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The generalized variational method is used to compute energies for the Yukawa and Hulthén poten-
tials for states with n <6. This straightforward approach is based on forming trial wave functions from
a linear combination of independent functions. The estimates for the energies produced by this method
are considerably more accurate than previous results for a wide range of values for the screening param-

eter.
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I. INTRODUCTION

For many years there has been considerable interest in
finding the energies of screened Coulomb potentials.
These potentials are important in several contexts. For
example, the Hulthén potential [1] has been used in nu-
clear and particle physics [2], atomic physics [3], and in
solid-state physics [4]. The Yukawa potential may be
used to approximate the potential experienced by elec-
trons in an atom where the remaining atoms screen the
nuclear charge. It describes the shielding effect in plas-
mas where it is called by Debye-Hiickel potential, and is
known as the Thomas-Fermi potential in solid-state phys-
ics. This potential is also important in studying hydrogen
under pressure [5-7].

Numerous attempts have been made to determine the
bound-state energies of these potentials [8—31]. Howev-
er, exact results have only been obtained for the s states
of the Hulthén potential [1,32]. In this report, energy es-
timates are presented which are much more accurate
than all previous results for the Hulthén potential. For
the Yukawa potential, results are obtained which are
comparable to the very accurate results in Ref. [20]
where estimates were found for the 1s, 2s, and 2p states.
In this paper, a more extensive study is made in which all
states with n < 6 are included.

The calculational tool employed in this study is the
generalized variational method (see, for example, Ref.
[33]). This technique is based on forming trial wave func-
tions from a linear combination of N independent func-
tions ¢; as

N
Y= E cklpk . (11)
k=1
The following matrix equation is obtained from the
Schrodinger equation:
Ho=EF , (1.2)
where # is the Hamiltonian matrix and ¥ is the overlap
matrix. These matrices have dimensions N XN and the
corresponding eigenvectors and eigenvalues are given by
¢ and &. According to the Hylleraas-Undheim theorem
[34] the ordered set of N eigenvalues will be upper
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bounds to the corresponding exact energies. Moreover,
the exact eigenvalues are approached monotonically as N
is increased.

In Secs. IT and III, the variational method is applied to
the Hulthén and Yukawa potentials, respectively. In
these sections, the choice of the basis used is motivated
by examining the short-range and long-range behavior of
the radial Schrodinger equation. The results from these
models are compared with the most accurate energies
from previous studies. Concluding remarks are presented
in Sec. IV.

II. THE HULTHEN POTENTIAL

Throughout this paper we will use atomic units
(i=e=m=1). The Hulthén potential written in these
units is given by

—Ar

e

, (2.1)
_e—}»r

V(r)=—Z7\1

where Z is a constant and A is the screening parameter.
Since this is a central potential, Schrodinger’s equation
can be separated into radial and angular parts. The radi-
al equation is given by

—%:—;r—leiikﬁ”;” R(r)=ER(r)
(2.2)

and the Hamiltonian may be written as
H=—51;;—;r—lkli;;jkr+l(12;1) . 2.3)

The scale transformation
r—r/Z (2.4)
leads to the relation

E(Z,AM)=Z?E(1,A/Z) . 2.5)

Thus there is no loss of generality if we study only the
case where Z=1.

In order to effectively apply the generalized variational
method to this model, an appropriate basis must first be
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found. This may be done by examining the short-range
and long-range behavior of the radial solutions Eq. (2.2).
Defining the variable

u=rR (2.6)
Eq. (2.2) may be written as
d? e M 1(1+1
Efz_” +2ZA l—e_’"u K 5 ) u=2Elu. @7
For large r this reduces to
d2
—u=2|E|u . (2.8)
dr? E|
So u has the form
u~e Pr 2.9
for large r. For small r Eq. (2.7) reduces to
2
%u—wu =0 . (2.10)
dr r
Substitution of the trial solution u =r™ gives
u~Ar~'+Br'tt . 2.11)

In order for u to vanish at the origin, we must have
A=0. So '

u~rltl (2.12)

for small . Therefore we look for solutions of the form

u=F(r)yr'tle P, (2.13)
where
F(r)= i a;r'. (2.14)
i=0
Alternatively, we may write
R(r)=F(r)rle P, (2.15)

