the method developed in Sec.
III to physical systems which have continuous energy
spectra. We consider the measurement of energy in the
relevant system and relative-energy states. Let us first
consider the measurement of energy in the relevant sys-
tem. In our formalism, it is postulated that the energy of
the relevant system is measured as a difference from the
energy of the reference system. The observable quantity
is the relative energy H =H , —A 5> Where A, and Hy
are the Hamiltonians of the relevant and referen/ge sys-
tems, respectively. It is important to notice that H 4 and
H, have lower bounded spectra where the lowest ener-
gies are assumed to be zero, while H has unbounded spec-
trum extended over all real values. We also assume that
the physical state of the whole system is given by
W)=y, 4)2|4,B).

Under these assumptions, the average value of an ana-
lytic function of a » f (A ), is calculated to be

WIFEI) = [ "dECA;4If (B —B)g5 4) 15BN,
@.1)

where ¢5(E)={B;E|¢;B) and |E;B) is an eigenstate of
a s with eigenvalue E. On the right-hand side of (4.1), it
is seen that { A4;¢|f(H ,—E)|y; A) is the average value
of the relevant system, in which the energy of the
relevant system is measured from the energy of the refer-
ence system E, and that |¢5(E)|*dE is the probability
that the reference system has an energy between E and
E +dE. In particular, when the reference system has the
lowest energy E =0 with great accuracy, (4.1) can be ap-
proximated by

(W|f (W)= A9l f (A 4) .

The right-hand side of (4.4) is the conventional expression
for the average value of the relevant system.

If the reference system has a discrete energy spectrum,
(4.1) is modified as follows:

4.2)

(W|f(A)|w)= § (A9l f(A—E)g; A)|¢5(EN)?,
n=0

4.3)
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where ¢5(E,)=(B;E,|¢;B) and |E,;B) is an eigen-
state of Hp with eigenvalue E,. In particular, when the
reference system is in the lowest-energy state (E,=0),
(4.3) becomes

(W F|WY=CA;9|f(H)p;4) .

Thus, we also obtain the conventional expression for the
average value of the relevant system. It should be noted
that both (4.1) and (4.3) can be expressed as

(W fFE|W)Y=(A;¢|f(H,—E)y;4) ,

(4.4)

(4.5)

where ( ) means the average taken over the possible ener-
gy of the reference system. This expression is the same as
(2.23), (2.26), and (3.14).

Now we introduce a relative-energy state and consider
its properties. To do this, we first suppose that the
relevant and reference systems are described, respective-
ly, by complete orthonormal sets,

S.={|E;A)|A,|E;A)=E|E;4),EER } ,
Sy={|E;B)|Hs|E;B)=E|E;B),EER,]} ,

(4.6)
4.7

where R, is the set of non-negative real numbers, and

|E; A) and |E ;B ) satisfy the following relations:

(X;E,||E);X)=8(E,—E,), fowdE|E;X)<X;EQ=Tx ,
for X=A,B, (4.8

where T 4 and TB are unit operators acting on the respec-
tive Hilbert space. Thus, the complete orthonormal basis
of the whole system becomes

S={|E|,E,)=|E;;A)®|E;;B)|E,E,ER,}, (4.9
where |E|,E, ) satisfies
(E,,E\|E{,E})=8(E,—E|)8(E,—E})
(4.10)

“dE, [” =1
[ dE, [ 7 dE,|E\ B (B, E =1,

with =1 ,81,.
Now, we define a relative-energy state |E,e)) as fol-
lows:

|E,e) =O(E)le+E,e)+6O(—E)|le,e—E), (4.11)

where O(E) is the usual step function. Note that E takes
an arbitrary real value while € is non-negative. The
relative-energy  state |E,e)) is an eigenstate of
A=H,—Hy,sothat A|E,e))=E|E,e)). It is seen from
(4.10) that the set Sg ={|E,e)) |EER,EER+} becomes a
complete orthonormal basis of the whole system, which
satisfies

<<81,E1|E2,82)>=8(E1 _E2 )8(51_82) ’

© [ A (4.12)
JZde [ dE|E,e) (e EI=T.
0 —

Next, we consider the probability distribution for the
energy measurement. To do this, we define a probability

operator measure in terms of the relative-energy states
{|E,e))} as follows:
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fia)=[""aE" [ “delEeN (e B 4.13)

It is easily verified that fl1(A) satisfies the properties of
probability operator measure. From (4.13), the probabili-
ty distribution P(E)dE that the energy difference be-
tween the relevant and reference systems takes a value
between E and E +dE is given by

P(E)E =(V|{I(dE)|¥) , (4.14)

where |W) is a physical state of the whole system. Using
(W)=|y; 4)®|p,B ), (4.14) is calculated to be

P(E)=O(E) [ “dely s (e+E)*|g(e)?

