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Lower bound on the ground-state energy and one-dimensional N-fermion problem
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We derive an expression for a lower bound of the ground-state energy of N identical fermions. In
principle, this relation can describe any order of multiplicity of many-body forces and represents a gen-
eralization of a Hall inequality. Applying the Hall lower-bound inequality to the Calogero and Suther-
land potentials, we show the great importance of spin states. Furthermore, using a generalized formula,
we obtain a lower bound for a system with three-body forces.
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I. INTRODUCTION

The only one-dimensional quantum-mechanical prob-
lem of N identical particles for several forms of potentials
has been solved exactly [1]. Although almost none of
these potentials is realistic, they can be used for insights
into real physical problems. On the other hand, they
could be employed for the evaluation of different ap-
proaches to the many-body problem. Here we use them
for judging the “equivalent one-particle problem” [2,3].

Let the Hamiltonian of an N-particle homogeneous
system read

N p?
H=Y —+
EI 2m 2
(i <j)
N
+ 3 Vilrgsrporg) T, (1)
ijk
(i <j<k)
where V; is the pair potential, V;; is the three-body po-

tential, etc., and r (r,r,, ...,ry) are position vectors
(spin coordinates are not written explicitly).

In the ‘“center mass” of kinetic energy (3;p;,=0)
Hamiltonian (1) becomes

p/

H= + V tij

% mN 2 (

(i <j) (1<1)

N
+ 3 Vil rporg)+ 0. (2)
i,j,k
(i <j<k)

Let us separate the coordinates of the center of mass in-

troducing a new set of coordinates p (p,p,,..,py) using
the transformation
p=Br. (3)

Matrix B is real and nonsingular. It can be shown that if
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B is a transpose of B, the new momenta
(ar,m,, . ..,y are given by

=B "'p, @
where B 7! is the inverse of B, = ——1ﬁV and
p»-——tﬁV

Hall and Post (HP) [2,3] have obtained the lower-
bound energy

= <
EL N—1 2 €; = E,, (5)
over first
(N —1) states

where €; are eigenstates of the reduced two-body Hamil-
tonian given by

i )N +1NV(\/§p2) ,

Hip)=(N =1 1574,

which includes only the two-body correlation V;; A is a
parameter, and E, is a ground-state energy of system (2)
with only the two-body potential V;;. It should be men-
tioned that there is also a similar Dyson-Lenard (DL) in-
equality for the lower bound of the ground-state energy
[4].

In Sec. II we present a generalization of the HP result,
which takes into account three- and many-body forces.
Section III describes the application of the HP results to
Calogero [5-7], Sutherland [8-10], and the confining
[11,12] potentials which have not been studied on this
basis so far. In Sec. IV our result is applied to the calcu-
lation of a lower bound of the ground-state energy which
contains three-body potential as well [13,14]. Some com-
ments are given in Sec. V. An important part of the
proof of our generalized expression is carried out in Ap-
pendix A. In Appendix B the solutions of reduced eigen-
value problems for Calogero, Sutherland, and confining
potentials are presented, respectively. Appendix C de-
scribes the solution of the eigenvalue problem of the
three-body reduced Hamiltonian.
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II. GENERALIZED FORMULA
FOR THE LOWER BOUND

Let us assume that p; is coordinate of the center of
mass. For a trial function x(p,,ps,...,py), which is
normalized and antisymmetric (in particle indices
1,2,...,N), we find the expectation value of the Hamil-
tonian (2)

(xlHIx) ={x|#,Ix) , (6)
where
Lokln—k) & Htl!
H,=3 — 7 3 " F ZH ... O
k=2 ’ J=k Jp=2 j;=1

n is a parameter which may be 2,3,...,N and k

=2,3,...,n,
_NWN=ZD 2 _
Jiia 4mN (p]1 pjz) +7N(N I)I/Jljz s (8)
Hjljz...jkzl/jljz...jk, k:3,4,.-.,n. (9)

