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We analyze the physical origin of the inversionless amplification in four-level atoms driven by a Ra-
man field and identify the existence of two different mechanisms for the predicted gain. The first mecha-
nism is connected with the appearance of a population inversion between the atomic states dressed by
the coherent pump, while the second is linked to the buildup of coherence among these states. Proper
selection of the relaxation parameters can make either the first or the second mechanism dominant over

the other although usually both coexist.

PACS number(s): 42.50.—p, 42.55.—f

I. INTRODUCTION

Several possible schemes for inversionless amplification
have been proposed during the past few years [1-11] for
the purpose of reducing the ground-state absorption of an
active medium by way of quantum interference effects
among the various transitions. Recently two essentially
different mechanisms have been identified [11-13]. The
first, based on coherent population trapping, requires the
transfer of some atoms into a special coherent superposi-
tion of lower levels which no longer interacts with a
probe beam. The simplest realization of this scheme is
provided by a three-level atom in a A configuration with
the active medium prepared in a nonabsorbing state (see,
for example, Refs. [1,3] and Fig. 1 of Ref. [11]) and
enough population in the upper laser level to support an
inversion with the optically active lower dressed state.

The second mechanism is linked to the existence of in-
terference effects among dressed states. In the p and h
configurations (see Fig. 1 of Ref. [11]), where this mecha-
nism is active in its simplest form, the amplification pro-
cess can be interpreted as a form of anti-Stokes Raman
scattering of the coherent pump field. In this case the ex-
istence of gain requires the absence of a population inver-
sion at the forbidden transition, a constraint which is
rather unusual for this type of atomic configuration. The
second mechanism is operative also when two upper
atomic sublevels decay to the same continuum [2,4,13,14]
or when two lower levels are pumped by an incoherent
field [15], although in this case the atomic coherence does
not emerge from the action of an external driving field.

These schemes can be regarded as prototype examples
of active media where either the first or the second mech-
anism for lasing without inversion can occur without
competition from the other. Both mechanisms, however,
can coexist, as shown recently by one of us [14], if a
three-level active medium can support the amplification
of a bichromatic field when driven by a pump which is
resonant with the low-frequency transition.
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Previous investigations of four-level atoms with Raman
pumping have emphasized the existence of noninversion
lasing by way of the first mechanism [10,16,17]. Thus
this - form of coherent pumping is suitable not only for the
creation of the required coherent superposition states,
but it also leads to gain as a result of a population inver-
sion between dressed states, at least for selected ranges of
atomic parameters [16,17]. Furthermore, the interfer-
ence among the dressed states generally hinders the
amplification process. Hence it follows that the dressed-
states inversion must be large enough to overcome the
absorptive effect of the interference contribution. The
full range of parameters, and in particular the possibility
of rapid relaxation between the two closely spaced lower
levels, has not been investigated in sufficient detail; as it
turns out, by extending the analysis of this model to a
broader range of parameters, we find that the second
mechanism can also become effective and can coexist
with the first.

The purpose of this paper is to show that four-level
atoms with a Raman pump can support both mecha-
nisms, in general. In addition, we wish to define the con-
ditions under which either the first or the second process
dominates. In particular, we show that the interference
among dressed states can yield not only a positive contri-
bution to the gain, but it can also lead to amplification
even in the absence of dressed-state population inversion.

In Sec. II we analyze this problem in its most natural
setting of the dressed atomic states; we derive a simple
formula of the absorption spectrum of a weak probe and
identify the dressed population and coherence contribu-
tions to the amplification process. In Sec. III we discuss
the same problem in terms of bare states. From this per-
spective, gain can only be the consequence of atomic
coherence, of course. We show, however, that the two
mechanisms of amplification can be linked to specific
bare polarization components, each of which may be-
come the sole source of gain under appropriate condi-
tions.
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II. DRESSED-STATE ANALYSIS OF
THE TWO AMPLIFICATION MECHANISMS

We are interested in the behavior of the absorption or
gain spectrum [18] of a weak probe field of tunable fre-
quency o that propagates through an active medium of
four-level atoms whose energy-level diagram is shown
schematically in Fig. 1 [16]. The atoms are driven
coherently by a classical Raman field with carrier fre-
quency wp =+(w4;+w,;) and are described by the semi-
classical Hamiltonian

H=Hy+H, , (1)
where
H0=ﬁwa§a3+ﬁa)RaIa4 (2)

and
H,=—"%iAa 1;al +#ilAa J{az —#iba §a3
+7igg [exp( —iwg t)(aIal +a1(12 )+H.a.]
+fig[exp(——iwt)(a§al+a§a2)+H.a.] . (3)