+6(——E)fowdslz/z,,(8)12|¢B(8—E)|2 , (4.15)

where 1/ ,(E)=( A;E|{; A ) and ¢3(E)=(B;E|¢;B). It
is found from (4.15) that the average value of f(H ) is

(wlr)\w)= [ dE f(E)P(E) . (4.16)

In particular, when the reference system has energy E =0
with great accuracy, (4.15) can be approximated by
P(E)=6O(E)|y ,(E)|?. This is the conventional expres-
sion for the probability density of the relevant system.

V. PHASE REPRESENTATION
IN THE LIOUVILLE SPACE

A. Liouville space formulation

In the previous sections, we have considered the
relative-coordinate states, the relative-number state, and
the relative-energy state for a quantum system consisting
of two subsystems: the relevant system and the reference
system. In the following, we will consider the relative-
number state and the relative-energy state for a single
quantum system in the Liouville space. In this section,
we briefly summarize the Liouville space formulation
[37-41,45-48] and thermofield field dynamics [42-44]
The Liouville space £ can be constructed as a direct
product of two Hilbert spaces, L =%#®#. Here, # and
F# are the ordinary Hilbert spaces. The term A denotes
an arbitrary operator acting on any vector in #, and the
corresponding operator 4 acting on vectors in # is given
by the tilde conjunction of 4 [42-44]. The tilde conjunc-
tion is defined by

(A4, 4,)"=4,4,, (4)y~=(2),
(5.1)

(a,A,+a,4,) " =atAd,+a34d,, A=0c A,
where 4, A, and A, are arbitrary operators, and a; and
a, are ¢ numbers. In the last relation of (5.1), c =1 for a
bosonic operator 4 and o =—1 for a fermionic operator
A. We consider a single-mode bosonic system, for sim-
plicity. In this case, the Liouville space .L is spanned by
vectors belonging to a complete orthonormal set,

S,={lmn)=|m)e|n)|m)eH,|n)EH mneL,},
(5.2)
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that satisfies the following relations:

(ny,mylmy,n,)=8 8 >

mym,=nyhy
0

(5.3)
|m,n Yn,m|=1

||M8

where |m ) is the eigenstate of the number operator N in
F, |7 ) is the eigenstate of N in #, where N is the tilde
conjugate of N.

In the Liouville space .L, we introduce a state vector
|1) [45-47] defined by

|1>—2|nn> (5.4)
which satisfies the following relations:
aly=a'1), a'IY=al1), T)=1),

where a and a' are bosonic annihilation and creation
operators, and where @ and @ T are their tilde conjugates.
These operators are defined by

(5.5)

almn)y=vVm|m—1,n),
allmn)y=vVm +1lm+1,n) ,
almn)=vn|mn—1),
ETIm,n>=mlm,n+1) ,

with a|0,n)=a|n,0)=0 for all n. The relation (5.5)
means that |1) is a tilde invariant state. Any state vector
in the Liouville space .L corresponds to an operator in
the Hilbert space # [40,46]. For example, state vector
|m,n ) in L is equivalent to operator [m ){n| in #. The
correspondence between a state vector in £ and an
operator #f is derived from the following rules:

(5.6)

(5.7)

alm,ny=alm)(nl, a‘lmn)=a'lm)(n|, (5.8)
alm,n)=|m¥nlat, aflmn)=|m){nla. (5.9)
In general, we have
4)=3 3 dplmn)=4=3 3 Im) Al
m=0n=0 m=0n=0
(5.10)

An operator acting on state vector | 4 ) in .L is equivalent
to a superoperator acting on operator A in % [40,46].