A lower bound on the ground-state energy E, can be ob-
tained in the following way. Assuming that after intro-
ducing new coordinates p and momenta w7, the Hamil-
tonian is transformed into

FH,—H Py o spa) (10)
and that also the eigenvalue problem
H Py o5 Pn) PPy - o) =E€P (P, 5py) (1)

can be solved. Let us expand unknown ground-state
J
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wave function Wy(p,, ...
eigenstates ®;(p,,..,p, ),

,py) in terms of normalized

Yolpy - pn)= 2 CiP@i(pay s Vilpyss - 5PN -
i

(12)

C; are constant coefficients and W¥; are antisymmetric
functions which satisfy the relation

A(n+1,...,N)\l’i(pn+1,,.. ,pN),

(13)

PN)=Yilppins e

the operator A is an antisymmetrizer. By assumption ¥,
is antisymmetric and normalized, i.e.,

A(L,2,. .., N¥,=Y¥,,

(14)
(q’ol‘ljo>:1 .
The ground-state energy is
Eo=(Wo|H|¥,) =Yy |#H|¥) =3 ICle; . (15)
i

Inequality for the coefficients C; can be determined using
the Shwartz inequality and Hermiticity, the projection
property, and decomposition of A:

A(n,n+1,...,N)

1
N-—n+1

[I_Pn,nJrl_ —Pn,N] ’

where P, is the exchange operator in individual particle
indices j and /, namely

|C 2= {D,¥,|W,) |*=|{(D,¥;| 4 (n,n +1,...,N)¥,)|?
={A(n,n+1,...,N)®,V¥,|¥,)|?
<(Amn+1,..., NO,V,|A(n,n+1,... ,N)D,V,)

1
§m<q’i‘l’i‘[1—1’n,n+1‘“ T _Pn,N]q)i\lji)
1
<——{1—[N—(n+1 , 16
N—n+1{ [ (n )16} (16)
where
b= f T f‘b?(Pz’ PP PN 1 PPy P Wity s pN)Apadps o dpy a7
It can be shown that & is a non-negative number for transformation (4) which satisfies
Pn,n+lpn =Pn+1> Pn,n+1pn +1= Pn>s Pn,n+1pI:pl’ lin’” +1. (18)
Now & becomes
5= [t [OHpo - P Dyits NI (P2s - Py 1Pn 4 1VilPrsPr 20 - - 5 pN)APodps Ay
=[ o [19H s p)¥ilpripysny - - - PN AP,
X[Pi(p2s - -+ P = 1P VI (Pnt15Pn+2> - - - PN)APr+11dpy  dpy—1dpy 42 " dpy 20 (19)
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Hence from (16) it follows that
1

|Ci |2 < m . (20)
Combining this relation with (15) we find (Appendix A)
1 N—n+1
EL:m z EiSEo 5 (21)

1
the summation is taken over the first N —n +1 energy
states of the n-body reduced Hamiltonian (11). Notice
that relation (21) describes n-body correlations. For n=2
it reproduces Hall result [3] and for n — N we come back
to the original N-body problem as well.

III. SOME APPLICATIONS OF THE HP FORMULA

As already mentioned, there are several exactly solv-
able one-dimensional N-body systems in which particles
interact through pair potentials. From these systems we
consider two of them, those with Calogero and those with
Sutherland pair interaction, respectively. They are
chosen because of their discrete spectrum.

