
PHYSICAL REVIEW A VOLUME 48, NUMBER 1 JULY 1993

Hyyerfine-structure studies of Zr II: Experimental and relativistic configuration-interaction results
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We report an experimental and theoretical study of the hyperfine structure (hfs) in various metastable
levels in 'Zr ri. Hyperfine structures in 11 levels arising from the 4d and 4d 5s configurations were
measured using the laser-rf double-resonance method in a collinear laser —ion-beam geometry. The hfs A

and 8 constants were measured to a precision of 4 and 11 kHz, respectively. Less precise values for hfs
constants for nine upper levels in the 4d 5p configuration were derived from optical spectra. Theoreti-
cally, the A and 8 constants for the metastable levels having J=0.5 and 1.5 were calculated using a rela-
tivistic configuration-interaction (RCI) approach. The final many-body wave function produced energy

gaps between the five J=0.5 levels which dift'er from experiment by an average of 0.050 eV, whereas the
corresponding value for the ten J= 1.5 levels is 0.087 eV. For the two J=0.5 levels measured and cal-
culated, the average error in A is 31.8%. For the three J=1.5 levels, the situation is better, with the
average error in A being 9.2%. For comparison, the average errors in A using independent-particle
Dirac-Fock (DF) wave functions were 88% and 136% for J=0.5 and 1.5, respectively. In all cases, the
many-body (RCI) result represents a vast improvement from the DF result for the A values. The value
for the electric-quadrupole moment of 'Zr obtained from a comparison of the experimental 8 values
and theoretical matrix elements is 0.257(0.013) b. In addition, the calculations confirm a previous report
that the level at 17614.00 cm ' reported in Moore's Atomic Energy Levels, Vol. II (U.S. Government
Printing Office, Washington, D.C., 1971) is spurious.

PACS number(s): 35.10.Fk, 32.30.Bv, 31.30.Gs, 31.30.Jv

I. INTRODUCTION

Despite the fact that a great deal of experimental [1,2]
and theoretical work [3—5] has been done on the
hyperfine structure (hfs) of transition-metal atoms, rela-
tively little known about the hfs of singly charged ions.
This is due in part to the difficulty of obtaining samples
of ions in the perturbation-free environment necessary to
study free-atom hfs. In the past several years, the appli-
cation of the laser-rf double-resonance technique [6,7] to
ion beams [8] has facilitated these studies, allowing us to
make measurements on a wide variety of metastable
states with sufficient precision to deduce both magnetic-
dipole and electric-quadrupole interaction constants.
Our studies initially focused on systems with two valence
electrons, Sc+ [9,10] and Y+ [11],and, more recently we
have been studying effective three-electron systems, with
Ti+ [12] and the present work on Zr+. The recent stud-
ies are motivated by the successful many-body theoretical
treatment of hfs in the two-electron systems [13], which
removed the very large discrepancy between experiment
and independent-particle theory. The long-term goal of
these studies is to gain a predictive understanding of the
many-body effects that govern hfs and other properties,
e.g., oscillator strengths, in these complex systems.

Theoretically, the calculation of transition-metal elec-
tronic structure has been recognized as a challenge for
well over a decade [14—17]. This is due in large part to
the fact that the states in the 3d", 3d" '4s, and 3d" 4s

configurations are interleaved, resulting in heavily mixed
states and inequivalent radial functions for the 3d elec-
trons in the differing configurations. While the above
studies focused on the energetic differences, and were
able to generate (in some cases) energy splittings within
0.1 eV, none calculated hfs, a very sensitive indicator of
configuration interaction (CI). The earlier theoretical
treatments of hfs [3,4] did not directly incorporate CI
effects, but rather compared experimental values of the
radial integrals to those calculated using relativistic self-
consistent-field wave functions of the Hartree-Pock type
in order to estimate the magnitude of these effects. In
contrast, in this work, we present calculations using the
relativistic CI approach [18], where many-body effects
(valence-pair correlation, shallow-core —valence correla-
tion, and core polarization) are evaluated from first prin-
ciples.