An arbitrary state |¥) in £ can be expanded as fol-
lows:

=3 3 fplmn) .

m=0n=0

(5.11)

It is easily found from (5.4) that for any operator ex-
pressed as 4 = A4 (a,aT), the relation

(1) 4(a,aH )= S S (nld(a,aNm)f,, ,

m=0n=0

(5.12)
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is established. When an operator F acts on a vector in #,
whose matrix element is f,,,={m|F|n), then we have
(1| A(a,a")|¥)=Tr[ 4 (a,a’)F], where Tr indicates the
trace operation on #. This indicates that in L a scalar
product with state vector (1| is equivalent to the trace
operation in #. Thus, if we put F =p, where p is a sta-
tistical operator of the system, we find that the quantum
statistical average of A4 = A(a,a") is calculated by the
following matrix element in .L:

(A(a,ah)=(1|A4(a,aDlp), (5.13)
where
lp)= 2 zpmnlm n)—z 2|mn)(m|p|n)

m=0n=0 m=0n=0

It is found that since p is a Hermitian operator, ]p) is a
tilde invariant state, (|p))” =|p). For example, the
thermal average 1is obtained if we substitute
Fonn =8t "/(1+7)"*1into (5.12). Here 7 is the boson
distribution function.

A quantum statistical-mechanical system is described
by a density matrix p(#) in the Hilbert space #. The time
evolution of the system is governed by the Liouville-von
Neumann equation,

p(t —i[H,p(t)]==iLp(t) , (5.14)
where H is the Hamiltonian of the system and L is the
Liouvillian superoperator. In the Liouville space .L, the
system is described by the state vector |p(¢)) correspond-
ing to p(t) and the time evolution of the state vector
|p(t)) is determined by

%|p(l))=—iﬁ|p(t)>, A=H-—H (5.15)
where H is the tilde conjugate of H. Equation (5.15) is
derived from (5.14) using the correspondence rules
(5.8)=(5.9). In the Liouville space .L the Liouville—von
Neumann equation takes the same form as the
Schrodinger equation. This is true for dissipative systems
[45-47]. In the presence of dissipation, A=H —H is
modified as follows:

A=H-H+ifl, (5.16)
where f1 is a damping operator satisfying (1)~ =1I. In
general, fl includes the product of tilde and nontilde
operators such as a@ and a'a T. On the other hand, the
time evolution of any operator 4 in the Liouville space £
is determined by

d A

— At

dt (
This is the same form as the conventional Helsenberg
equation except that H=H—H or A=H—H+ifl i
used instead of H. The details are given in Refs. [41 —48].

=i[A,4()]. (5.17)

B. Phase representation

In this section, we introduce a phase representation in
the Liouville space .L in terms of the relative-number
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states. It will be found that a phase representation in .
is convenient and suitable for investigating the time evo-
lution of quantum coherence or the phase properties of
physical systems.

In the Liouville space .L, the relative-number state is
defined by

ln,m N =0(n)m +n)e|m)
+0(—n—1|m)®|m—n)y.

It is easily seen that |n,m)) is an eigenstate of

=a'a—a 'a with eigenvalue n. In this case, the rela-
tive number represents the boson-number difference be-
tween the physical system and its tilde conjugate system.
The set of relative-number states, Sk
={|n,m ))|m EZ,,n EZ}, becomes a complete ortho-
normal basis in the Liouville space L. By using
the relative-number states {|n,m )}, the RNS phase

(5.18)

operator in L is defined by
D=Sz2_o3> _.ln,m»{m,n 41|, and the eigenstate
of Dis given by

|,m ) = —v P |n,m e "¢ (5.19)
A set given by S;={[¢p,m D |pE[—m,7)CR,mEZL} is

also a complete orthonormal basis in .,L Here, we have
assumed that the domain of phase variables is [ —,7),
for simplicity.

Consider a system described by the state vector |p(¢))
in the Liouville space .£. Since {|n,m ))} and {|¢,m )}
are complete orthonormal sets in .£, lp( t)) is expanded as

follows:
pN=3 S ft;nm)lnm (5.20)
m=0n=—o
p)=3 [ dégit;6,m)e,m» (5.21)
m=0 m
where f(t5n,m)={m,nlp(t)) and g(t;¢,m)

={m,p|p(t)). It is easily found from (5.19) that the re-
lation between f(t;n,m) and g(t;¢,m) is given by the
Fourier transformation,

glt;p,m)= (5.22)

9 ()=—iwlata,p(n)]

ar T]-!—r’i[aJr

—k{(A+Dlap(t),a

Hal+ (7 + Dla,p()a’1+7[a’p(1),al} ,
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f(t,n,m)zﬁ)l/zfjﬁd(ﬁe'i""’g(t;cﬁ,m) . (5.23)

(
The function g (¢;¢,m) is called the phase representation
of the state vector |p(t)). Since |p(#)) is tilde invariant,
the expansion coefficients f (¢;n,m) and g (t;¢,m) should
satisfy

f*;n,m)=f(t;—n,m),
(5.24)
*(t;¢’m)_g(t;¢9m) )
where we have used the relations, (|n,m ) y=|—n,m))
and (|¢,m )y =|p,m ). It should be noted that the

phase variable ¢ in g (¢;¢,m) characterizes the quantum
coherence or the off-diagonal matrix elements of the sta-
tistical operator p(1).