The Calogero potential has the form

N
Vii=3 2 imoix;—x;)? 2

i,j Lj

7 (22)
-

The exact ground-state energy is [7]

172

Ey,=1#io(N—1)V2N |[N+2+N |1+

dmg (23)

The lower bound on E|, that we found here is (Appendix
B)

172
N N—4
Ep=#o(N —1) | = 5+l
1 2mgaN |7
+= 14228 . (4)
2 #2
E TA 1 2 4 o
0 _27AN(N +1) 1+ mg? e mg
Eps 4 7
2
(N—4)(N—2)+%(N—4) 1+ 1+—2’”—2Zg—N
In the limit N — «
E 4m 1/2
=2V £ (30)
ELC
and
1/2
Ey 270 2mg* 4mg*?
= + + |14+ 218 31
By, 4 1 2 7 31

It is important to mention that, in contrast to harmonic

2723

The Sutherland potential is

N 2.2
V..:Lz__.‘?i._
Y24 sin%a(x;—x;)
Lj i Jj

(25)

In this case the exact ground-state energy is given by

(1,8]
1/2’

#a’

12m
A complete spectrum of the two-body reduced Hamil-
tonian with this potential is obtained in Appendix B as
well, and a lower bound on the ground-state energy E,
reads

4mg?
ﬁZ

-1)

+ |1+

_ 2mg?
E,= £

(26)

#a® N—1
= —4)(N—2
L= l(N X )
amag?N |
+ 4N —4) R S ]
2
8L, mhe
2 #”
2m 2N 172
+ 1+ 2 ] @D
#

The ratio Ey/E; from (23) and (24) is (the C index
represents Calogero)

172

B N[1+ dmg +2
Ey _ Vi & (28)
Eic 4 N-—4 1 mag?N |7
+14 = |1+ 220N
9 2 #2

and from (26) and (27) (the S index represents Sutherland)

172
mAg’N

ﬁZ

2mAg:N

1+ 7

1+

2

17271 1-1
| e
I

potential case [3], the inequality (S) is not satisfied if spin
states are not taken into account.

In addition, let us analyze the confining potential
[11,12]

N
Vziyzlxi_le ’ (32)
iJj

giving the discrete spectrum as well. Only the leading
term of the ground-state energy is known exactly [12],
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1/3

9 [v3 wy |
Eo=g || [MGTN? ‘Tﬁf‘]
ﬁz ) 1/3
=0.654N7"3 —m7’— (33)

In Appendix B a lower bound, for large N, is determined,

from the work [12], which is closer to the real value (33).
The value E; is a better estimate of the exact value (33).

IV. APROBLEM WITH THREE-BODY FORCES

In this section we consider the one-dimensional N-body
problem with three-body forces. Assuming that poten-
tials in the Hamiltonian of the system (2) are [13,14]

2/325/3 173 2.2 |13 Vi =1K(x;—x;)?, (33)
g =T33 2 s | By r 7
L 27735 A m V,‘jk = 2= 2 (36)
(O =x4 )+ (x;—x,)] (x;+x;—2x)
1/3 1/3
2 2 . .
—0.531 2 N7/ ‘ Ay ] , (34) The Hamiltonian (2) now reads
A m 2
N | (pi—p)) L X
H=13 | == +Vy | +4 3 Vi (37)
which is consistent with (33). Introducing the value b bk
A=%, we find E; =1.1447E; , where E; is the value We choose matrix B in the form
J
1 1 1
VN v'N VN
—1 1
— — 0 0
V2 V2
1 —1
0 = — 0
V2 V2
1 —1
V2 V2
1 1 1 1 —4 0
V4x5 V4XS5 V4AXS V4AX5 V4XS5
1 1 1 1 1 —5 0 0
V5X6 V5X6 V5X6 V5X6 V5X6 V5X6
1 1 —(N—1)
V(N —1)N VIN—1N VI(N—1N
Using Eq. (4), it is easy to show that
1 1 1
VN v'N v'N
—3 1 1 1 0
2V2 22 2V72 2V2
1 1 —3 1 0
22 2V2 2V2 2V2
1 1 1 —3 0
. 2V2 2V2 2V2 2V2
B 1 1 1 1 —4 0 . 0
V4X5 V4AXS V4X5 V4axX5 V4axs
1 1 1 1 —5 0
V'5X6 V5X6 V5X6 V5X6 V5X6 V5X6
1 1 —(N—1)
VI(N—1)N V(N—1)N V(N—1)N
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The expectation value (6) now becomes