We want to construct our basis vectors ¥, in such a
way that Eq. (1.1) has the same form as Eq. (2.15). So we
write

Y =rke P, (2.16)

|

However, the matrix elements for the Hamiltonian pro-
duce complicated functions due to the second term in Eq.
(2.3). This may be mended by multiplying Eq. (2.16) by a
factor to cancel the denominator of the second term in
the Hamiltonian. Therefore we use a basis formed by the
functions

Y =A,rke P(1—e ),

where k=-—1,0,1,2,... for the s states and
k=0,1,2, ... for the /70 states. Here, B8 is a variational
parameter determined by minimizing the energy for a
given state and basis size. The constant

(2.17)

_ (2B+}\.)k+l

VTSN @18

k

is included to prevent numerical overflow. The matrix
elements are given by

1 p+2 2
S 2 _2
(¢l Tlg<1,k) - ng(J,k)
1 T2 p2
+—g(j,k) l—— , (2.19)
T3 T3
where
=28, 7,=2B+A, 73=2B+2\, p=j+k, (2.20)
and
, (j+k+2)
k)= (2.21)
glk) VI(2j+2)M2k +2)!

This last expression may be evaluated numerically for
large j and k by noting that for two integers a and b,
g(a,a)=1and
172

for —1<a<b .

b—a—1

glab)= 2a+3+i

b la+b+3+i

(2.22)

The matrix elements for the Hamiltonian with Z=1 are
given by the formula

C, T pr2 C;—C, C; T2 P2
H =—"x ‘)k - +——_— .) - " -
(Y| H ) 128U )[Tl o2 80K PEELAULY o
Cin T2 pr2 Ci7y Cy73 ) prz
o 8U,k) |— —— 58Uk g, —
c n P cs—Ci—A A—C r, |72
+—ig(j,k>[—1] + =2 e k) + 2 e k) | =
T1 T1 ) T3 T3
+1 +1
LA+ glhk) - ’ =274 | — ’ (2.23)
2 (p+Dp+2) | *|n 202
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TABLE 1. Energy eigenvalues (in a.u.) of the Hulthén potential as a function of the basis size N for
the 3s state with A= 5. Here B is a nonlinear variational parameter which is present in each basis func-
tion. A negative sign before the energy has been omitted everywhere.

N Energy Optimal B

5 0.016 805 0.270327 308 954
10 0.016 805 555 555 0.268 511 868 647
15 0.016 805 555 555 555555555 0.267 395 720 649
20 0.016 805 555 555555555555 555555 0.266 991 564 267
25 0.016 805 555555555555 555 555 555 555 0.259 630427 841
30 0.016 805 555555555555 555555555555 0.303 636084 861
35 0.016 805 555 555555555555 555555555 0.318 590522 497

Exact 0.016 805 555555 555555555555 555555555. ..

The constants are given as

C,=1k(k+1), C,=Bk+1),

(2.24)

Cy=—(B+A)Nk+1),

C,=—1p, Cs=1[B+BA+AMB+A)]. (2.25)

The exact energies for the / =0 states are given by
2
A2 12,
e 2.2
é, an? |2 (2.26)

The trial state in Eq. (2.17) with k= —1 gives the exact
eigenfunction for the 1s state. For the higher s states, we
use the exact results to check our approximate energies.
In Table I we show the convergence of our results for the

3s state with A= . In order to minimize rounding er-
rors, these calculations were done in quadruple precision
using a VAX station 3100. It should be noted that the
correct digits are stable when we increase the size of the
basis. Hence the accuracy of these results may be deter-
mined by requiring that correct digits are stable if we in-
crease the size of the basis by at least five. Although this
is not a rigorous guarantee, experience has shown that it
does work in practice. For example, in each case this
prescription gives correct results out to the precision re-
ported for the /=0 states in Table II. The accuracy of
this prescription can also be seen in Table IV for the 1s
and 2s states of the Yukawa potential, where for large
values of the screening parameter the more accurate re-
sults in Ref. [20] may be used as a check for the results in

TABLE II. Variational estimates for the s states of the Hulthén potential. The size of the basis is in-
dicated by the value of N and A is the screening parameter for the model. A negative sign before the en-
ergy (in a.u.) has been omitted everywhere.

