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Transient statistics that occur during the Q switching of two-mode gas ring lasers are studied,
including the nonlinear regime. When both modes are well above threshold, explicit expressions for
the transient intensity probability densities are obtained with the use of a quasideterministic theory.
For similar pump parameters of the two modes, the intensity probability density of the secondary
mode shows a polynomial tail due to mode competition. The main mode shows a symmetric tail
and the probability density of the total intensity is peaked around its mean value (mode-partition
noise). The anomalous fluctuations of the two modes are characterized by the maximum value of the
variance of the intensity and by the time at which this maximum appears. We also consider the case
of a very depressed secondary mode. An approximation is developed to describe the transient regime
of the secondary mode. The transient probability densities and the side-mode excitation probability
are obtained.
PACS number(s): 42.50.Ar, 42.60.Mi, 05.40.+j

I. INTRODUCTION

The statistics of laser switch-on has been recently con-
sidered in a variety of systems and situations (see Ref. [1]
for a recent review). There are in general two different
statistical problems to be studied. One is the statistics
of the switch-on time at which laser emission is observed.
This is described by the method of passage times (PT)
in the linear regime of laser ampliGcation. The second
problem refers to the large statistical fluctuations of the
laser intensity during a later nonlinear regime. For type-
A lasers, results for PT statistics are well established [2],
including the cases with pump noise (dye lasers) [3,4] and
sweeping of the pump parameter [5, 6]. The problem of
PT statistics for type-B lasers has also been considered
for COz [7] and semiconductor lasers [8, 9]. The inten-
sity Buctuations in the nonlinear regime were considered
for type-A lasers earlier [10, 11] than the PT statistics.
More recent analysis includes the cases with pump noise
[4], sweeping [12], and type-B lasers (semiconductor) [13,
14]. A description of the fluctuations in the nonlinear
regime is possible by taking a simple average over a dis-
tribution of random initial values of the laser Geld. This
is the basic idea of the quasideterministic theory (QDT)
[15]. Most of the analysis of the laser switch-on problem
considers the single-mode case. The transient multimode
dynamics has been analyzed only in the linear regime for
semiconductor [9, 16] and gas ring lasers [16].

In this paper we study transient statistics during the

Q switching of two-mode on-resonance gas ring lasers,
including the nonlinear regime. When the pump param-
eters of both modes, o.q and o.2, are large with respect to
the spontaneous-emission noise, we show that the tran-
sient regime can be described by the quasideterministic
theory (QDT). This case corresponds to situations well
above threshold. In the QDT the effect of the noise is
replaced by an effective random initial condition, and
the evolution in the nonlinear regime is deterministic. In
this way explicit expressions for the transient intensity
probability densities for both modes are obtained. In the
case of nonequivalent modes, intensity Huctuations show
a maximum. This is similar to the anomalous fIuctuation
peak found for a single-mode class-A laser.

When the pump parameters are slightly different, the
intensity probability density for the secondary mode is
shown to have a polynomial tail. This tail appears at
times of order (aq —nz) . This time scale can be much
larger than the time scales o.z and o.z correspond-
ing to both modes. The main mode shows a symmetric
tail. This tail corresponds to mode competition. In fact
the probability density for the total intensity is peaked
around its mean value. This phenomenon is similar to
the mode-partition noise found in semiconductor lasers
[17]. The anomalous intensity fluctuations of the two
modes are characterized by the time at which the maxi-
mum of the variance of the intensity appears and by the
value of this maximum. All these results are checked with
numerical simulations.
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We also consider the case of a very depressed secondary
mode. Now the evolution of this mode is dominated
by the noise. Then the QDT is not able to describe
the transient regime of the secondary mode. We de-
velop an approximation that includes the spontaneous-
emission noise and a random pump parameter given by
the intensity of the main mode, which is described by the
QDT. Numerical simulations show that this approxima-
tion describes correctly the transient probability density
for both modes and the side-mode excitation probability.