( y={y 11X 1 ) 1 X 1 X
x|Hlx)= £y 2mN( —p) )t (x| 5 2V x+XngVf,-kx
L] L],
= =D 1y = lx) + (XN (N =)W 1) + X AN (N — )
= Xl =’ ) + (X FN (N =DV, |y XIAN(N —1)(N —2)V p5lx) . (38)

At this point we denote elements of the second and third
row of matrix B ~! by A; and y,, respectively, i.e.,

Ty~ 2/3[1’1" m3= ET’iPi .

Since in our case 3; ;=0 and ¥, v;
define the two quantities

r= 362 S BB,
iLj=1
(1<])

u= 2%——2 2 ViV -

Lj=1

(i <j)
From the definition of matrix B ~!
A=p=23. The average values are

=0, it is possible to

it follows that

(xlmdle )y =AlxIptlx ) — (xIprpalx) 1,
xlmslx) =pl{xlptlx) —{xlpypPalx)] .

Then from (38) we have

(XIHI)()———N(N—I)[ ol )+ xladlx ) ]

4mAN
+1{xIV(p)+V(py)lx)]

+

N—2

S UL ) :
Therefore, the reduced Hamiltonian in the eigenvalue
problem (11) reads

ﬁZ
4mAN

&,

H=N(N—1)
37 93

+§(p%+p§)

+ (N—=2)f 1
12 (patp3)?

(39)

The eigenvalue problem is solved in Appendix C. A
lower limit of energy is obtained using the formula (21)

1 N-—-2

N—2 2 (en[)i . (40)

i

E; =

The quantity €, is given in (C14). Performing a summa-
tion over the first (N —2) states, without spin degenera-
cy, we find

— V' N/A
4(N 2)

X[ 2k (k +1)(8k +1)+(N —2)3+V1+2F)],
41)

E,=#VK/m————

I
where k

%(\/4N 7—1), or
EL=%/K/m (N—1)VN/A[SVAN =7
FVIF2F +1]. @2

The leading term in the large-N limit for the lower bound
of the ground state is E; =(N>/7/4)V2fK /3.

V. DISCUSSION

It is interesting to observe the N dependence of the
ground-state energy of one-dimensional systems, which
have been solved exactly so far. The power of N is
greater than 2. This means that they are not extensive.

Comparing the results, obtained by using the HP for-
mula, with those found by the DL inequality, it is noticed
that the former are closer to exact solutions. This is sim-
ply acceptable if we recognize that the Hall approach is a
kind of “optimization” procedure. For instance, the ra-
tios Ey/E; for HP and DL are 1.155 and 1.414 for har-
monic and 1.075 and 1.23 for confining potentials, respec-
tively.

The lower bound (42), which includes three-body
forces, depends on N, for large N, as N ¢S Although the
exact solution is not known, we argue that the leading
term of the exact solution has the same N dependence.
Again it is found that this system is not extensive.

We emphasize that both inequalities HP and DL are
satisfied for Calogero and Sutherland potentials if only
spin states are included. Since ground-state energies, ob-
tained from antisymmetric wave functions in r space, are
the only ones available, we found “lower bounds” for
these potentials summing over symmetric spin states
(spin 1). The bounds are definitely below the exact
values. This suggests that the spin states should be in-
cluded in future treatment of one-dimensional systems.
Furthermore, the same energy relation (21) is valid for
bosons.
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APPENDIX A