The experimental results are the only measurements on
hfs in the singly charged zirconium ion, although mea-
surements have been made previously on some states in
the neutral atom [19,20]. In addition, some information
on hfs in doubly charged ions is available through solid-
state experiments [21]. The trends shown with increasing
ionization stage are now becoming apparent with the new
data.

The remainder of the paper is divided into four sec-
tions. Section II describes the experimental procedure
briefly. Section III gives the experimental results. Sec-
tion IV outlines the relativistic CI method and coxnpares
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the experimental results and theory. Section V makes
some concluding remarks.

Zr
I= 5/2

II. EXPERIMENT

The apparatus has been described in detail before
[22,10] and no essential changes were necessary for this
experiment. Briefly, Zr+ ions were produced by Aowing
CC14 over Zr02 in an oscillating-electron-bombardment
source. The ions were extracted, accelerated to 50 kev,
mass analyzed, and collimated for collinear interaction
with the laser beam. There was a large component of

Fe C1+ mixed with the 'Zr+ ion of interest
(p = —1.3028@,&, I=—', } in the mass-analyzed beam,
despite the fact that the interior source components were
made of graphite and quartz. Based upon the intensity of
the mlq =93 peak (assigned to Fe Cl), we estimate
that & 90% of the 600-nA total beam current was actual-
ly the contaminant FeC1. This gave rise to a larger back-
ground than normal due to beam-rest gas collisions, but
did not impair the experiment in a serious way.

Table I lists the 11 optical transitions studied in this
experiment. While most of these transitions were chosen
for accessibility, the last two entries were of special in-
terest because the analogous levels in Ti+ showed very
large, and as yet unexplained, many-body e6'ects in the
hfs. Zr+ ions in the metastable 4d 5s and 4d
configurations were optically excited to the 4d 5p
configuration with 420-nm light from a ring dye laser.
The fluorescence decays to the ground configuration were
detected by an EMI Model 9635QB photomultiplier tube
through various combinations of wideband and interfer-
ence filters. As can be seen from the table, metastable
Zr+ ions with excitations up to 20000 cm ' were formed
and detected.

Figure 1 shows a representative optical spectrum of the
4d 5s Dsiz —4d 5p G~/2 transition. Unlike most of the
optical spectra, this particular transition exhibited a
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FIG. 1. A representative laser-induced Auorescence spec-
trum. The optical transition is from 4d 5s Ds/2~4d 5p Gs/2.
The upper portion of the figure shows the line assignments for
the peaks labeled in the lower portion of the figure.

TABLE I. Optical transitions studied in 'Zr+. The first through third columns describe the lower
level and the fourth through sixth columns the upper level of the optical transitions. The last column
lists the filters used to detect the fluorescence.

Lower level Upper level

Electron
configuration

4d25s
4d 5s
4d Ss
4d 5s
4d
4d
4d
4d'
4d
4d
4d

SLJ

D3/2
2
Ds/2

2
F5/2

2
F7/2

2
G7/2

2
G9/2

4
~1/2

4
&3/2

4
+5/2

2
~1/2

2
~3/2

Excitation
energy
(cm ')

4 248.30
4 505.50
5 752.92
6 467.61
7 837.74
8 152.80
9 553.10
9 742.80
9 968.75

19613.54
20080.30

Electron
configuration

4d Sp
4d Sp
4d Sp
4d 5p
4d Sp
4d 5p
4d Sp
4d 5p
4d Sp
4d Sp
4d 5p

SLJ
4
Gs/2

4G 5/2
4

4
G7/2

4
Fs/2

4F7
D3/2

4
DS/2

4
D7/2

2
D3/2

2
Ds/2

Excitation
energy
(cm ')

27 983.83
27 983.83
28 909.04
28 909.04
29 504.97
30 561.75
32 256.71
32 614.71
32 899.46
41 467.72
41 676.82

