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Double photoionization of helium using many-body perturbation theory
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Cross sections for double photoionization of He are calculated using the lowest-order many-body
perturbation theory. There are three amplitudes contributing in the present calculation. They
represent the three mechanisms for double ionization, namely, two-step-1, shake off, and ground-
state correlation. It is explicitly shown that the cross section for each of these mechanisms depends
strongly on the adopted form of the dipole interaction as indicated by Dalgarno and Sadeghpour
[Phys. Rev. A 46, 3591 (1992)]. Our final results obtained by the sum of three amplitudes do not
depend on the choice of the dipole formula at photon energies above 1 kev. The ratios of the cross
sections for double ionization to single ionization are in excellent agreement with recent experimental
results at energies 2—12 keV.

PACS number(s): 32.80.pb, 31.20.—d

I. INTRODUCTION

The double excitation and ionization of atomic targets
with two electrons are the simplest and the most funda-
mental processes in which the dynamics of the electron-
electron correlation interaction may be studied. At high
energies, the interaction occurs so quickly that the impor-
tant processes are limited to relatively simple ones. The
dynamics of electron correlation in two electron atoms is
easier to understand in interactions with photons than
with charged particles. Recent experiments [1, 2] using
synchrotron radiation now provide data on the ratio of
double to single photoionization of helium, against which
current theoretical understanding [3—10] may be exam-
ined.

In 1991, Ishihara, Hino, and McGuire [3] published re-
sults of calculations using the many-body perturbation
theory (MBPT), which predicted a ratio of double to
single ionization of about 1.6%%uo at the photon energy of
2.8 keV shortly before the experimental result of 1.6 +
0.3% was obtained [1]. This result was in excellent agree-
ment with earlier predictions by Dalgarno and Ewart [11],
A.berg [7], and Byron and Joachain [8], who also obtained
this ratio in between 1.6% and 1.7%. However, such good
agreement among the theorists seemed fortuitous because
their theories appeared to be quite diferent. In particu-
lar, Ishihara, Hino, and McGuire found that one of the
largest amplitudes came &om the two-step-1 (TS1) term
corresponding to the contribution of one electron, after
an interaction with a photon, knocking the other electron
out of an atom in a second step of the collision. Dalgarno
and Ewart had ignored this term, and so had A.berg and
also Byron and 3oachain. On the other hand, Carter

and Kelly [5] had emphasized the importance of this TS1
term as had Samson [9], who used only the TS1 term
in his model of double photoionization. Moreover, Vegh
and Burgdorfer [10] showed that TS1 gave the largest
contribution in the case of double ionization by a fast
charged particle. Amusia [12] gave a mathematical argu-
ment indicating that TS1 was negligible for high-energy
photons, and he further suggested that the result might
depend on whether the length, velocity, or acceleration
form was used. So, while the theorists agreed that the
ratio at high energies was about 1.6%%uo, there was dis-
agreement as to the dominant process by which double
photoionization was caused.

Recently, Dalgarno and Sadeghpour [4] have suggested
a resolution to this dilemma, namely that TS1 is negli-
gible in the acceleration form and may be large in the
length form. Specifically, they gave two general mathe-
matical arguments at the limit of high photon energy u
that while the TS1 term is non-negligible in the length
form, it drops oK in the acceleration form as —relative
to the leading terms.

In this paper, we present the lowest-order MBPT cal-
culation of the double photoionization of He in the energy
range 0.2—12 keV. The transition amplitude consists of
three terms which correspond to the three mechanisms
called in the literature as the two-step-l, the shake oK
(SO), and the ground-state correlation (GSC). Cross sec-
tions for individual mechanisms are also calculated sep-
arately.

Cross-section formulas are given in Sec. II in the
length, velocity, and acceleration form of the dipole op-
erator. Numerical results are shown in Sec. III. Three
forms of the cross sections using the total transition am-
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plitude agree very well with each other at high energies.
Agreement with experiments is excellent at high energies
for the ratio of double- to single-ionization cross sections.
On the other hand, cross sections for individual mecha-
nisms differ in the three forms of the dipole operator.
Detailed discussions on this differences are given. Also
given in this section is the calculated energy distribution
of the ejected electrons in the double-ionization process.
Conclusions are given in Sec. IV.