In order to prove inequality (21), notice that the sum-
mation in (15) is taken over all states, and from (20) it fol-
lows that
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1 w N—n+1
|C;[*+8,= >0. _ 1 _
N—-n+1" "' A,=n 5 | —m 5
! ‘ N—2n+2 N—n+1 ' ,~§1 !
Then from (15)
0 l o0
N—n+1 = — S,
Eo=ﬁﬁ € +A, (A1) M2 Noar1 2%
i=1
where ) 1 N—n+1 1
| . . TN EZ I N=wr1 |7 2 None
A= €— > €96
N-—n+1 P&
n N—n+2 i=1 =p(1—1)=0.
1 N—n+1 .
- Nv2n+2 N—n+1 —Oi |6 El €01 . Since A= A, it follows that A =0 and from (A1), conse-
quently, the inequality (21).
Let us define a constant 7, which satisfies
APPENDIX B
EN-—n+1SNS€EN_pt2 s
In this appendix Egs. (24) and (27) are proved first. We
and a quantity chose the same matrix as Hall [3],
J
1 1 1
VN VN VN
1 —1
L _ 0
V2 V2
1 —1
V2 V2
1 1 1 -3 o 0
B V3xX4 V3iX4 V3IX4 V3IX4
B= 1 1 1 1 —4 0
V4ax5s V4X5 V4X5 V4X5 V4XS5
1 1 1 1 1 —5 0
V5X6 V5X6 V5X6 V5X6 V5X6 V5X6
1 1 —(N—1)
V(N —1)N V(N—1)N V(N—I1)N
and found
1 _1 _L
VN VN VN
V2 —2V2 V2 0 0
3 3 3
Vv Vv —2V2 0 0
3 3 3
F-l= 1 1 1 —3 0 0
V3X4 V3X4 V3IX4 V33X
1 1 1 1 —4 0 0
Vaxs V4XS5 Vax5 V4X5 V4XS
1 1 —(N —1)
V(N —1)N VIN—-1)N V(N—1)N
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The two-body reduced Hamiltonian

—# d> 1 =
—— 4 404
Ty dp%+ SNIN—1)V(V2py) ,

FH(p,)=(N—1)

(B1)

where A=4%, p,=(1 /V'2)(x,—x,), contains the potential

2
V(V2p,) =2 (v2p, )2+ —8 (B2)
P2 4 P2 (V2p,)?
or
2,2
VivV2p,)=—328 B3
(V2p,) sin®(V2ax) B3

for the Calogero and Sutherland cases, respectively. Now
we solve the eigenvalue problem

H(x)p,(x)=¢€,¢,(x) . (B4)

Equation (B4) can be resolved for the potential (B2) using
Calogero’s result [7] for (N=2). In this particular case
the energy reads

€, =fw(N —1)
N1 2mgN |
mg
x | & 4L | 4 2AmeN B
o [1 > 1+ |, (B3

where n=0,1,2,3,... . Eigenvalues of Eq. (B4) for
Sutherland’s potential are formally the same as in Ref. [5]
and we have

#a’
mA

1/2 1
+ —
2

1 2mAg3N ?
m

+o 1S

! 2 #

6,=(N—l) 1+

(B6)

where /=0,1,2,3, ... .

Knowing that the above energy spectrum corresponds
to the antisymmetric states in 7 space, let us suppose that
we deal with the particles of spin 1. Therefore, spin
states are symmetric and each term has the triplet degen-
eracy. Summing over the first N —1 states, i.e., up to
(N —1)/3, we find Egs. (24) and (27).

The two-body confining potential in our approach
reads

V(\/Ex)=L22—y|x| . (B7)

The spectrum of (B4) for this potential, exploiting the re-
sults of paper [12], is given by

173 173
2/3 2,,2
62n=(N—1)N 2 Ay” “,
2 A m
173 1/3
2/3 2,,2
e =(N—1Y |2 Ll
2 A m

where n=0,1,2,..., and u, and fi, are the zeros of
derivative of Airy functions for even and odd levels, re-
spectively. Lower bounds are given by (5), i.e.,