Filters used

7-51
7-51
7-51
7-51
7-51
7-51
7-51
7-51
7-51

7-51+2800 A
7-51+2800 A
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non-standard hfs pattern and thus is reproduced here.
Optical spectra were taken by scanning the dye laser un-
der computer control and simultaneously recording
fluorescence from the ion beam and transmission through
a temperature-stabilized Fabry-Perot etalon with a free
spectra range of 150.00+0.01 MHz. Typically, the opti-
cal spectra had linewidths of =60 MHz and were taken
at the lowest possible laser intensities ( ( 10 mW) to avoid
power broadening. Spectra from each of the transitions
listed in Table I were analyzed and used as starting points
in the search for rf resonances.

rf transitions were detected in the conventional
configuration, i.e., pump-rf-probe, by scanning the radio
frequency applied to the resonance region and observing

an increase in fluorescence in the probe region when the
repopulation from a neighboring hyperfine level occurs.
In the rf interaction region, the laser is also present, giv-
ing rise to possible ac Stark shifts [23]. In order to mini-
mize these, the postacceleration voltages were selected
such that the laser (power density (1 W/cm ) was more
than 2 GHz detuned from a relevant resonance in the rf
region. A typical rf resonance, shown in Fig. 2, exhibits
the Rabi two-level line shape and has a full width half
maximum (FWHM) of approximately 500 kHz, the
transit-time limit. %'e measured each rf resonance with
the rf propagating parallel and antiparallel to the ion
beam an average of 3—4 times per direction. The
geometric average of the parallel and antiparallel reso-

TABLE II: Hyperfine-structure intervals from laser-rf double-resonance measurements. The first
through third columns list the identifying information about the state. The fourth column lists the
lower F and upper F' of the interval. The fifth and sixth columns list the observed and the fitted inter-
vals using the A's and B's listed in Table III. The numbers in parentheses represent one standard devia-
tion in the observed intervals. The seventh column lists the residual.

State Interval (MHz)

Configuration

4d Ss

4d

2D

2
Ds/2

2
Fs/2

2
F7/2

2
G7/

2
G9/2

+1/2
4

4
~5/2

2~1/2
2
~3/2

Energy
(cm ')

4 248.30

4 505.50

5 752.92

6 467.61

7 837.74

8 152.80

9 553.10
9 742.80

9 968.65

19613.54
20080.30

3-4
2-3
1-2
4-3
2-3
1-2
0-1
5-4
4-3
3-2
6-5
5-4
4-3
3-2
2-1
6-5
5-4
4-3
7-6
6-5
5-4
4-3
2-3
3-4
2-3
1-2
4-5
3-4
2-3
1-2
0-1
3-2
3-4
2-3
1-2

Observed

803.169(13)
594.265(10)
392.350(3)

1685.402(3)
1266.628(6)
845.653(6)
423 ~ 196(4)

1381.831{1)
1088.557{2)
806.558(6)
547.026(2)
471.524(5)
387.471(4)
296.586(3)
200.571(3)
207.384(5)
149.177(3)
103.867(2)

1405.575(5)
1181.917(6)
968.811(3)
764.503(5)

1379.266(3)
468.481(3)
314.908(6)
192.587(2)
463.082(1)
393.669(1)
308.785(1)
212.300(5)
108.094(5)
686.228(12)
466.046(11)
314.125(2)
192.568(6)

Fitted

803.164
594.282
392.335

1685.401
1266.632
845.651
423.294

1381.830
1088.558
806.557
547.027
471.522
387.472
296.586
200.572
207.384
149.177
103.867

1405.574
1181.918
968.813
764.500

1379.266
468.480
314.908
192.584
463.082
393.669
308.787
212.303
108.085
686.228
466.044
314.131
192.563

Obs. —fit
(MHz)