II. FORMULATION

cq + e2 ——u+ Ep (2)

with Ep being the ground-state energy of a helium atom,
e~ and e2 being the energies of the two ejected electrons,
and the upper bound of the c2 integration being e
4) + Ep.

We shall consider three forms for the dipole interaction
which are known to give the same cross sections. Choos-
ing the direction of polarization of a photon to be the z
axis, the three forms of the dipole operator are

The cross sections for the double ionization of helium
following absorption of a photon is given by

4&2 1 &max
a~+ = — le;l d~g,

C (d p

where Mf, stands for the dipole-transition matrix el-
ement and c is the speed of light. Atomic units are
used unless otherwise stated. Here the radial part of
the continuum wave function is energy normalized, i.e.,

f g„g,*,dr = b(e'q —sq). In Eq. (1), the energies of the
two ejected electrons satisfy the energy-conservation re-
lation

where

with

EQ ——2s] g
—(1slslvl lsls) (10)

for the ground-state energy Ep of helium instead of the
sum of the 1s orbital energies 2cy, .

The diagram labeled as TS1 is the so-called two-step-
1 amplitude that corresponds to the collision process in
which one electron is ejected &om the ground state by an
incident photon and then interacts with the other elec-
tron on the way out of the collision region. The SO dia-
gram corresponds to the shake off where one electron is
ejected by the photon and the wave function of the re-

1s kp 1s k) 1s kp k~ 1$

Equation (7) is the Hartree-Fock equation for the ls state
Pq, for which we use the results of Ref. [14]. An electron
in an excited orbital P (n g ls) moves in the static
potential of the 18 electron.

There are three diagrams contributing to double pho-
toionization in the lowest-order MBPT as shown in
Fig. 1. In these diagrams, it is understood that the hole-
hole interactions are incorporated to all orders to give
the Hartree-Fock energy

d =z (length form),

dz

A 2z

(velocity form),

(acceleration form),

(4)
SO

k~ 1s

TS1

ki
where z and r are the z coordinate and the radial distance
of an electron with respect to the helium nucleus (whose
nuclear charge Z = 2 appears in the acceleration form).
The cross sections of Eq. (1) in these three forms are
calculated according to

Mf,. ———uD, D, or ——DV A

QJ

where D (a = L, V, or A) is the matrix element of the
dipole operator dz+d2 for the two electron target. These
three forms of Mf; are identical, provided that the atomic
wave functions are exact.

In MBPT [13], the transition amplitude T is ex-
panded in powers of the electron-electron correlation in-
teraction v. For the basis set (P ) of the expansion we
choose the usual V potential defined. by

6 P„(r) = e„P„(r),

GSC

FIG. 1. The lowest-order MBPT diagrams for double
photoionization of helium. SO, TS1, and GSC correspond
to shake off, two-step-1 and ground-state correlation as ex-
plained in the text. The electron-photon dipole interaction
d is represented by a dashed line, while the electron-electron
interaction v is shown by a dotted line. The angular momenta
of the final continuum state (kq, kq) for TSl and GSC are ei-
ther (s, p) or (p, d) and exchange diagrams are included. For
SO, only (s, p) contributes.
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maining electron later readjusts to the change in nuclear
screening. The combination of TS1 and SO is referred
to conventionally as the final-state correlation since both
correspond to the electron-electron interactions occurring
after the interaction with the photon [5]. The GSC dia-
gram corresponds to the ground-state correlation where
the effect of the interaction between the electrons in the
ground state is taken into account. Transition ampli-
tudes in the a form of the dipole operator (a = I, V, or
A) for these diagrams are expressed as

) (klk. Ivlk 1s) (kid I»)
e i ~

—eg + ld + x'g

10 e ~ ~

10' .—
+

&D

10—

~ ~ ~ ~ ~ ~
I

TS1

GSC
, -p

'I.

L—Form

Total

SO

(k21slvllsls)(kild lls)
~1S &A:1 + ~ (12)

10 '
10' 104

~ - (kild lk)(kk2lvl1s1s)
)Eo —~I —~I,

where it is understood that the summation with respect
to k is taken over all excited (including continuum) states
Pg (k g ls) and rI m 0+.

Cross-section formulas in the length, velocity, and ac-
celeration form are obtained by substituting

Mfz = —GENT ) T )
——TL V 1

(14)

respectively, into Eq. (1), where

T = T (TS1) + T (SO) +T (GSC)

is the transition amplitude in the lowest-order MBPT.
If our lowest-order approximation is good enough, these
three forms of cross sections must be close to each other.