State A N Energy Exact Ref. [24]

2s 0.050 15 0.101 250 000 000 000 000 000 000 000 000 0.10125 0.101 2485
0.100 15 0.080 000 000 000 000 000 000 000 000 000 0.08 0.079 996 9
0.200 20 0.045 000 000 000 000 000 000 000 000 000 0.045 0.045001 4
0.300 30 0.020 000 000 000 000 000 000 000 000 000 0.02 0.020001 4
0.400 30 0.004 999 999 999 999 999 999 999 99 0.005
0.490 30 0.000049 999 9 0.00005

3s 0.050 20 0.033 368 055 555 555 555 555 555555 555 0.033368055. .. 0.0333687
0.100 25 0.016 805 555 555 555 555 555 555 555 555 0.016805555. .. 0.016 8070
0.150 30 0.005 868 055 555 555 555 5555555555 0.005 868055. . . 0.005 8797
0.200 30 0.000 555 555555555 0.000 555 555. .. 0.0005556

4s 0.025 20 0.020 000 000 000 000 000 000 000 000 000 0.02 0.0200017
0.050 25 0.011 250 000 000 000 000 000 000 000 000 0.01125 0.0112533
0.075 30 0.004 999 999 999 999 999 999 999 999 999 0.005
0.100 30 0.001 249 999 999 999 999 99 0.00125 0.0012532
0.120 20 0.000049 999 9 0.00005

S5s 0.010 20 0.015 312 500 000 000 000 000 000 000 000 0.0153125
0.025 25 0.009 453 125 000 000 000 000 000 000 000 0.009453 125
0.050 30 0.002 812 499 999 999 999 999 999 999 0.002 8125
0.075 30 0.000078 124 99 0.000078 125

6s 0.010 25 0.009 338 888 888 8388 888 888 888 888 8 0.009 338 888. . .
0.020 30 0.005 688 888 888 888 888 888 888 888 8 0.005 688 888. . .
0.030 30 0.002938 888 888 888 888 888 888 888 88 0.002938 888. ..
0.040 30 0.001 088 888 888 888 888 888 8 0.001 088 888. ..
0.050 30 0.001 388 888 888 0.001 388 888. . .
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this report. Therefore the author believes that all results
in this paper are correct out to the number of digits re-
ported. The largest basis that could be used in this study
was for N =35. Consequently, the most accurate results
that are reported are for N =30, with the N =35 results
used as a check for stability.

In Table III the /0 results are compared with the
most accurate energies found in the literature, the numer-
ical integration results of Ref. [27] and the dynamical-
group approach results of Ref. [24]. The dynamical-
group approach is an algebraic perturbation calculation
which is based on the Lie algebra of the group SO(2,1).
As the screening parameter is increased, the energy for

rameter for a particular state is the value of the screening
parameter that results in the energy being zero for that
state. As we approach the critical screening parameter
for a state the results become less accurate. This is be-
cause a bigger basis is needed to approximate the true
eigenfunctions of the Hamiltonian. Nevertheless, as seen
in Tables II and III, these results are considerably more
accurate than previous results even near the critical
screening parameter.

III. THE YUKAWA POTENTIAL

The Yukawa potential in atomic units is given by
—Ar

each state approaches zero. The critical screening pa-

viry=—2z%

TABLE III. Variational estimates for the /70 states of the Hulthén potential. The size of the basis
is indicated by the value of N and A is the screening parameter for the model. The result from Ref. [27]
was obtained by numerical integration. A negative sign before the energy (in a.u.) has been omitted

everywhere.
State A N Energy Ref. [27] Ref. [24]