0.005
—0.017

0.015
0.001

—0.004
0.002
0.002
0.001

—0.001
0.001

—0.001
0.002

—0.001
0.000

—0.001
0.000
0.000
0.000
0.001

—0.001
—0.002

0.003

0.001
—0.003

0.001
0.000
0.000

—0.002
—0.003

0.009

0.002
—0.006

0.005
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For the odd-parity levels, only laser-induced Auores-

cence data are available. In combination with the rf data,
the optical spectra were analyzed to give the A's and B's
reported in Table IV. The precision for the A and B
values determined this way is typically two orders of
magnitude poorer than for rf data. In addition, the B
values are essentially undetermined for several of the
states.
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IV. THEORETICAL ANALYSIS:
RELATIVISTIC CI

A. Introduction

FIG. 2. A representative laser-rf double-resonance spectrum
between the F=2 and 3 levels in the 4d' I'3/2 state. The solid
line is the fit to the theoretical Rabi two-level line shape.

nance frequencies represents the true (not Doppler-
shifted) interval. rf transitions were detected for all 11
metastable levels and are listed in Table II.

III. EXPERIMENTAL RESULTS AND ANALYSIS

The magnetic-dipole, A, and electric-quadrupole, B,
interaction constants are determined from the standard
hfs formula given by Schwartz [24]. For the lower (meta-
stable) levels, the intervals determined by rf resonance,
listed in Table II, are used in conjunction with the order-
ing determined by the laser-induced fluorescence spectra
to determine the A's and -B's. The results obtained by
least-squares fitting are shown in Table III. The A and B
values listed in Table III are used to calculate the inter-
vals listed in the sixth column of Table II. The final
column in Table II lists the difference between the ob-
served and calculated hfs intervals. As can be seen from
the table, the agreement between the observed and calcu-
lated intervals is excellent. Second-order corrections due
to mixing of states of the same I' but different J by the
hyperfine interaction are too small to be observed.

In this work, we report our first thorough relativistic
many-body study of the hfs of (d+s)" levels. Except
perhaps for "one-electron" ns levels, hfs routinely poses
significant challenges to the theorist, due to the impor-
tant contributions made from core-polarization effects
[25—29] from practically all core shells. Such efFects (a
member of the class of "single excitations") are difficult
to describe accurately due to their frequently weak cou-
pling [30] to the zeroth-order (Dirac-Fock) solutions;
many times the strongest coupling is with core —valence-
pair function(s).

Many of the (d+s )" levels are energetically low lying,
and can involve substantial interactions among the vari-
ous components d", d'" "s, and d'" 's . The hfs of the
d" and d'" 's levels can be especially influenced by the
interaction with d'" "s because (speaking nonrelativisti-
cally), the former have no zeroth-order contact hfs,
whereas the latter can have a large contact contribution.
Proper accounting for the energy differences of d" and
d'" "s or d'" 's and d'" "s can then be crucial. Do-
ing so seems to involve the inclusion of relativistic effects
from the start; these are not only associated with d~s
substitution, which can be of the order of 0.1 eV or so
[31],but also due to interactions between closely spaced
levels of di6'erent L and/or S (e.g. , the 22-cm ' separa-
tion for Ti n 3d P, &2 and 3d 4s P&zz) [12].

From the above comments it is clear that the charac-

TABLE III. Hyperfine-interaction constants A and B derived from laser-rf double-resonance inter-
vals listed in Table II. The first through third columns list the identifying information about the state.
The fourth and fifth columns list the fitted A and B constants, respectively.

State

Configuration

4d 5s

4d'

SLJ
2
D3/2

2
Ds/2

2
F5/2

2
F7/2

2
G7/2

2
G9/2

4
~1/2

4
~3/2

4
~5/2

2
~1/2

'~3/2

Energy (cm ')

4 248.30
4 505.50
5 752.92
6 467.61
7 837.74
8 152.80
9 553.10
9 742.80
9 968.65

19613.54
20 080.30

~.b, (MHZ)

199.2498(20)
—421.2272(9)
—272.6092(6)
—94.5892(4)
—29.4056(4)

—196.1072(4)
459.7553(15)
110.1774(8)
97.7726(3)

—228.7427(40)
109.7678(15)

Bob$ (MHz)

7.706(8)
8.195(11)

—31.307(7)
39.878(4)

—60.181(7)
—70.336(9)

34.713(3)
—42.969(4)

33.716(7)
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TABLE IV. Hyperfine-interaction constants A and B for upper states derived from optical spectra.
The first through third columns list the identifying information about the state. The fourth and fifth
columns list the fitted A and B constants, respectively.