2727
173 1/3
N2/3 2 ﬁZ 2 (N—3)/2
E; = - Y > (u,t+@E,) (B8)
2 A m = " "
for N odd and
173 1/3
2/3 2,2
g,=""|2 iy’
2 A m
(N—2)72 (N—4)/2
x| 3wt 3 & (B9)
n=0 n=0
for N even, where for large N
3 2/3
Ly, = Tﬁ (n+3273, (B10)
3 2/3
B= || (D7 (B11)

Summing (B8) or (B9), with (B10) and (B11), we produce
the bound energy (34).
APPENDIX C

In this appendix we solve the eigenvalue problem with
the Hamiltonian (39)

d> d? F
——— =5 tQAx )+ ——— |p=¢p(x) ,
dx?* dy? Y (x +y)? X
(cn
where in our case
2= KmAN FzmkN(N—Z)f __4mA
#w 3% ’ (N —1)
(C2)
Introducing the polar coordinates
x=r cosﬁ‘ZVI—E(xz—xl) ,
y=r sinm‘):%(xz-x:;) ,
we find
? 19 2.2
_____.___+ p—
2 7 or Qr°—e
LI U S S | AP
r? 3%  1+sin2d '

Factorizing ¢=§&(3)x(r) we get two independent equa-
tions:

92 F .
[ a2 T Tosin2e) |5~ A% (€4
_ 9 _ 13 22, A _
l T ey TS e [y =0, (C5)

where A is the separation constant. Equations (C4) and
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(C5) can be solved exactly. Furthermore, the solution of
Eq. (C5) is known [13], and the energy eigenvalue is

£=2002n +VA+1), n=0,1,2,.... (C6)
In order to solve (C4) we introduce a new variable

z=1[1+sin(29)],

by which (C4) is transformed into
d 2

z(l—z)—— |z

dz?

1

1|d_F_ A
2

dz 8z 4

£=0. €7

Substitution £=z%H (z) gives the hypergeometric equa-
tion

2(1—29 f e+ 1—2(142a01%
dz? 2 dz

A—oﬂHH=o, (C8)

a=1i(1+V'1+2F) . (C9)

The complete solution of the Eq. (C8) is
H(z)= AH (5,B,7;2)

+Bz'"YH(8+1—y,B+1—y,2—y;2), (C10)

where
d=a—1VA, B=a+iVA; (C11)
y=++2. (C12)

The physical solution includes B=0 and a positive sign of
a in (C9). To cut the infinite series of H we impose

6=—1, 1=0,1,2,...

or equivalently

VA=21+L1+V1+2F). (C13)
From relations (C2) and (C6) we find the energy
— 2 —_—
e,= NV o000 +1)+13+VTF2F)],
2mA
(C14)

n=0,1,2,3,..., [=13,5,...

for indistinguishable fermions [14].

[1] A. Perelomov, Fiz. Elem. Chastits At. Yadra 10, (4), 850
(1979).

[2] R. L. Hall and H. R. Post, Proc. Phys. Soc. London 90,
381 (1967).

[3] R. L. Hall, Proc. Phys. Soc. London 91, 16 (1967).

[4] F.J. Dyson and A. Lenard, J. Math. Phys. 8, 423 (1967).

[5] F. Calogero, J. Math. Phys. 10, 2191 (1969).

[6] F. Calogero, J. Math. Phys. 10, 2197 (1969).

[7]1 F. Calogero, J. Math. Phys. 12, 419 (1971).

[8] B. Sutherland, J. Math. Phys. 12, 246 (1971).
[9] B. Sutherland, Phys. Rev. A 4, 2019 (1971).
[10] B. Sutherland, Phys. Rev. A 5, 1372 (1971).
[11] A. Muriel, Phys. Rev. A 15, 341 (1977).
[12] L. Andri¢ and V. Bardek, Phys. Rev. A 15, 341 (1977).
[13] J. Wolfes, J. Math. Phys. 15, 1420 (1974).
[14] F. Calogero and C. Marchioro, J. Math. Phys. 15, 1425
(1974).