2p 0.025 10 0.112760465 559 343425619 752 170 155 0.1127605 0.1127604
0.050 15 0.101 042452072357 836 879 339073 587 0.1010425 0.1010425
0.075 15 0.089 847 752 885 906 144 304 385 693 159 0.089 847 8
0.100 15 0.079 179 439 105 145 937 524 790 404 026 0.0791794 0.079 1794
0.150 20 0.059 441 517 852 607 600 646 996 227 124 0.059 4415 0.0594415
0.200 25 0.041 886049217 867 004 860 632 106 240 0.0418860 0.0418860
0.250 30 0.026 611051350910 183 726258 733 021 0.026611 1
0.300 30 0.013 790 034 782 404 699 158 753 65 0.0137900 0.0137900
0.350 30 0.003 793098 147021 733 958 0.0037931

3p 0.025 15 0.043 706 891 586 462 308 141294 038 749 0.043 7069 0.043707 1
0.050 20 0.033 164 501 183 867 202 344 100 104 947 0.0331645 0.0331650
0.075 20 0.023 939 747261 830537 729 569 804 128 0.0239397
0.100 25 0.016053 726 638 917 253 120820512 320 0.0160537 0.0160537
0.150 30 0.004 466 308 785352310813 134770 0.004 466 3 0.004 466 4

3d 0.025 15 0.043 603 050099 100057 801 958 125 136 0.043 6030 0.043 6030
0.050 20 0.032 753 184 225 127 904 255 118 098 806 0.0327532 0.0327532
0.075 20 0.023 030704 076 838 084 236 822 010206 0.0230307
0.100 25 0.014 484 226 905 249 705 674 298 019 569 0.0144842 0.0144842
0.150 30 0.001 396 592 465 736 554 737 0.001 396 6 0.001 396 5

4p 0.025 15 0.019 948 905991 591 497 285 687 056 245 0.0199489 0.0199490
0.050 30 0.011058 170219 449 860057 316 743972 0.0110582 0.0110583
0.075 30 0.004 621 926 453225971222 181244080 0.004 6219 0.004 622 4
0.100 30 0.000 754 993 385 350572 0.0007550

4d 0.025 20 0.019 846 254274 766 466 787 699 765 732 0.0198462 0.0198462
0.050 25 0.010 667 404 172 560 599 405 741 457 388 0.010 667 4 0.010 667 4
0.075 30 0.003 834 533076 921216496412 143 50 0.003 8345 0.003 8346

Af 0.025 20 0.019 691 095298 151 444 342 346 808 311 0.0196911 0.0196911
0.050 25 0.010061 964 550932 802 432 661 352 583 0.0100620 0.0100619
0.075 30 0.002 556296 978 072 423 535 750 629 0.002 556 3 0.0025563

5p 0.025 20 0.009 403 557 163 486 734 175 586 234 194 0.009 3037
0.050 30 0.002 649010790807 918733598 1415 0.002 6490

5d 0.025 25 0.009 303 717 458 026 345 334 747 579 627 0.009 303 7
0.050 30 0.002313 111821208 130166 1257487 0.0023131

5f 0.025 25 0.009 152 143 725 161 372 680058 181 756 0.009 1521
0.050 30 0.001 783 545794 710 618 483 506 22 0.0010159

5¢ 0.025 25 0.008 946 497 371 021 501 003 395 968 061 0.008 946 5
0.050 30 0.001015 881 590452020711485 0.0010159

6p 0.025 30 0.004 154759470233 324 87144 0.004 154 8

6d 0.025 30 0.004 060 553 888 060 235 634 492 0.004 060 6

6f 0.025 30 0.003 916 768 896 642 590 859 760 5 0.003916 8

6g 0.025 30 0.003 720093 464 283 440373 33623 0.0037201

6h 0.025 30 0.003 465 434 587072453281 320 807
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Here Z is a constant and A is the screening parameter.
The scaling relation in Eq. (2.5) also holds for this poten-
tial and following the previous analysis we look for a ra-
dial solution of the form in Eq. (2.15). Thus we choose a
basis formed by the functions

Y, =By rke~#Yr | k=0,1,2,..., (3.2)
where the normalization constant B is

172

2k +3
b ) (3.3)