Now, consider a s1mple harmonic oscillator, for exam-
ple, whose Hamiltonian is given by H =wa fa(A=1). In
such a case, the time-evolution generator in the Liouville
space .L becomes A=wa'a—wa'=wN. From (5.15),
(5.20), and (5.21), the expansion coefficients f(¢;n,m)
and g (t;¢,m) are determined by the following equations:

f?t‘f(t;n,m)z —ionf(t;n,m),
(5.25)

a .
wa¢g(t,¢,m)

The solutions of these equations are given, respectively,
by

f(t,n,m)=e "“"F(n,m) ,

)=G(p—

a _
atg(t,¢>m)_

(5.26)

g(t;p,m wt,m) ,

where F and G are determined by the initial condition.
For an arbitrary stationary state, we have
ft;n,m)=8,,Fy(m) and g(t;¢6,m)=Gy(m), where
Fy(m) and Gy(m) depend only on m. These results are
the well-known fact that in the stationary state the densi-
ty matrix in the boson-number basis becomes diagonal
and coherence is lost completely.

Next, we consider a damped harmonic oscillator in the
phase representation. Under the Markovian approxima-
tion, the statistical operator p(¢) of the damped harmonic
oscillator in the Hilbert space ¥ satisfies the
Liouville—von Neumann equation as follows:

(5.27)

where « is a damping constant determined by the reservoir correlation function and 7 is the equilibrium boson distribu-
tion function. According to the correspondence rules (5.8)—(5.10), in the Liouville space .L the time evolution of the
state vector | pl (¢)) of the damped harmonic oscillator is determined by

9 5
» lp(t))y=—iH|p(1)) ,
with
ﬁ=w(aTa—ﬁ*?z‘)—ik[(2ﬁ+l)(aara +ata)—

When we define a phase probability distribution P (¢,¢) by

27 +1)aa —27a a+27] .

(5.28)

(5.29)
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P(t,p)=S g(t;6,m),
m =0

(5.30)

which is normalized as f 717Td<;SP(t,¢)== 1, where g (¢;¢,m) is the phase representation of lp(2) ), then P(t,¢) satisfies

the following equation:

d o) e 3
N, t? = —P b + _.“_.’ ; I ’ .
atP( ?) wa¢ (t,¢) m=0F za¢ m|g(t;d,m) (5.31)
where the coefficient F(—i3d/3d¢,m ) which describes the dissipative effect is given by
d ) )

Fl|l—i— ing — ing .

ta¢,m e F(n,m)e'? , (5.32)
Fnym)=2k(A+1)Vm(m +|n))+2:7V(m +1)m +|n|+1)—2«f —x(278+1)2m +|n|) . (5.33)

Note that the relation F(0,m)=0 ensure; the normaliza-
tion of P(t,¢). When the averaged boson number of the
system is extremely large, this equation is simplified as
follows:

9 d 3 5.

atP(t’¢) wa¢P(t,¢)+2Ka¢2P\t,¢) .
This is the Fokker-Planck equation desciibing the phase
relaxation process in the semiclassical regime. Equations
(5.31) and (5.34) describe the decay of phase information
or quantum coherence in the relaxation process from an
arbitrary initial state to the thermal equili>rium state.

