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Exact quantum theory of a time-dependent bound quadratic Hamiltonian system
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Using the path-integral method, the propagator, the wave function, and the expectation values are
evaluated explicitly for a time-dependent bound quadratic Hamiltonian system. We also have derived
the relation between the wave function and a dynamical invariant which determines whether or not the
system is bound. The expectation value of the quantum-mechanical invariant obeys the uncertainty rela-
tion with an auxiliary condition as the solution of the classical equation of the system.
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I. INTRODUCTION

During the past few decades there has been a surge of
interest in the quantum-mechanical solutions for oscilla-
tor systems with time-dependent Hamiltonians. It ap-
pears to be possible to solve the equations describing the
quantum-mechanical behavior of physical systems with
quadratic Hamiltonians. Lewis and Riesenfeld [1] have
derived the relation between the dynamical invariant and
solution of the Schrodinger equation for time-dependent
oscillators. Camitz et al. [2] have considered the harmon-
ic oscillator with a time-dependent frequency. Landovitz
et al. [3] have obtained solutions, which allow the calcu-
lations of interesting quantum quantities such as the
Green s functions and transition amplitudes, for a time-
dependent linear quantum system and quantum-
mechanical linearly damped harmonic oscillator. Recent-
ly attention has been paid to the exact solutions and
coherent states for damped [4] or damped driven har-
monic oscillators [5] and for Duffing oscillators [6].

In previous papers, making use of the path-integral
method, we have obtained wave functions, energy expec-
tation values, uncertainty relations, and transition ampli-
tudes for a quantum damped driven harmonic oscillator
[7], coupled forced harmonic oscillator [8], and forced
time-dependent harmonic oscillator [9], and have also
evaluated the coherent states for the damped harmonic
oscillator [10] and harmonic oscillator with time-
dependent frequency [11].

The purpose of this paper is to evaluate the exact solu-
tion of a general time-dependent quadratic Hamiltonian
system and find the relation between the classical and
quantum-mechanical solutions through the path-integral
method. In Sec. II we derive and consider two explicit
time-dependent invariant quantities that show whether or
not the system is bound. In Sec. III we evaluate the
propagator of the bound system and then the wave func-
tion by using the result obtained in Sec. II. Section IV

gives the expectation values of the position, momentum,
and the squares. The quantum average of the invariant
operator and the uncertainty relations of the system are
determined. In Sec. V we summarize our results.

II. CLASSICAL INVARIANTS

We first consider a system with the Hamiltonian

H =
—,
'
[ 2 (t)p +B(t )(xp +px)+ C (t)x ], (2.1)

+ A(t)C(t)+ A(t)B(t) —B (t) —B(t) x=0.3 (t)

If we introduce the new variable

(2.2)

x =q exp fB (t)dt . , (2.3)

Eq. (2.2) can be simplified to

q+ 2B(t)— q+ A (t)C(t)q =0 .A(t)
A (t)

(2.4)

However, we cannot find the solution with a general form
for arbitrary time-dependent coefticients. For simplicity
we can express Eq. (2.2) as

where x and p are a canonical coordinate and its conju-
gate momentum, respectively, 3 (t) is a nonzero time-
dependent function, and B(t) and C(t) are time-
dependent functions of arbitrary form. These are piece-
wise continuously differentiable (with respect to time t)
functions. From Hamilton's equation of motion, we ob-
tain the classical equation of motion:

A(t) .
X X

A(t)
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x +g(t)x +g(t)x =0 .

Here, the new time-dependent functions are

(2.5) B(t) 1 . Q2

A(t) A(t)
(2.19)

and

A(t)(t)—:—
A (t)

g(t) = A—(t)C (t)+ A(t)B(t) B—( t) B(—t)
A (t)

(2.6)

(2.7)

together with the subsidiary conditions Eqs. (2.9) and
(2.10). Therefore substituting Eqs. (2.17)—(2.19) into
(2.12), we obtain the invariant quantity as

B(t)I (t) = —x + -g — g x+qp
A (t) A (t)

(2.20)

x =g(t)e'~'", (2.8)

where the functions g(t) and y(t) must be determined
from Eq. (2.5); these are real and depend only on time.
Substitution of Eq. (2.8) into (2.5) gives the real and
imaginary parts of this equation as

Equation (2.5) does not have a general solution but can be
expressed in the form In Eq. (2.20) we may easily confirm that I(t) is always

positive in the unbound system, while I(t) is not positive
in the bound system.

III. PROPAGATOR AND %'AVE FUNCTION

Since the system has a quadratic Hamiltonian, the
propagator has the form [12]

rj riy'+ —g(t)q+ g(t)g =0,
gy' +2 iyi+((t)sty =0 .