Be= | kT2

and B is a variational parameter. The matrix elements
are given by

(¥l Y=g, k) (3.4)

and

2

_ __8U.kk
(o; | H ¢y ) 2 KU+

Bk+1 .. B
WD) g(j,k) 3
c LA+ B
e kT T T2

~ bk 1 (3.5)
(A+BP*2p+2 - '

The energies for this model are given in Tables IV and
V. We compare our results with two previous reports.
The study in Ref. [20] uses Rayleigh-Schrodinger pertur-
bation theory and writes the energy as

+g(j,k)

2 ©
ENLM=——Z—2—+ S Eyu(Z)A" . (3.6)
2N n=1

TABLE IV. Variational estimates for the lowest three states of the Yukawa potential. The size of
the basis is indicated by the value of N and A is the screening parameter for the model. A negative sign
before the energy (in a.u.) has been omitted everywhere.

State A N Energy Ref. [20]

1s 0.10 20 0.407 058 030 613 403 156 754 507 070 361 0.407 058030613403 15675
0.20 25 0.326 808 511 369 193 384 882495419281 0.326 808 511369 193 384 88
0.30 25 0.257 638 586 303 054 148 878 964 069 306 0.257 638 586 303 054 148 88
0.40 30 0.198 376083 361 850216 608 413 859 925 0.198 376 083 361 850216 61
0.50 30 0.1481170218899326167117582 0.148 117021 88993261671
0.60 30 0.106 135907 505 814 193 00073 0.106 135907 505 814 193 00
0.70 30 0.071 833555904 5122130 0.07183355590451221304
0.80 30 0.044 704 304 497 359 66 0.044 704 304 497 359 663 20
0.90 30 0.024 314 193 827 50 0.024 314 193 827 502 054 89
1.00 30 0.0102857899 0.010285 789990017 696 80
1.15 30 0.0004558 0.000455 889021 35595779

2s 0.01 15 0.115293285167994256222045516170 0.115293285 167 994 24622
0.02 25 0.106 148 320244 695 503 250708 341 185 0.106 148 320244 695 503 25
0.03 30 0.097 531 786 134 660 862 770 039 060 920 0.097 531786 134 660 862 77
0.04 30 0.089414 634185159 188415714 621025 0.089414 634185159 18842
0.05 30 0.081771195795253124173489413770 0.081771195795253 12417
0.06 30 0.074 578 534412709 709 694 885 171 159 0.074 578 534412 709 709 69
0.07 30 0.067 815959981 462 181222810363 310 0.067 815959981 462 18122
0.08 30 0.061464 656212300385911466251113 0.061464 656212 30038591
0.09 30 0.055 507 388 553290 736 394 798 978 073 0.055507 388 553290736 39
0.10 30 0.049928271331918 889234996 681036 0.049928271331918 88923
0.15 30 0.027222 190725688 518 250 187 26 0.027222 190725688 518 25
0.20 30 0.012 107 865 195 440464 38 0.012 107 865 195 440464 39
0.25 30 0.003 395906 283 23 0.003 395906 283 239 307 80

2p 0.01 15 0.115245224090 564 185894 783216 335 0.115245224 090 564 185 89
0.02 20 0.105963 398 179939 904 755 731 028 037 0.105963 398 179939904 76
0.03 25 0.097 131366795691 310671 783 889214 0.097 131366795691 310 67
0.04 30 0.088 729 373 582 879 526287 939 141 467 0.088 729 373 582 879 526 29
0.05 30 0.080 740387037 784 609 712 102 743 610 0.080 740387037784 609 71
0.06 30 0.073 149 619 385 860 625 023 805418 420 0.073 149 619 385 860 625 02
0.07 30 0.065944 176 996 156 573 384 560516 651 0.065944 176 996 156 573 38
0.08 30 0.059 112 804 787 031 234 635 692 332927 0.059 112 804787031234 64
0.09 30 0.052 645701 331584274 463 576 906 198 0.05264570133158427446
0.10 30 0.046 534 390 486 724 608 386 600 840 395 0.046 534 390486 724 608 39
0.15 30 0.021 104 888927 736242916943 3 0.021 104 888 927 73624292
0.20 30 0.004 101 646 5307840 0.004 101 646 53
0.21 30 0.001 808 76006628 0.001 808 760
0.22 30 0.000028 69 0.000026
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TABLE V. Variational estimates for the energies (in a.u.) of the Yukawa potential. The size of the
basis is indicated by the value of N and A is the screening parameter for the model. A negative sign be-
fore the energy has been omitted everywhere.