(f;(t)(,*(t')) = D b;, h(t —t'), i, j = 1,2 . (2.2)

We consider that the laser is initially below thresh-
old and that at time t = 0 the laser is instantaneously
switched on. We can easily obtain froxn Eq. (2.1) the in-
tensity I, =i E, i, when saturation effects are negligible:

both modes, n1 and n2 are the pump parameters, and P
is a constant. The complex random terms (1(t) and (2(t)
model the spontaneous-emission noise. They are taken
as Gaussian white noise of zero mean and correlation:

II. QUASIDETERMINISTIC THEORY (QDT) I;(t) =i h;(t) i' e ', (2.3)

The two-mode on-resonance gas ring laser can be de-
scribed by the following equations [18]:

where 6;(t) is a complex Gaussian process playing the
role of an effective random initial condition for the de-
terministic evolution. The variance of this process is

&1 =
2

n1 —&(I &1 I'+
I

&2 I')j&1+&1 (I h*(t) I') = —(1 —e ') .
o/i

(2.4)

&2 =
2

n2-&(I &1 I'+ IE2 I') &2+&2

(2.1)

where E1(t) and E2(t) are the complex amplitudes of

The QDT [15] consists in approximating the actual
process (2.1) by a process obtained from the nonlinear
deterministic solution of (2.1), changing the initial con-
dition by

I
h, (t) I

(2.5)

This approximation is valid whenever two different stages
of evolution can be distinguished: an initial linear fluctu-
ating regime and a nonlinear regime where the evolution
is essentially deterministic. These different stages ap-
pear when the pump parameters are large with respect
to the spontaneous-emission noise. For times such that
exp( —n;t) « 1, the effective initial condition ih, (t)i be-
comes a time-independent random variable. As a conse-
quence, the evolution will be deterministic with a ran-
dom initial condition. When the pump parameters are
different, the steady state obtained from Eq. (2.5) is de-
terministic. Then the QDT can describe the fluctuations
only during the transient regime.

The joint probability density P(I1, I2, t) can be ob-
tained from Eq. (2.5):

a, (t) = —(e *' —1), c;(t) =
Z

(2.8)

The domain in which P(I1, I2, t) is defined is given by
f(I„I2,t) ) 0.

Initially when exp( —n;t) = 1, the evolution is dom-
inated by the spontaneous emission and the modes are
not coupled, i.e., P(I1, I2, t) P1(I1,t)P2(I2, t). When
a;(t) ) c;(t), the modes are coupled through the deter-
ministic evolution. This happens for times such that

e, (t) = ' exp[ —n;t]D (2 9)

is smaller than 1. Finally, it is easy to see from Eq. (2.5)
that for nonequivalent modes (n1 ) n2), the stationary
state is reached in a time scale such that

where

a, (t)a, (t)f(I„I„t) 2

(
x exp — + f (I1, I2, t)2t)

(2.6)

Aj
u(t) = —' exp[ —(n, —n2)t]

0!2
(2.10)

is a small quantity. In the case of equal pump parame-
ters, the steady state is reached when the modes become
coupled, i.e. , c;(t) ( l.

The transient probability density function of the inten-
sity of both modes can be derived from Eq. (2.6):

f (I1, I2, t) = 1— Ig

c1(t)
Ig

c2(t)
(2.7) P1(I1, t) = c2a2 (c2a2 + Il [al(1 Il/cl)] + 1)

a1 c2(1 —I1/c1) + a2I1/a1
I1

a1(1 —I1/c1)
(2.1la)
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Finally, we consider the total intensity I = Iq + I2.
This magnitude is relevant to analyze the coupling of the
modes during the transient. From Eq. (2.6), we obtain
the probability density function of I (az & a2):

c]al (cjay + I2[a2(1 I2/c2)] ' + 1)
2

a2 [cg(1 —I2/c2) + aqI2/a2j
I2xexp —,I2 & c2.