(2.9)

(2.10)
K(x, t;x', t')=

1/2
a s (i/fi)s

e
2mifi Bx Bx'

The invariant quantity can be found from Eq. (2.10) in
the form

l=exp —[a(t, t')x +b(t, t')xx'

'9 'V

A(t) ' (2.11)
+c(t, t')x'2+d(t, t')] ', (3.1)

which is a time-invariant quantity with an auxiliary con-
dition given by the classical Eq. (2.5). If the invariant
quantity A is not equal to zero, then y is not constant
and the position x has the form of a complex function of
time. Since the particle of this system will pass through
more than two points on the trajectory, the motion of the
system will be bound in some restricted region. If 0 is
equal to zero, the motion of the system will be unbound.

We can find another classical invariant quantity with
the auxiliary condition by classical Eq. (2.5). Let us as-
sume that this invariant quantity be given as

K(x, t;,x', t') =gg„(x, t)g„*(x',t'), (3.2)

where f„(x,t) is the solution of the Schrodinger equation.
For the unbound system, the propagator is given as

K(x, t;x', t')= J dk gk(x, t)gk(x', t') . (3.3)

where S, is the classical action. Instead of Eq. (3.1) we

may introduce the de6nition of the propagator for the
bound system as

I(t)= —,'[a(t)p +2P(t)xp+5(t)x ], (2.12)

where a(t), P(t), and 5(t) are all real time-dependent
functions. The multiplicative factors have been chosen
for convenience. From Hamilton's equation of motion,
the time derivative of I(t) becomes

iA =H(x, p, t)K,. az
at

(3.4)

The above two propagators Eqs. (3.2) and (3.3), must
satisfy the following Schrodinger equations, respectively:

al al aH al aH
at+a~ ap ap ax

(2.13)
. as&*iA, =—H (x',p', t')K* .

at
(3.5)

Combining Eqs. (2.1) and (2.12) with (2.13) we obtain the
coupled differential equations of a(t), P(t), and 5(t):

Substitution of Eq. (3.1) into (3.4) yields the three coupled
differential equations

a=2B (t)a —2A (t)13,

P= C (t)a A(t)5, —

5=2C(t)P —2B (t)5 .

Solving the above three equations, we get

a=g (t),

(2.14)

(2.15)

(2.16)

(2.17)

a =2i AA (t)a 2B (t)a ——c (t—), (3.6)

b =2fuA (t)abx' B(t)bx', — (3.7)

(3.8)

which can be solved to give

cx ' +d = A (t)b x' +ifiA (t)a ,' B (t), ——~ i'

B(t), 1

A(t) A (t)
(2.18)

i 1 j i 1 B(t)
2A' A(t) q 2A' A(t) A(t) ' (3.9)
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bob(t)= (3.10) 1 ~ . , 8
a (t) = ~+y cot(y —y')—

2A A
(3.13)

c(t)x' +d (t) — box' J ds+lnq 'i +do .
iA q, q ~ A(s)

q (s)
(3.11)

~ ~

b(t) yy
AA'

1/2
1

sin(y —y') (3.14)

q (t, t') =rid' sin(y —y'), (3.12)

where g=g(t), g'=q(t'), and so on. With the help of Eq.
(3.12), we may integrate Eq. (3.11). We can determine the
integral constants in Eqs. (3.9)—(3.11). Then the
coefficients a (t), b(t), and c(t) with the auxiliary condi-
tions Eqs. (2.9) and (2.10) are given by

Solving the above three equations, we have the following
form with the auxiliary condition, i.e., the classical solu-
tion. Here, q is obviously a solution of Eq. (2.5). If
g(t)e '~'" is the classical solution at time t in the bound
system, then g(t)e'~'" is also a solution of that system.
The classical solution may be rewritten in the form

t + I

, +y'cot(y —y')+ A' (3.15)

(i /A)d (t)

1/2

2~i% Bx Bx'

~ 1/2 ~ t 1/2
1/2

(3.16)
2~i' sin(y —y') A '

and we obtain the propagator of this system as

where A = A (t), A'= A (t'), and so on. Combining Eqs.
(3.13)—(3.15) with the first expression of Eq. (3.1), we ob-
tain d (t) as

. 1/2 . t1/2 1/2

2vri fi sin(y —y') A ' A '
lX exp

2%A
+y cot(y —y') Bx +-

2%A '

~ I

, +y'cot(y —y')+8' x'

1/2
XX

sin(y —y') (3.17)

Introducing the new variables

1/2

(3.18)

2XYZ —X —Y
1 —Z expt

1 —Z

=e ' + ' g H„(X)H„(Y) .
o 2"n

(3.22)

A'A '

Z=e

we may reexpress the propagator in the simple form

(3.19)

(3.20) 1/2

„(x,t)= 1 y
A

e
—i [(1/2)+ n]r

Therefore comparison of Eqs. (3.21) and (3.22) with (3.2)
gives the exact wave function of the system:

1/4

K (x, t;x', t') =
AA'

1/2

e
—i(r —r')

1/2
XH„

X exp
1

y —i ~—B
2%A

(3.23)

—(X + Y )+2XYZ
Xexp .