State A N Energy Ref. [14]
3s 0.025 25 0.034 329509911 543 775438 062 336 055 0.034 33
0.050 30 0.019 352554 814 752 342295 397 996 788 0.01935
0.080 30 0.007 775 877038 957 710092 63 0.007 78
0.100 30 0.003 208 046 744 690 25 0.00321
0.120 30 0.000727473 19 0.00073
3p 0.025 25 0.034078910428 938 130548463 162 217 0.03408
0.050 30 0.018 557 751 883 405 996 604 893 993 884 0.018 56
0.080 30 0.006 329 995 439268 113 269 0.006 33
0.100 30 0.001 589 001 525 867 0.001 58
3d 0.025 25 0.033 573 122 086 666 003 102 965 090 942 0.03357
0.050 30 0.016915 570569 815 842 886 114 758 243 0.01692
0.080 30 0.003 248 360428 751993 5 0.003 24
4s 0.025 30 0.012 503238 318 007 071 505 739 698 432 0.01250
0.050 30 0.003 091 659900 161 321 484 0.003 09
0.060 30 0.0012367190970350 0.00124
4p 0.025 30 0.012294 320436313933 670 168 893 844 0.01229
0.050 30 0.002 598 058 852 571 853 96 0.002 60
0.060 30 0.000729 172766 63 0.000 75
4d 0.010 30 0.022 227792 489 804 398 453 786 853 193
0.025 30 0.011 870448 936 190 599 940 851 142013 0.01187
0.050 30 0.001 580 871 626 871 004 0.001 58
Af 0.010 30 0.022 098 770463 802 567 552 796 834 9
0.020 30 0.014 491 978 017 490 743 686 655 396 719
0.030 30 0.008 282 152 466 779 632 959 281 124 004
Ss 0.010 25 0.011661054230397962 151615 838
0.020 30 0.006 030038 507 130 855 809946 414 5
0.030 30 0.002 482776201983 677 88
0.040 30 0.000 590 704 475 90
5p 0.010 25 0.011 622036 755 969 693 601 356 199 243
0.020 30 0.005 910736 541 809 108 790 145 851 07
0.030 30 0.002290415 35574232598
0.040 30 0.000 386 8293393
5d 0.010 30 0.011543695211053011928 64536177
0.020 30 0.005 669 005 190 254 584 440 116 780 89
0.030 30 0.001 898 003 084 809 707 76
5f 0.010 30 0.011 425400 166 089 089 065 660 934 0
0.020 30 0.005297 913 897 837 897 341 8505707
0.030 30 0.001286 301759 146 104 1
S5g 0.010 30 0.011266 164 788451476673 882577 389
0.020 30 0.004 784984 511570 123 196 068 811 64
0.030 30 0.000 409 879 466 872 47
6s 0.010 30 0.006 176 422 150 691 064 607 767 739 5
0.020 30 0.001 955 646 068 966 604 941 3
0.030 30 0.000 194 065 818
6p 0.010 30 0.006 141 621281 428276 706 306 968
0.020 30 0.001 866 293 792 266 562 918
0.030 30 0.000 105967 90
6d 0.005 30 0.009474251021475242223013 899 58
0.010 30 0.006 071 656 603 180 676415 731 8097
0.020 30 0.001 685173401 671 8581307
6f 0.005 30 0.009 442 748 962 862 212 124 240 756 269
0.010 30 0.005 965 775 123 381422 937 208 235
0.020 30 0.001 406 727 545 898 197 781
6g 0.005 30 0.009 400 599 086 133 379 855 529 675 467
0.010 30 0.005 822 774 561 765 861 856 536178 5
0.020 30 0.001 020 146 540570374 82
6h 0.005 25 0.009 347 671 582077 595 872 354 001 364
0.010 30 0.005 640900220 362 825 894 758 261 802
0.020 30 0.000 503 073 278 505243 12

225
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They chose a trial wave function with the form

¢=€_’B(r)YLM(9,¢) N (37)
where
B(r)= 3 A"B,(r), B,(r)= 3b,r. (3.8)
n=0 Jj=0

The perturbation coefficients E™ were calculated up to
n =100 for the ls, 2s, and 2p levels. In Ref. [14], energies
are estimated by forming Padé approximants to the ener-
gy perturbation series.