In this section, we have presented the phase represen-
tation in the Liouville space .£L based on the relative-
number state {|n,m))}. Stenholm [59 gave another
phase representation for the density metrix in Hilbert
space #, which is defined by

(5.34)

sesppmm bn = 5 ol

Y=n—m=—ow®

(5.35)

where 7 is the average boson number. As pointed out by
Stenholm, since m and »n are non-negative integers and so
the range of v depends on u, (5.35) is not rigorously
correct, and is only approximately correct when 77 >>1.
Thus, (5.35) can be used only to investigat:: the properties

S

where |E,E, ) satisfies the following relat ons:
(E,,E,\|E\,E})=8E,—E|)8(E,—1L}),

[ 7dE, [ "dE,|E,,E;,){E,,E,|=1 537
o R 218, £ »E =1
when |p(2)) is a state vector of the system in £, the time
evolution of |p(¢)) is governed by (5.15). [t is important
to remember that in .L the time-evolution generator Ais
different from the Hamiltonian energy op:rator H. The
Hamiltonian energy operator has a lower bounded spec-
trum while the spectrum of the time-evolution generator
extends over all real values. It should be noted that this

rre=UELE))=|E)Q[E)|E)eH,|E)EH,E|,E,ER, ]},

of physical systems in the semiclassical regime. On the
other hand, the phase representation in terms of the
relative-number states is rigorously correct in any case
and can be used to investigate both quantum and semi-
classical systems. Furthermore, thermofield dynamical
method [43,45-47] can be used in the RNS phase repre-
sentation. Bialynicki-Birula and Bialynicki-Birula [60]
also introduced the phase representation of wave func-
tions and used it to investigate the semiclassical proper-
ties of photons. However, this phase representation is
difficult to apply to dissipative systems interacting with
thermal reservoir.

C. Time operator

In this section, we will construct a time operator in the
Liouville space .£ for a system whose Hamiltonian H has
a continuous spectrum. We assume that the lowest ener-
gy is zero. In the Hilbert space #, the system can be de-
scribed by a complete orthonormal set,
S;={|E)|H|E)=E|E),EER}. The tilde conjunc-
tion derives a complete orthonormal set in the tilde con-
jugated space H, which is given by
S;={|E) H|E)=E|E),EER,}, where H is the tilde
conjugate of H. Thus the system in L is described by the
complete orthonormal set,

(5.36)

f

fact makes it possible to define a time operator in L.
The relative-energy state in the Liouville space L is
defined by

|6, E))=O(6)|E+6,EY+O(—8)|E,E—6) . (538)

The relative-energy state is the eigenstate of the time-
evolution generator A with eigenvalue & which can take
any real value. A set defined by
S={|6,E)|6ER,EER .} becomes a complete ortho-
normal basis in the Liouville space ., satisfying
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KE,8|6,E')=8(6—¢&")8(E—E'),

w (5.39)
JdE[” d616,ENKE,6|=1.

Using the relative-energy states, we define a unitary
operator

D= ["dE [ d6|6—LENKEE, (540

which is a displacement operator with relative energy &,
and which satisfies the following commutation relation:

[D(EH)=ED(§) . (5.41)

It is easily seen that {D(£)|EER} becomes a one-
parameter unitary group and D (£) is strongly continu-
ous. Thus, from the Stone theorem [52], a Hermitian
operator T exists such that

D(&)=exp[—i€T] .

In the limit as £—0 in (5.41), we can obtain the commu-
- tation relation,

(T,A1=i .

(5.42)

(5.43)

Thus, T is a canonical conjugate of the time-evolution

generator H, but not the Hamiltonian energy operator H.

It is found that the eigenstates of T are given by

1 o ;

TEW=—-—[" d&|6,ENe'’T, (5.44)
I (2 77_)1/ 2 f — |

and a set given by S;={|7,E)|E >0,7€ER,EER_ ] be-

comes a complete orthonormal basis in .L. Furthermore,

from (5.42) and (5.43) we can obtain the following rela-
tions:

ﬁnT,E»:i—;—\T,E», <<E,¢Iﬁ=—ii«E,T\ , (5.45)
T or

N _ .3 A D
T|6,E)= laé|(§,E», «E,6|T 186«E,6I.

(5.46)

Since {|7,E))} is a complete orthonormal basis, we can
expand an arbitrary state |¥(¢)) at time ¢ as follows:
W)= ["dE [© drgt;n,E)NnE) . (5.47)
0 — 0

Then, using (5.45), the time-evolution equation (5.15)
gives g(t;7,E)=g(t —7,E). Furthermore, the tilde in-
variance of |W(¢)) requires g(t —7,E) to be real. For
any stationary state, g (¢;7,E) depends on neither ¢ nor 7.
Now, let us consider the properties of T. In the Liou-
ville space .£, the time evolution of an arbitrary operator
A is determined by a Heisenberg-like equation (5.17).