P2(I2, t) =

(2.11b)

P(I, t) =

(2.12a)

when I & c2(t) and

czc2C(I, t) I z (aq —a2)cqc2 l I—1 —I ci + 1 exp
Gy G2 Cy —C2 Gy Cy —C2 Gy G2 a, (1 —I/c, )

(2.12b)P(I, t) =

I

is a small quantity. As noted in Sec. II, a new time
scale (nq —o2) appears when o.q & n2, apart from
the usual ones o.z and o;z . This time scale is related
to the competition between both modes and it can be
much slower than the first two when o.q = o.2. This time
(nq —n2) is the characteristic time at which the modes
approach the stationary state. It is also the typical time
for the main mode to be switched on if the side mode has
been initially excited.

When the modes are coupled, i.e. , e(t) « 1, the prob-
ability densities for both modes (2.11) can be approxi-
mated by

when c2(t) & I & c, (t). In these expressions, C(I, t) is
given by

(2.13)

We have checked with numerical simulations [19] of Eq.
(2.1) the validity of the QDT. The QDT is found to give
a good approximation in the transient regime (see Figs. 1
and 2) unless a very depressed mode is considered. In this
case, o.q )& n2, the evolution of the secondary mode is
dominated by the noise and an alternative approximation
is required (see Sec. IV). However, the main mode is
always well described by the QDT.

Pg(xg, t) = (3.2a)xy(12)
1 —xy 1 —tLIII. TRANSIENT STATISTICS IN THE MODE

COMPETITION CASE
u '(t)

We analyze in this section the transient statistics when
the pump parameters for both modes are slightly difer-
ent, i.e. , when the parameter p, defined as

P, (x„t) = (3.2b)x2(l2)
1+x2 u —1g 1

except in a small region x, 1 with a negligible con-
tribution to the probability, where the exponential term
must be taken into account. In these expressions, we use

CIy7= ——1
0,'2

(3 1)
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FIG. 1. Mean values of the main mode (Iq), depressed
mode (I2), and total (I) intensities The simu. lation results
are represented by the dotted hne and the QDT by the dashed
line. The parameters are taken as o.q ——1.1, nq ——1, P = 1,
and D =10

FIG. 2. Variances of the main mode a.I, , depressed mode
ore, and total oT intensities. We also plot with the solid line
the function given by Eq. (3.5). The parameters are the same
as in Fig. 1.

cqc2C(I, t) I ~ (aq —a2)cqc2 I—1 —I c, + 1 exp
a~am(c~ —ca) I ~

ox (cx —cv)a~@2 /
Rl(1 —//cl)

(I (a& —a2) cgc2 I—(1 —I/c2) '+ + 1 exp
Lag (c& —fr)a&am / uz(l —//c2)
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that is, e ' « 1 [see Eq. (2.4)].
For the secondary mode, we develop an alternative ap-

proximation by using a random pump parameter given
by the intensity of the main mode and by including the
spontaneous-emission noise. Using this approximation,
the evolution equation for the secondary mode is

Q
I

X
CO

ld

E. = -( ~ -PI,'M)E. +&. .
2

(4 2)
A

I
cQ

V Q
I

X

The probability density of I2 can be obtained from the
conditional probability density P(I2lIi, t) by integrating
over Ii the function P(Ii, I2, t), defined by

Q
0

P (Ii ) I2 ) t) = P (I2 l
Ii., t)Pi (Ii, t) . (4.3)

( PI )) D PIi
ni ) ni ni

(4.4)

In this expression, P(I2
l
Ii,. t) is an exponential distribu-

tion with mean value

D, , ( PIi ) D PIi
(I2 IIi t) = —(e"' —1) I

1 —
I

+—
0!2 ni y ni ni

FIG. 7. Mean value and variance of the intensity of a very
depressed mode. Simulation results for the mean value and
the variance are represented by the solid and dashed lines,
respectively. We also plot the mean value (dot-dashed line)
and variance (dotted line) given by the approximation. The
parameters in this figure are nl ——10, nq ——0.01, P = 1, and
D = 10

and Pi (Ii, t) can be obtained from (4.1):

PsM(I, )
CX1 t

1 0!yc Iexp—
D(1 —PI, /n, )

' D(1 —PI, /n, )

(4.5)

P(I2) = ~
—I2/(Dt) 1

1+ I2/(Dtei)