State

Configuration

4d (a F)5p

SLJ
4
G5/2

4G7/2
2
Fs/2

2F
4D
4
Ds/2

4
D7/2

2D
2
Ds/2

Energy (cm ')

27 983.83
28 909.04
29 504.97
30 561.75
32 256.71
32 614.71
32 899.46
41 467.72
41 676.82

A.b, (MHz)

—341.0(15)
—177.6(5)
—223.2(12)
—71.7(5)
—23.9(5)
—67.6(6)
—84.5(3)
—59.5(9)

—156.9(52)

Bobs (MHz)

—46(12)
—56(7)
—2(11)
—8(5)

6(2)
3(6)

—10(4)
—16(8)
—17(16)

teristics of any ab initio theory applied to hfs of the tran-
sition metals should include the following: (i) it must be a
relativistic many-body theory, (ii) it should be capable of
handling the angular-momentum complexities associated
with open d subshell electrons (a lot of eigenvectors and
determinants are present), (iii) it should be multireference
and multiroot. That is, it should treat all (d+s)" levels
on an equal footing: for example, if pair correlation
4p4d —+uduf is done from a (4d3&2) reference function,
then it must be done from all other 4d, 4d 5s, and 4d 5s
reference functions.

During the past few years, we have been developing a
relativistic configuration-interaction (RCI) approach
which we have applied to open p-shell energies and tran-
sition probabilities [32,33], and some simpler (YII) [13]
transition-metal-atom hfs. The algorithms used permit-
ted only use of a single reference function and no more
than 350 configurational functions. Additionally,
angular-momentum functions involving more than 350
determinants could not be constructed. Even for the sim-
ple (4d +4d5s) YII case [13], these restrictions meant
that a lot of core —valence-pair correlation could not be
explored, and that some of the deepest core-polarization
effects had to be ignored. For the current (and more
complicated) species, these restrictions are so severe as to
make results obtained with existing algorithms nearly
meaningless. To illustrate, configurations generated from
4p ~uduf excitations can involve as many as 500
configura. tional functions and several thousand deter-
minants. The principle three changes made to the algo-
rithms follow. (i) We completed the implementation of
the relativistic REDUCE method [33,34], whereby the orig-
inal configurational functions are rotated to maximize the
number of zero interactions with all reference functions
(simultaneously). This method can decrease the number
of configurational functions needed by an order of magni-
tude. (ii) We implemented the Bartlett-Condon-Beck
(BCB) [35] method of constructing angular-momentum
eigenstates, to avoid any limitations on the number of
determinants possible. This is done by breaking up the
function into two or more parts, applying the step-up and
step-down operators J+ to each part (to maintain phase
consistency) and then reassembling. (iii) We introduced

then the Weber-Lacroix-Wanner [36] large-order mul-
tiroot diagonalization algorithm. In addition to the refer-
ences cited above, further details will be given in the fol-
lowing paper [37].

B. Calculations

Zeroth-order wave functions are obtained by perform-
ing Dirac-Fock (DF) calculations using the program of
Desclaux [38], using as a Hamiltonian a sum of one-
electron Dirac operators, and the two-electron Coulomb
(electrostatic) operator. Two-body relativistic effects are
included from the expectation value of the Breit operator,
using the zeroth-order wave functions.