Thus, from the commutation relation (5.43), we obtain,
%f(r)=1, P(=T(0)+1 . (5.48)
Taking the average values of these equations, we obtain

the following relations:
dr(t)=dt, 7(t)=7(0)+1t, (5.49)

where 7(¢)=(T(t)) and { ) means a certain expectation

value. These relations show that an increment of the ex-
pectation value of 7(¢) during time dt is equal to an in-
crement of time ¢, that is dt. It is found that the
difference between 7(¢) and ¢,7(0), can be attributed to
the initial preparation of the system. Thus, 7(¢) is
equivalent to ¢ with regard to dynamics, and T can be re-
garded a time operator in the Liouville space .L.

It is important to notice that T and ﬁ(§ ) do not
preserve the factorizability of state. In the Liouville
space .L, when a physical state |¥) is factorizable, we
have

w)=lyp)elP), (5.50)
since |¥) has to be invariant under tilde conjugation. It
is easily seen that (5.50) corresponds to [¢/){1/| in the
Hilbert space #£, and so (5.50) represents a pure state of
the system. Thus, 7 and D (&) change a pure state of the
system into a mixed state. This fact was first pointed out
by Prigogine and Misra [49,50], who also showed that for
a system and with time and entropy operators, the dis-
tinction between pure and mixed states becomes mean-
ingless. The underlying idea for constructing a time
operator as discussed in this section is the same as that
given by Prigogine and Misra [49,50] who pointed out
that the lack of a time operator in quantum mechanics
stems from the fact that the time-evolution generator is
identical with the Hamiltonian energy operator of the
system. The Hamiltonian energy operator must have a
lower bounded spectrum in a stable of world, and thus so
does the time-evolution generator. This lower bound of
the spectrum prevents the existence of a time operator.
Thus, they have proposed that in order to introduce a
time operator into quantum mechanics the physical sys-
tem should be described in the Liouville space since the
time-evolution generator is different from the Hamiltoni-
an energy operator in the Liouville space. In this section,
using the relative-energy states in the Liouville space .L,
we have realized this idea of Prigogine and Misra and
have constructed the time operator systematically.

VI. SUMMARY

In this paper, we introduced relative-coordinate states,
relative-number states, and relative-energy states, and we
presented a relative-state formulation for quantum sys-
tems. We considered two cases; physical systems consist-
ing of two subsystems in the Hilbert space #, and physi-
cal systems in the Liouville space .L.

In Sec. II, using the relative-coordinate states, we gave
a description of quantum systems consisting of relevant
and reference subsystems in position and momentum rep-
resentations. When the reference system satisfies a cer-
tain condition, the relative-state formulation reduces to
the usual description of a relevant system. We also
showed that the probability distribution calculated by the
probability operator measure, which is constructed in
terms of the relative-coordinate states, is equivalent to
the functional definition of quantum probability distribu-
tion or the propensity in phase space considered by
Aharonov, Albert, and Au [21], O’Connell and Rajagopal
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[22], Prugovegki [23], and Woédkiewicz [24,25]. In Sec.
III, we considered a boson-number measurement and
defined a quantum-mechanical phase operator in terms of
the relative-number states. We showed that by using the
relative number states it is possible to remove the well-
known difficulties in defining the phase operator, which
stem from the fact that the number operator has a lower
bounded spectrum. We have shown that if we assume
that the reference system is in the vacuum state, the aver-
age values of physical quantities thus calculated are equal
to those given by the Pegg-Barnett phase-operator
method [27-30]. Furthermore, we discussed the relation
to other phase-operator methods presented by Newton
[31], Shapiro et al. [32-34], and Hradil [35,36]. In Sec.
1V, we have introduced the relative-energy states and in-
vestigated the energy measurement in terms of them.

In Sec. V, we developed the relative-state formulation
in the Liouville space. In this case, we did not assume
that the system consists of two subsystems. Using the
relative-number states, we introduced the phase represen-
tation in the Liouville space. It was shown that the phase
representation is useful for investigating the time evolu-
tion of quantum coherence or off-diagonal matrix ele-
ments of the statistical operator. Furthermore, we
showed that when the system has a continuous spectrum,
a time operator can be defined systematically in terms of
the relative-energy states. The time operator is a canoni-
cal conjugate of the time-evolution generator, but not the
Hamiltonian energy operator. Finally, we would like to
point that, although we considered the various problems,
all the problems can be treated systematically by the
relative-state method.
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