The operators a,fr and a; are the usual Fermion creation
and annihilation operators for electrons, gz and g are the
Rabi frequencies of the Raman and probe fields, respec-
tively, and A is half of the frequency spacing between the
two lowest levels (A=1lw,,);fiwg denotes the energy of
level 4 measured from the midpoint of the ground-state
doublet, and §=w —w; is the detuning of the probe field
from the frequency w;=(w; +ws,). This model in-
cludes an incoherent pump mechanism to transfer
ground-state atoms to the upper lasing level at the rate R.
As shown in Refs. [10,16], a minimum, nonzero, in-
coherent pump rate is always required to produce inver-
sionless gain for selected values of the remaining parame-
ters, and especially the strength of the Raman field.

In Ref. [16] we calculated the absorption spectrum us-

FIG. 1. Schematic representation of the four-level atom
driven by a Raman field with Rabi frequency gz and carrier fre-
quency wg. A is one-half of the frequency spacing w,; between
levels 1 and 2; g and w denote, respectively, the Rabi and carrier
frequencies of the probe field; R is the incoherent pump rate
from the ground-state doublet to level 3; and & is the detuning
between the probe field frequency and w;, measured from the
chosen origin of the energy axis.
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ing the formalism of the linear-response theory; here we
derive the same quantity by the equivalent process based
on the linearization of the Maxwell-Bloch equations with
respect to the strength of the probe field. Because this
field interacts only with the 3—1 and 3—2 transitions,
its absorption coefficient is given by the sum of the imagi-
nary parts of the off-diagonal matrix elements p;; and p;,
of the atomic density operator. As expected, the results
of these two approaches are identical.

As the starting point of this calculation we transform
the Hamiltonian (3) into the interaction picture and pro-
ject it on the basis of the dressed states |s ), |r), and |¢)
of the driven atom. These are the eigenstates of the in-
teraction Hamiltonian without the weak probe field con-
tribution and their explicit form in terms of bare states is
[16]

=2t 26 e
|s ) =sin 5 [1)+cos 5 [2)+ 75 sinf|4) , (4a)
|r)=—‘/1—§sint9(|1)—12))+cos0|4> , (4b)
= — o022 1y —ain2 8 R
[2) cos 2!1) sin 2]2)+‘/§sm9|4> , (4c)
where
‘/igR

% , G=VvVA"+2g2 . (5
After this transformation the interaction Hamiltonian
takes the form

H,=—#ndala, +#G|s )(s| —#G|t )1

+#g[|3)(s|—13)(t|+H.a.], (6)

where the tilde denotes the interaction picture.

The next step is the derivation of the appropriate
Maxwell-Bloch equations for the driven atom plus probe
system in the dressed- state representation, with the in-
clusion of the phenomenological incoherent decay and
pump terms. The interaction picture equations for the
off-diagonal matrix elements of the atomic density opera-
tor which are needed for the construction of the absorp-
tion spectrum are listed Appendix A for completeness.

These equations can be solved analytically in steady
state and, to within first order in the probe field strength,
lead to the following expression for the absorption spec-
trum A4 (8):

sinf= G cosf=

4(8)= élm(Pu'*'Paz): élm(st‘Psz)E Ap+Ac,
(7
where
Ap(8)=Re(M | —M;; )p33—py)
+Re(M3; —M ;3 )ps3s—py) (8a)

represents the contribution of the dressed-states popula-
tions and

Ac(8)=Re[(M3;—M3)p, + (M, —M;, )pg,
+(M12_M32 )(prt -prs)] (8b)
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represents the corresponding contribution of the dressed
atomic coherences (off-diagonal matrix elements of the
density operator). For convenience we list the explicit ex-
pressions for the matrix elements M;; in Appendix B.
" The density-matrix elements that appear in Egs. (7) and
(8) denote their steady-state values; those listed in Eq. (7)
are calculated to within first order in the probe field
strength and those in Eq. (8) to zeroth order. As expect-
ed, this procedure yields exactly the same result as de-
rived in Ref. [16] [see Egs. (17a) and (17b) of Ref. [16]]
following the regression theorem approach.