The cross section for each diagram is also obtained
similarly using the amplitudes given in Eqs. (11)—(13).
However, they depend on the form of the dipole operator
because those amplitudes correspond to the dipole matrix
elements calculated using a part of the wave functions for
the initial and final states expanded in the perturbation
series.

Photon Energy (eV)

FIG. 2. Cross-section ratios of double to single ionization
calculated using the dipole operator in the length form. TS1,
SO, and GSC are the results for corresponding amplitudes
Eqs. (11), (12), and (13), respectively. "Total" is our final
results for the sum Eq. (15) of three amplitudes.

The ratios in the V form are shown in Fig. 3. At higher
~ the TS1 contribution falls off rapidly and both SO and
GSC interfere constructively to result in "Total." The
ratios in the A form are shown in Fig. 4. Here all three
amplitudes seem to interfere constructively, and TS1 falls
off at high u. The u dependence of this decline is rea-
sonably close to —given by the analysis of Dalgarno and
Sadeghpour [4].

Thus it has been demonstrated that the individual
MBPT cross sections indeed depend upon the form of
the dipole operator, as we have mentioned in Sec. II. At
the high-u limit, TS1 is dominant in the L form but neg-

III. RESULTS AND DISCUSSION
10 ~ ~ ~

I

V—Form

We have evaluated cross sections for double photoion-
ization of helium using the lowest-order MBPT in the
length (L), velocity (V), and acceleration (A) form of the
dipole operator. Figure 2 shows the cross section ratio of
double to single ionization in the L forzn. Curves TS1,
SO, and GSC are the ratios where the double-ionization
cross sections are calculated using the corresponding am-
plitudes Eqs. (11), (12), and (13), respectively. The curve
marked "Total" is the cross-section ratio obtained using
the coherent sum Eq. (15) of three amplitudes for double
ionization. In the L form, TS1 and GSC appear to be
the largest and the magnitudes are greater by roughly
one order than "Total" at high energies. Therefore, it is
apparent that the TS1 and. GSC amplitudes interfere de-
structively in the L form [3]. Though TS1 is large at high
photon energy cu, it does not seem to become constant
contrary to the suggestion by Dalgarno and Sadeghpour
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FIG. 3. Same as Fig. 2 in the velocity form.
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FIG. 4. Same as Fig. 2 in the acceleration form.

ligible in the V and A forms. SO's in all forms of the
dipole operator converge to 0.5% at the asymptotic high

Photon Energy (eV)

FIG. 5. Comparison of the cross-section ratios for double
to single photoionization. Curves L, V, and A are the length,
velocity, and acceleration calculations, respectively. Experi-
mental data are taken from Refs. [1, 2, 16—22]. Note that L
and V are the same as shown by Eq. (24), but A differs a
little, in agreement with Eq. (27).

In Table I [15], we tabulate the cross sections for the
single and "Total" double ionizations and the associated
ratios in each form. The single-ionization cross section

7
varies as u 2. Figure 5 compares the ratios of the cal-
culated cross sections for the double to single ionization
taken &om Table I and the existing experimental data
[1,2, 16—22]. As we have mentioned in Sec. II, agreement
of all three formulas is a necessary condition for the va-
lidity of the approximation. We show below that our
lowest-order results in the L and V form are identical at
all values of u. Small differences seen in Table I are due
to round-off errors. There are some differences between
the A form and V (or L) form that are negligible at high
energies. Differences are less than 1% at energies above
2 keV. Our results are in excellent agreement with the
recent observations in the keV region [1, 2, 22]. We note

that our ratio of double to single ionization is not quite
independent of u at the highest energy of our calculation.

It was recently pointed out by Samson, Greene, and
Bartlett [23] that Compton scattering might affect the
measured cross-section ratio of the double to single ion-
ization at photon energies higher than 6 keV. They
claim that the contribution of the Compton scattering
dominates at the higest energy for which experimental
data are available. The satisfactory agreement of the
measured value at this energy with the present results
and other theoretical predictions, in which no account
is taken for the contribution of the Compton scatter-
ing, may imply that the ratio of the double- to single-
ionization cross section due to the Compton scattering

TABLE I. Cross sections of the single photoionization o+ and the double photoionizations cr +

of helium, and the ratios of double to single photoionization vs the incident photon energy cu. L,
V, and A stand for the length, velocity, and acceleration form, respectively. The numbers in square
brackets represent powers of 10.