Many-body effects, which are essential in this work, are
included using the method of configuration interaction.
It proves sufficient to restrict the many-body wave func-
tion to have a first-order form (with a few triple excita-
tions [37]), i.e., any included configuration representing
many-body effects must be related by single or double
subshell excitation to one of the zeroth-order
configurations: (4d+Ss) (see [33,34]). In order to have
an adequately efficient methodology, fully orthonormal
basis sets (both 1 and N electron) must be used
throughout. This condition has been met at the zeroth-
order level by generating the 1s. . .4p&/2, 4p3/2 4d3/2,
and 4d~/z radial functions from a DF calculation on a
single 4d level and supplying the 5s radial from a second
DF calculation on one 4d 5s level. In practice this means
the 4d 5s and to a greater extent the 4d5s zeroth-order
energies, constructed from the orthonormal basis, are
significantly higher than one would obtain from a DF cal-
culation on each level. This is corrected at the many-body
(CI) level, primarily through the use of symmetry
preserving single excitations from both the valence
(4d, 5s) subshells and those of the shallow core (mainly
the 4p subshell).

Many of the singly and doubly excited configurations
are partially constructed from radial functions not
present in the zeroth-order solution. We construct these
functions from relativistic screened hydrogenic solutions,
whose effective charge is determined during the CI pro-
cess (by minimization of the energy matrix) [33,34,37]. In
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this work, inclusion of s, p, d, f, and g orbital symmetries
prove su%cient for the accuracies desired.

The strategy of the calculations is determined by the
realization that accurate determination of the hfs of
(d+s)" levels requires that energy differences be accu-
rately described. This is done in a two-stage process
[33,34,37]; in the first, valence shell many-body effects are
obtained, and finally, the necessary excitations involving
the core are added. Finally, the "standard" [25 —29] core
polarizations, necessary for accurate hfs, are introduced.
For J=0.5, the matrix was of order =850 and for
J=1.5, of order =1000. We anticipate matrices for
J=2.5 and 3.5 will be somewhat larger than 1000; since
our algorithms [39] are currently restricted to 1000 eigen-
vectors, we have not done calculations for these values of
J.

C. Results and analysis

The theoretical results for fine-structure energies and
the magnetic-dipole and electric-quadrupole hyperfine
constants are given in Table V for J=1.5 and Table VI
for J=0.5. Even though we report here only hfs con-
stants for the measured levels (the rest will be reported
elsewhere [37]), accurate determination of all the fine-
structure levels of the (d+s) complex is essential in gen-
erating good hfs results.

For J=1.5 the average error [40] for the nine energy
differences is 705 cm or 0.087 eV. With this work, we
confirm Kiess's 1953 [41] declaration that the level pub-
lished [40] at 17614.00 cm ' is spurious, and that the
upper 4d D level belongs in the range 28000—29000
cm '. It is important to note that energy differences for
all the (d +s ) levels can be determined rather
accurately —contrary to the experience encountered by
calculations on some highest n(d+s)" levels, where er-
rors of up to 1 eV have been reported [17] for the location

of d" levels. One of our goals for future work will be to
apply our methodology to these species, to see if we en-
counter such difficulties.

Although we regard the J=1.5 energy differences as
well determined, a question remains concerning the iden-
tities of the lower 4d D and the 4d5s roots. In Table V
we have presented the notation of Moore [40], even
though our own analysis, Table VII, suggests the identi-
ties be reversed. Since these levels are only "split" by 869
cm ' and our average error is 705 cm ', we cannot insist
on the reversal. We do note that the hyperfine structure
of the two levels is quite different, so a measurement,
when possible, should be able to distinguish the two.

For the 1=0.5 levels, the average error [40] in the four
energy differences is 404 cm . Although this is consid-
erably better than for the J=1.5 results, the hfs con-
stants seem not to be determined as well (see below), so
perhaps a more accurate calculation of energy differences
may be needed.

For J= 1.5, the relativistic many-body magnetic-dipole
hfs results (CI) of Table V exhibit an average error of
9.2% when compared with experiment. That this result
is striking can be ascertained by comparing the experi-
ment and the "DF" values (see Table V); two of the
"DF" values have the wrong sign, and the third is two
times larger than experiment. We should note that these
"DF"values have been extracted from the CI results, and
will differ "somewhat" from true DF values mainly be-
cause of coefficient changes introduced in the DF
configurations by the various many-body configurations.