The spectral contributions 4,(8) and A4(8), given by
Egs. (8a) and (8b), originate from two fundamentally
different physical processes and their dependence upon
the probe frequency is illustrated in Figs. 2 and 3 for
different sets of parameters. In Fig. 2 the coherence de-
cay rate ¥, of the two lower levels is smaller than W,
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FIG. 2. (a) Gain spectrum of the probe field as a function of
the scaled detuning 8/W;. The parameters of the simulation
are R =0.6, W;=1.0, W,=2.5, W,=W,,=0.1, A=0.5, and
gr=1.5. The stationary values of the population density-
matrix elements are p;=p,, =0.3566, p3;=0.2038, p,,=0.0830;
the corresponding stationary dressed matrix elements are
Pss =pu=0.1407, p,, =0.5147, p;3=0.2038. (b) Population con-
tribution to the gain spectrum [Eq. (8a)]. (c) Coherence contri-
bution to the gain spectrum [Eq. (8b)].
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the spontaneous decay rate of level 4 to the ground states
1 and 2, and consequently also smaller than the coher-
ence decay rate Y3, of the two upper levels. In this case,
gain without inversion between the bare states is mainly
the consequence of an inversion between the dressed-state
populations (we refer to this process as the first mecha-
nism). In Fig. 3, instead, we select parameters that corre-
spond to the opposite limit, i.e., a slower decay of the
coherence of the two upper levels relative to that of the
two lower states; in this case gain arises from the coher-
ence contribution 4. (second mechanism).

We can acquire a better insight into the physical origin
of these two mechanisms by deriving a simpler analytical
expression for the absorption spectrum [Eq. (7)] in the
limit in which the collisional decay rate W, of the dipole
forbidden transition between the upper levels and the fre-
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FIG. 3. (a) Gain spectrum of the probe field as a function of
the scaled detuning 8/W;. The parameters of the simulation
are R =0.7, W;=1.0, W,=1.5, W,=5.0, W3,=0.1, A=0.5,
and gg =2.5. The stationary values of the population density-
matrix elements are p;; =p,;=0.3087, p33=0.2058, p44=0.1767;
the corresponding stationary dressed matrix elements are
Pss =P =0.2230, p,,=0.3481, p33;=0.2058. (b) Population con-
tribution to the gain spectrum [Eq. (8a)]. (c) Coherence contri-
bution to the gain spectrum [Eq. (8b)].
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quency spacing 2A between the two lower levels are
sufficiently small, in comparison with the remaining
rates, to be negligible. This constraint on W3, is not too
stringent, at least for sufficiently low gas pressure, be-
cause of the forbidden nature of the 3—4 relaxation pro-
cess. In a real system, instead, A may not be as small as
required for the validity of our approximate formulas.
We must stress, however, that even if Egs. (9a) and (9b)
do not apply, the physical classification of the two mech-
anisms still holds, as shown in Figs. 2 and 3, which we
constructed using the exact equations. What is lost in
this case is the ability to provide a transparent physical
interpretation.

When this constraint on W3, and A holds, Egs. (8a)
and (8b) take the explicit form

2
Ap(8)=—"—[ra4(283 + )+ 1,82
P N!D[ZWM 8r T73734) +7v387]
w w. W
R 7’424+1+ 4_1+ 41’4
Wi | 2gz Y12 4gr
(9a)
and
2W, Y347 4
Ac(8)= (2g% + ) [1——==
c ND? ER T V3V 34 4g,%
— [14+ e (9b)
4gx
where
w w
N= o+ R B T (10a)
W, 28z Y12
|DI2=(2g3 —82+73734) 2+ (y3+734)28% . (10b)

The symbol y; denotes the common decay rate of the po-
larizations p;; and ps,, and y, the corresponding rate for
P41 and py,; W is the common spontaneous decay rate of
the 3—1 and 3—2 transitions, and R is the incoherent
pump rate to level 3. A sketch of the derivation leading
to Egs. (9) is given in Appendix C.

The nature of the two gain mechanisms and the role of
the dressed-state populations and polarizations contribu-
tion can be best understood if we consider the absorption
spectrum in the resonant limit (§=0) where the net ab-
sorption A = Ap+ A is proportional to

w
4R “Z“+1+—“
Wi | 2gz Y12
W
— i+ 41’4 L _7’3472’4 1n
48 Y3a 4gr

The first two terms on the right-hand side of Eq. (11) cor-
respond to the dressed population contribution A p, while
the last term is related to the dressed coherence A.. The
term proportional to the pump rate R describes the effect
of the stimulated emission process from the upper
dressed-state level, while the second term measures the
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absorption contribution of the lower dressed-state popu-
lations.