1 —Z
(3.21)

We note that Eq. (3.23) is the wave function of the bound
system with the auxiliary condition of classical solution.
A similar procedure can be followed for the unbound sys-
tem.

To find the explicit form of the wave function of the sys-
tem, we make use of Mehler's formula [13],which is ex-
pressed in terms of the nth order of the Hermite polyno-
mial, H„(X),

IV. UNCERTAINTY RELATION
AND EXPECTATION VALUES

The uncertainty is
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(Axbp) „=I[((mix ln ) —(mix n ) )'((mix n ) —(m xln ) )]'

x[(&mlp'ln &
—&mlpln &')*(&mlp'ln &

—&mlpln &')] "]". (4.1)

Using Eq. (3.23) and performing the integral over x yields (2.13),

(4.2)( mlxln) = n + I@5 „+i+ n /l 5

& mlpln &
=v'n + lv5 „+,+v'n v*5

(mix ln ) = (n +1)(n +2)p 5 „+,+(2n+1)pal*5
+v'n (n —1)p* 5 (4.4)

(mlp ln ) = (n + 1)(n +2)v 5 „+2+(2n +1)vv*5

+ . [I,H]=0,
dt Bt i%

(4.13)

with the Hamiltonian given by Eq. (2.1). Substitution of
Eqs. (4.4) —(4.6) into (4.12) gives the expectation value

2 ~

& mlIln & =(n +—,
' )A' 5

+&n (n —1)v* 5 „2, (4.5)
= ( n + —,

' )A'A5 (4.14)

(ml —,'(xp+px)ln ) =v (n+1)(n+2)pv5 „+2
which is a time-invariant quantity corresponding to the
classical invariant quantity.

+(2n+1) "
2

+v'n (n —1)IM*v*5

where p(t) and v(t) are given by

A'A (t)
e r

2p
p=p(t)=

1/2

(4.7)

v=v(t) =
2A (t)y

B(t) +ij—e'~ .
7l

(4.8)

=—v (n +1)(n +2)
2

l

X 1+
g
B(t)—2 1/2

2 1/2

(4.9)

(b,xAp)„+, „= (n+1) 1+—1n+1, n
77

(hxbp)„„=(n + —,')fi 1+ 1 B(t)—' 2 1/2

(4.10)

(4.11)

We define the quantum invariant operator corresponding
to Eq. (2.20), i.e. , the classical invariant quantity, as

Substituting Eqs. (4.2) —(4.5) into (4.1), we get the uncer-
tainty relations for various states:

(Axbp )„+~„=v'(n +1)(n +2)lpl lv

V. SUMMARY

In this section we summarize the results obtained in
the previous sections. We have obtained an explicit
time-dependent invariant for the classical time-dependent
quadratic Hamiltonian system. Even though this system
is not closed, we can confirm whether or not the system is
bound by using this invariant quantity. For example, the
solution of the equation for a simple harmonic oscillator

I Capt I Q)pt
is a linear combination of e ' and e ', and thus

copt and g =const. The invariant quantity Q for the
harmonic oscillator is mcopg . Therefore this system is
bound. For the case of a free particle, the classical solu-
tion is given by C&e ' or C2t. This means that the in-
variant quantity Q is equal to zero, and thus this system
is bound. With the same arguments, we can easily alarm
that the damped harmonic oscillator is a bound system,
where overdamped and underdamped oscillators are un-
bound.

We have obtained the propagator and wave function
for the bound system. This wave function is discrete and
expressed by the classical solution as a subsidiary condi-
tion. To obtain the expectation values and uncertainty re-
lations, we have used the wave function [Eq. (3.23)] to-
gether with the invariant operator, which is inferred from
classical one. The expectation values of the quantum
mechanical invariant operator I also satisfy the uncer-
tainty relation, which is time dependent. While these re-
sults are for the bound system, the unbound system can
be solved in a similar fashion. A task for future work will
be to evaluate the coherent states and squeezing relations
for the systems.

1I=—.
2

+ [B(t)g g] x—
A'(t) ACKNOWLEDGMENTS

+ [B(t)g—g](xp+px)+g pA (t)
(4.12)
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