Results for the nuclear quadrupole moment can be ob-
tained from Table V by dividing the experimental results
by the CI value. We obtain Q =0.244 b (4d P), 0.260 b
(4d P), and 0.267 b (4d 5s D). The average value is
0.257 b with a spread of 4—5%. This should be com-
pared to the value obtained by Biittgenbach et al. [19]of
Q=0.21(2) b, which does not include core-polarization

TABLE V. Fine and hyperfine structure of Zris, J=1.5 (d+s)' states. The labeling of the levels
(first two columns) is that given by Moore [40] as corrected by Kiess [41]. The experimental energy is
also drawn from these two sources. All other quantities are from this work: the results marked CI are
obtained by the relativistic many-body calculation; those marked DF are Dirac-Fock results as ob-
tained from the CI calculations (see text).

Level
Energy
(cm ') w (MHz) [B (MHz)]/[Q(b)] B (MHz)

Configuration Sl. Experiment Theory (CI) Theory Expt. Theory Expt.

4d
4d

D 27 699.96
P 20 080.30

29 066
20 710 111.5 (CI) 109.768

—76.0 (DF)

—138.4 (CI)
—33.9 (DF)

33.716

4d 5s
4d
4d'

4d 5s
4d 5s
4d 5s

4d
4d 5s

D
D

4p

4p
2p

2D

4F
4F

14 298.64
13 428.50
9 742.80

7 736.02
6 111.70
4 248.30

2 572.21
0.00

14 996
14 387
10072

8 209
6788
5 084

2 950
0

134.1 (CI) 110.177
—56.4 (DF)

190.3 (CI) 199.250
375.1 (DF)

—133.3 (CI)
—156.2 (DF)

—28.8 (CI)
—83.8 (DF)

34.713

7.706
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TABLE VI. Fine and hyperfine structure of Zr II, J=0.5 (d+s) states. The labeling of the levels
(first two columns) is that given by Moore [40] as corrected by Kiess [41]. The experimental energy is
also drawn from these two sources. All other quantities are from this work: the results marked CI are
obtained by the relativistic many-body calculation; those marked DF are Dirac-Fock results as ob-
tained from the CI calculations (see text).

Level

Configuration SL Experiment

Energy
(cm ')

Theory (CI) Theory

W (MHz)

Expt.

4d'Ss
4d'

4d'

4d Ss
4d Ss

S
2p

4p

4p
2p

19477.89
13 889.16

3 828.72

1 788.29
0.00

20 293
14075

3 628

1 375
0

—143.7 (CI)
—7.9 (DF)
337.5 (CI)
98.2 (DF)

—228.743

459.755

effects.
For J=0.5, the average error in A is substantially

larger, being 31.8%. Although the CI results are not as
accurate as their J=1.5 counterparts, they offer a very
great improvement over the "DF" values which are 17
(4d P) and three (4d P) times too small.

In Table VII we give the percent composition of each
level in terms of (4d+5s) LS states. The LS composi-
tion is determined by overlapping the final eigenvectors
with I.S solutions according to the prescription given in
Ref. [42]. First, for all eigenvectors )91% of the weight
resides in the three (4d+Ss) configurations (the rest is
in the many-body configurations, whose relative weights
we have not analyzed individually). Secondly, all but
three of the levels have LS purities ) 81%%uo', the excep-
tions are 4d 5s P3/2 (59%%uo) which has a large s 5s P3/2

component, and 4d and 4d Ss P3/2 (=75%%uo pure LS)
which have a substantial admixture of 4d 5s P3/2 Table
VII also suggests that the configuration 4d Ss assigned to
the lower P by Moore [40] might be more appropriately
assigned as 4d . For J=1.5, the upper P is equally
weighted between 4d 5s and 4d according to Table VII
(Moore assigns it to 4d ), whereas for J=0.5 we would
label the upper P as, first, 4d Ss. A higher degree of cer-
tainty as to whether the configurational labeling of the
upper P should be so J dependent would presumably
occur with improvement of the J=0.5 hfs constants.