From Eq. (11) we see that, in the limit y ,<<W,
(long-lived coherence of the lowest levels), and if g is not
much smaller than W,, y,, and ¥ 34, the stimulated emis-
sion contribution from the upper dressed state dominates

- both the absorptive and coherence contributions. This

continues to be true even in the case when R < W3, i.e.,
when there is no population inversion between the bare-
state lasing levels. In addition, if y,,>4g3 /y, (long-
lived coherence of the upper two levels), the dressed
coherence contributes no gain, and the first mechanism of
lasing without inversion can be observed in its pure form.
If, one the other hand, the Raman field amplitude
satisfies the inequality 4g3 > ¥ ;47 4, the dressed coherence
can provide a contribution to the laser gain; if, in addi-
tion, the pump parameter R is sufficiently small, the laser
gain originates exclusively from the dressed coherence
contribution (second mechanism).

In the next section we investigate the origin of the laser
gain in the bare-state representation and show that the
above two mechanisms for inversionless amplification can
also be interpreted as emerging from two distinct polar-
ization components of the active medium.

III. BARE-STATE ANALYSES OF THE GAIN

In the preceding section we have shown that gain
without inversion between the bare states of an active
medium can arise from a population inversion between
dressed states and/or from dressed coherencies, depend-
ing on the selection of the decay parameters. In this sec-
tion we show that these two different modes of inversion-
less laser action can also be interpreted as the result of
gain induced by two different types of bare-state coheren-
cies.

For this purpose, it is useful to recall the equation of

motion for the density-matrix element p;;:
dpy _ . .
dr (y3t+ioy)psitilg(ps3—pi1—par) T8rp3al

(12)

whose stationary behavior, together with that of ps,, con-
trols the small signal probe gain and absorption in the
frequency range of interest. Unlike the corresponding
equation for a traditional two-level laser model, the
right-hand side of Eq. (12) contains two off-diagonal ele-
ments p,; and p;, that can have a very significant effect
on the usual gain requirement (i.e., p33>p;;). The magni-
tude of these off-diagonal elements is a measure of the in-
duced coherence between the indicated atomic levels and
their importance in producing amplification or absorp-
tion of a weak probe.

At the end of the preceding section we concluded that
the first amplification mechanism (dressed population in-
version) dominates if the decay rate ¥, is much smaller
than y3,, i.e., the rate at which levels 3 and 4 lose
memory of their correlation. This observation suggests
that the first mechanism is closely related to the presence
of a strong lower level coherence p;, whose magnitude in
steady state depends on the smallness of its decay rate.
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We also noted that the second amplification mechanism
(gain due to dressed coherencies) acquires a dominant
role if the decay rate y,, of the upper levels coherence is
of the order of, or preferably smaller than, the Rabi fre-
quency of the Raman driving field. From the structure of
the right-hand side of Eq. (12) it is plausible to assume
that the second mechanism is associated with the emer-
gence of a strong coherent link between levels 3 and 4. In
the remainder of this section we provide a more formal
support for these intuitive statements.

For this purpose we consider the absorption spectra
given by Eq. (8). We replace the dressed density-matrix
elements (e.g., pg, Py, €tc.) by their expressions in terms
of bare states [see eqs. (C5) in Appendix C], we substitute
the calculated values of M,; in the limiting case W,
A—0 [see Appendix B], and, for simplicity, we consider
the case of a resonant probe (8§=0). The result of this
simple calculation is

234
Ap(8=0)=———"—[pu3—3(py TP tp)], (13a)
V3341285
Ac(8=0)=——"—[Lv3u(paa—pP11—P12) + W4pas] -
c Vv t2gl 34lPaa™ P11 P12 4P 44

(13b)

The total absorption coefficient, in resonance, is the sum
of the two contribution (13a) and (13b), i.e.,

2

A(8=0)=——~2-
Y3Y3at 28k

((p33—P11—P12)V 34T Wspasl -

(14)

This expression for the small signal absorption
coefficients is to be compared with the stationary expres-
sions for the matrix elements p;, [Eq. (12)] and p3,, which
together acts as the source terms of Maxwell’s equation
for the probe field. The off diagonal element p, of the
atomic density operator in Eq. (14) originates from both
the dressed-state populations of the lower levels [Eq.
(13a)] and from the real part of the dressed coherence p,
[Eq. (13b)], as shown explicitly by Eq. (C5d). The term
W ,pa4s, which in steady state is proportional to Imp,,, is
connected to the imaginary part of p;,. Thus a compar-
ison of Egs. (12) and (14) shows that the bare-state coher-
ence p;,4 is linked only to the dressed coherence and hence
is responsible for the second mechanism of inversionless
gain. In addition, the real part of the dressed coherence
is negligible when either of the two mechanisms acquires
a dominant role, so that p;, in this case is connected pri-
marily to the dressed populations part of the gain, or to
the first mechanism.