The results in this report for the 1s and 2s states are
not as accurate as the excellent results of Ref. [20], for
large values of the screening parameters. However, our
results are more accurate for smaller values of A. Also,
the current energies for the 2p state are considerably
more accurate than those in Ref. [20] for the entire range
of the screening parameter. All of the present results are
more accurate than the results in Ref. [14].

It was shown recently by Wang [35] that for two po-
tentials V,(r) and V,(r), if V,(r)=V,(r) everywhere in
space then for the same quantum numbers the energies of
V1(r) are less than or equal to the energies of V,(r). Itis
not hard to show that

—Ar —Ar

e e

——1—5—1 for 0<r<ow , A>0.
r

(3.9
|

EHulthén— — 0124999 995000 000050 5 ,

So according to the result by Wang, the following rela-
tion should hold for the energies of the Coulomb,
Hulthén, and Yukawa potentials:

égoulomb < 6Ir;l,\lﬂthén( A< éo:"lllkawa( A) . (3.10)

It can be seen from the tables that the current results
support this relation. For example, the 2s and 2p state
energies for the Hulthén potential in Table II and III are
all  higher than the Coulomb energy of
gSeulomd— — (1/2)(1/22)=—0.125. Also, the 2s state en-
ergies of the Hulthén potential with A=0.05,0.1,0.2 are
smaller than the corresponding energies of the Yukawa
potential. A similar relation can be seen for the energies
of the Hulthén and Yukawa potentials for the 2p state
with A=0.05,0.1,0.15,0.2.

A more compelling example occurs when the screening
parameter approaches zero. In this limit, the Hulthén
and Yukawa potentials reduce to the Coulomb potential.
Indeed, the energies for these three potentials become ar-
bitrarily close for small A, but Eq. (3.10) must still hold.
An example of this is given by comparing energies of the
n=2 states for A=10"%. The energies for the 2s states
are

(3.11)

6{‘;""““: —0.124 999 990 000 000 299 999 993 000 000 303

and the energies for the 2p state are

Ehlulthén— — 0,124 999 995 000 000 042 ,

(3.12)

&Y 5kava= —0.124 999 990 000 000 249 999 995 000 000 238 .

These results were obtained with a basis of only five
states. The difference in these energies is very small yet
the 2s and 2p states of the Hulthén potential are still
higher than the Coulomb energy and lower than the cor-
responding energies of the Yukawa potential. It should
also be noted that the difference between the 2s and 2p
states is very small for both the Hulthén and Yukawa po-
tentials. This is due to the fact that the energy levels for
different angular momentum states become degenerate in
the limit where A goes to zero, just as in the Coulomb po-
tential.

IV. CONCLUDING REMARKS

The main interest in this paper has been to obtain an
efficient method for estimating the energies of the
Hulthén and Yukawa potentials. This problem has re-
ceived great attention in past years and has been ap-
proached by a broad range of methods. It has been
shown in this report that a linear combination of simple
functions can be used to yield very accurate results for

I

these potentials. We also point out that the results in this
paper may be improved by finding a better set of basis
functions and/or increasing the size of the basis. The ac-
curacy of the upper bounds has been estimated by com-
paring the results of two different basis sizes. For the
cases where very accurate results exist, we have demon-
strated that this prescription produces very good results.

Using the general theorem derived by Wang [35], we
have shown that the energies of the Hulthén potential are
always between those of the Coulomb and Yukawa po-
tentials. A stringent test of this relation occurs for small
values of the screening parameters, since as the screening
parameter goes to zero the energies of these three poten-
tials become arbitrarily close together. We have given a
numerical example of this relation for a very small value
of the screening parameter and have shown for this ex-
treme case that the relation still holds.
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