We next give a short list of the most important
configurations; a more detailed analysis will be given else-
where [37]. For energies, many-body configurations
formed from the single excitations 4p~p, f and 4d~d,
and the doubly excited configurations (from 4d ) formed

TABLE VII. LS analysis (in percent) of Zr ii states. The LS percentage are obtained by overlapping
the CI eigenvectors with (d+s)' LS eigenvectors obtained according to the prescription of Ref. [42].
The (square of the overlap) X 100% is reported in the table. We have not overlapped the CI eigenvec-
tors with the many-body LS eigenvectors of the basis, so that the sum of the percentages across each
row is less than 100%.

Basis set

Level

Configurations SLJ P 4p

4d

4F S 2p

4d Ss

4p 2D

4d Ss

D

4d
4d Ss
4d

4d Ss

4d
4d'

4d Ss

4d Ss

4d Ss
4d'

4d Ss

2
D3/2

2
~1/2

2
P3/2
P I /2

2
D3/2

2D
4
P3/2

4P 1/2
4
P3/2

4P 1/2
2
P3/2

2
P1/2

2
D3/2

4
+3/2

4
+3/2

0.0
0.039

37.29
38.87
0.065
0.034
0.421
0.210
0.165
4.236

53.81
52.07
2.893
0.116
0.042

0.006
0.003
0.089
0.053
0.088
0.012

93.86
95.19
0.001
0.003
1.170
0.645
0.103
0.013
0.002

87.72 0.005

0.460 0.0

8.185
0.028

0.001
0.003

0.061 0.0

0.530 0.0

19.37 3.167
1.481 92.95
0.243 0.57

70.80 0.214

0.0
0.171

38.50
0.197 53.71

0.827

93.71

0.025
0.595

0.001 0.463
28.73

0.058 2.155
20.70

0.036 36.62
3.047
0.082
0.036

0.007
0.073

15.48
0.045
0.111
0.527
0.302
0.025

58.59
88.68
15.06
6.232
0.871
0.034
2.535

0.204 0.0 5.030

0.003 0.192 0.0

16.60
0.080

0.016 65.99
0.006 0.001

3.574 2.858 0.057

1.860 0.193 1.340

46.66 1.433 16.82
1.052 0.200 0.437
1.965 89.63 0.192

21.32 0.042 0.487
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from 4d ~p +d +f are critical. For hfs, in addition
to these, the most important are configurations generated
by the excitations 4s, 5s —+s.

Finally, it is possible to make a few general observa-
tions concerning the size of many-body effects on hfs in
certain cases. For closed s-shell configurations, such as
4d and 4d 5s, hfs contact contributions are expected to
be small at the DF level. If there is an energetically close
4d Ss level of the same L, S that interacts (the I' and F
matrix element between 4d and 4d 5s is zero; hence the
weak mixing that can be seen in Table VII), then the 4d
or 4d5S may "pick up" a large contact hfs from this
source. We can also understand why the 4d 5S S level is
relatively unafFected by many-body effects. The open Ss
dominates the hfs (the S depresses orbital and spin-
dipolar contributions), and additionally the level is rela-
tively isolated. Considerations like these apply for all
transition-metal atoms, and in fact we use them to help
determine which levels to measure.

V. CONCLUSION

We have measured hyperfine-interaction constants for
11 levels arising from the metastable 4d and 4d 5s
configurations in 'Zr II using the laser-rf double-
resonance method. Less precise values for hyperfine-

interaction constants are also obtained for the upper
(odd-parity) levels from the 4d Sp configuration. The
hyperfine-interaction constants are calculated from first
principles using both a many-body (RCI) and
independent-particle (DF) formalism for the J=0.5 and
1.5 levels. Inclusion of the many-body effects improves
the agreement with both experimental energy gaps and
hyperfine-interaction constants in a dramatic fashion.
The calculations demonstrate the capability of the rela-
tivistic configuration-interaction approach to evaluate
hyperfine structure to the =10% level in these complex,
three-valence-electron transition-metal systems. Future
studies will focus on the extension to systems with four
valence electrons.
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