For short times such that ei (t) )) 1, the main-mode in-
tensity is small and the side-mode intensity increases due
to the spontaneous-emission noise. Then the probability
density of I2 is an exponential distribution with mean
value Dt. For intermediate times such that nqteq )& 1,
the mean value (4.4) can be approximated by the first
term and the following approximation holds:

o, (t)* = (n, /p)'(Ep E18 El(Ep) 8 El(El) + 1

(4.9)

Figure 7 shows that the mean value and the variance of
the depressed mode are well described by the approxi-
mation. We observe that initially (I2) = 0'2 ——Dt, in
agreement with the discussion above. When I2 starts to
be depressed by the main mode, we have (I2) = o2--
Dt(1 —(PIi/ni)). This corresponds to small values of
(Ii) and oi [see Eqs. (4.4) and (4.7)—(4.9)]. This time
regime, which includes the times at which the maximums
of (I2) and cr2 appear, can be described by (4.6). When
the main mode increases, the two terms in Eq. (4.4) are
important and o2 ) (I2). Finally, in the steady state we
have (I2) = o.2 ——D/ni.

Finally, we calculate the probability 4(Ii)dIi that

+ -2
ei 1+ I2/(Dtei)

(4.6)
Q
QQ

In this time regime, ([I2/(Dt)] ) is a function only of
~z. Finally, when the steady state is attained, i.e. , when
ei(t) « 1, the probability density of I2 is again an expo-
nential distribution with mean value D/ni

The moments of the intensity of the depressed mode
can be easily obtained from Eqs. (4.4) and (4.5). The
mean value is given by

Q
Q

Q

D
(I2(t)) = —[1 —eie Ei(ei) + Dte, e Ei(ei), (4.7)

where Ei is the exponential-integral function [22]. The
Quctuations are given by

RH [] I

4.994 4.995 4.996 4.997 4.998 4.999
Ii

2

(t) = 2 —(1 — t)
D p~i(t) + (I (t)) 2

where o~ is the variance of the main mode:

(4.8)

FIG. 8. C(Il) obtained from simulation (histogram), lin-
ear theory (dashed line), and from (4.10) (solid line). The
threshold intensity Iz has been 6xed to one-half the station-
ary intensity of the main mode. The parameters are taken as
nl = 10, nq = 0 1, P = 1, and D = 10
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4(Ig) = (Jg + J2)(Ig, IT —Ig)dt,
0

where

(4.10)

(4.11)Jl(I1~ I2 i t) = (~i —W.)IiP(h, I21 t) &

J2(I~, Iz, t) = (n2 pIq)IzP— D~ I2 — + P
[ (Iq, I2, t) .

OP

(4.12)

when the intensity is for the first time Iq + I2 ——IT,
the main-mode intensity is between lq and Iq+ de. This
probability gives direct information about the side-mode
excitation probability, and it has been obtained by ne-

glecting the nonlinear terms for the semiconductor and
gas lasers [16] when the side mode is not very depressed.
The calculation of this probability is equivalent to find-

ing, in the multidimensional phase space of the system,
the direction of departure from the initial laser unstable
point. The probability density 4(Iq) can be written as a
function of the probability current (Jy, J2), associated to
the Fokker-Planck equation equivalent to the Langevin
equations of our approximation, in the following way:

To obtain 4, one should impose absorbing boundary con-
ditions. However, a good approximation can be obtained
by using natural boundary conditions. This corresponds
to the fact that, for large enough values of o.~, the bound-
ary Iq + I2 ——IT is only crossed one time. In this way,
we obtain that the function P(Iq, Iz, t) appearing in the
expression of the probability current coincides with (4.3).
We compare in Fig. 8 4(Iq) calculated from (4.10) and
by using the linear theory [16]with the simulation results.
It is not possible to obtain an analytical expression for
the integral appearing in (4.10). This integral is evalu-
ated numerically by using (4.11), (4.12), and the joint
probability density given by (4.3). It is clear that the ap-
proximation (4.10) gives very good results and that the
linear theory is unable to describe correctly 4(Iq).
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