Hence we conclude that the first gain mechanism is the
consequence of the p;, coherence, while the second is
connected to the appearance of a strong correlation be-
tween the upper bare states 3 and 4 by way of the py,
coherence. Because p;, is dynamically coupled to the
off-diagonal elements p;; and p;, by a process which is
reminiscent of an anti-Stokes transition mediated by the
external driving field, it is not surprising that this mecha-
nism of lasing without inversion should be viewed as be-
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ing fundamentally different from the one that originates
from the p,, coherence.
APPENDIX A

The relevant off-diagonal elements of the dressed densi-
ty operator satisfy the vector differential equation

a9y Ypté, (A1)
dt
where
—i(G+8)—a B B,
L= B —ib—a, Bi ,  (A2)
B, B i(G—8)—a,
Ps3 —ig (P33_pss _pst)
lp— Pr3 ’ ¢= lg(prs ——pn) > (A3)
P:3 ig(p33— Py tps)
and
2
a1=731i§25’s—g+y34% sin%6 | (Ada)
a,=748in20+ ¥ 34c08%0 , (A4b)
1 .
Bl=(y3—‘y34)7§—sm9 cosf , (Ad4c)
By=(y3—734)%sin’6 . (A4d)

The symbol y; denotes the common relaxation rate of the
P31 and ps, polarization components, and ¥ 34 is the corre-
sponding rate of decay of py,.

APPENDIX B

Thé matrix M is defined as M =(—L)"!, with L given
by Eq. (A2). Its matrix elements are

M= det(l-—L)COfij > (B1)
where cof denotes cofactor,

cof =(i8+a,)(i8—iG +a,)—B7, (B2a)

cof ,=cof,; =B(i8—iG +a,+p,), (B2b)

cof;3=cofy; =B+ B,(id+a,) , (B2c)

cofy,=(i8+a,?+G*—p3, (B2d)

cofy;=cof3,=fB(i6+iG +a;+j5,) , (B2e)

cofy;=(i8+a,)(i8+iG +a;)—fB7, (B2f)
and

det(—L)=(i8+a,)[(i8+a,)*+G?]

—2B(i8+a;+B,)—BXid+a,) .  (B3)
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APPENDIX C

The purpose of this appendix is to outline the deriva-
tion of an explicit expression for the absorption spectrum
A (8) in the limit in which both W;, and A are negligibly
small in comparison with the remaining rates of the prob-
lem. We begin by listing the equations of motion for the
atomic matrix elements p;; to lowest order to the probe

field strength. These equations are

dZIH - d5:2 =W3pst+ Wapaua—Rpyy

T Wilpp—p1)+2gglmp,, , (Cla)
d5:4 = T 2Wapsu—4grImpy, (C1b)
d§:3 =2Rp11=2Wps3 (Cle)
dZ,” = VP12t 28rImpy; (C1d)

d
EImP‘u =—(W,+ 37 12)Impy +8r(pas—p11—P12)

where
Vij:%‘z(Wik+I'ij) ,
k

and R :W13:W23.

(Cle)

The steady-state solutions of Eq. (C1) can be written in

the form

3201
P11T P2 % ’ (C3a)
=L (C3b)
Pas N’
P33= kTU ) (C3c¢)
SR (C3d)
P12 ,uN ’
Impyy=—+ - (Repy=0) (C3e)
P41 2 uN Pa1 ’
where we have introduced the symbols
N=Q2+A)o+1, (C4a)
o= |L4¥ | X1+l (C4b)
o 2| 2u u
=R =T e (Cdo)

= 75 s, M y vV
W3 W4 8r

The corresponding zeroth-order expressions for the

dressed density-matrix elements are

1
1 o+1——
Pss :,On:%(Plx"‘Plz‘}‘P‘M):E”*_—‘I:L (C5a)
0+i
Prr :P11_P12=_A7#_ , (C5b)
Prs :prt:O ’ (CSC)
s =3 pa—p1—p12)— V2 Impy,
1 v v |1 1 i
_— | - — | = — —_— 5
Nopu 4 |p 2 V2 ()

Finally, with the help of the matrix elements M;; listed in

Appendix B, we arrive at Egs. (9).
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