0.2
0.4
0.6
0.8
1.0
2.0
4.0
6.0
8.0
10.0
12.0

4.95[-20]
6.48[-21]
1.88 [-21]
7.64[-22]
3.77[-22]
3.oo[-23]
4.03[-24]
1.03[-24]
3.o2[-2s]
1.85 [-25]
9.96 [-26]

cu (keV) o+ (cm )
L

1.66 [-21]
1.7o[-22]
4.48[-23]
1.68[-23]
7.82 [-24]
7.23 [-2S]
6.98[-26]
1.74[-26]
6.s3[-27]
3.02[-27]
1.62 [-27]

-23
-23
-24
-25
-26
-26
-27
-27
-27

4.48[
1.68[
7.82 [
7.24[
7.02[
1.75[
6.s6[
3.04[
1.63[

rr+ (cm)
V

1.66[-21]
1.79[-22

A
1.90[-21]
1.92[-22]
4.69 [-23]
1.74 [-23]
8.06[-24]
7.31 [-2S]
7.04[-26
1.75[-26
6.53[-27
3.03[-27]
1.62 [-27]

L
3.35
2.77
2.39
2.19
2.08
1.81
1.73
1.68
1.66
1.64
1.63

Ratios (%)
V
3.35
2.77
2.39
2.20
2.08
1.82
1.74
1.69
1.67
1.65
1.64

A
3.85
2.97
2.50
2.28
2.14
1.83
1.75
1.69
1.66
1.64
1.63
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takes a similar value to the photoionization. In prin-
ciple, electrons ejected by the Compton scattering can
be distinguished by measuring the energy distribution or
observing the Compton scattered photons coincidentally.
More detailed measurement in which the component of
the Compton scattering is separated is desirable as well
as theoretical study of double-ionization mechanism in-
duced by the Compton scattering.

As we have seen that the double-ionization cross sec-
tions corresponding to each diagram depend generally
upon the form of the dipole operator even at high-energy
limit. I et us examine those differences explicitly in the
following.

Since V~ (r) is chosen to be a local potential, we
have

d = [d , h].

Using this relation in Eqs. (11)—(13), we obtain

) (kik2iv]kls)(k]d mls)

= (ki[vi„i,d [ls) —(kik2)v)kls)(ls)d (ls)

= (k, [d v~, i.[ls), (23)

= —(u (T (TS1) + T (SO) + T (GSC)) . (24)

Thus there is no difference between the L and V form in
our double-ionization cross sections.

For the A form, we first note the relation

where use has been made of [vi„i„d ] = 0 and
(ls~d [ls) = 0. Hence all the extra terms appearing in
Eqs. (17)—(19) sum to zero and we obtain

T (TSl) + T (SO) + T (GSC)

T (TS1) + (uT (TS1) = ) (kik2ivikls)(kid mls).
[d~, h] = d" + —v,...—= d",

G1'z
(25)

(17)

Similarly, we obtain the differences for other amplitudes,

T (SO) + (uT (SO) = —(k2lsivilsls)(kited mls) (18)

and

T (GSC) + (uT (GSC) = —) (kiidhik)(kk2ivilsls).

where vi, i, is the static potential appearing in Eq. (9).
Using this relation, we obtain expressions similar to
Eqs. (17)—(19) above except that d+ is replaced by d+
and d by d+. However, since d = &" does not com-
mute with vg, q„we obtain

T (TS1) + T (SO) + T (GSC)

= ——( T (TS1) + T (SO) +. T (GSC)
(19) —(k, ~[v„..., d ]I»)) (26)

). Ik)(kl =1 —I»)(»l
A: (pi~)

to obtain

—) (kited ~k)(kk2~v~lsls) = —(kited vg, i, (r)~ls)

(20)

+(k, ~d'~ ls) (lsk, ~v~ lsl. ),
(21)

These differences, in particular in TS1 and GSC, are not
small as we have seen in Figs. 2 and 3. In SO, the
difference vanishes at high-u limit because the right-hand
side of Eq. (18) vanishes in the limit ki -+ oo or k2 —+ oo.

Provided that our lowest-order perturbation is a good
approximation, the right-hand sides of Eqs. (17)—(19)
when summed should cancel with each other to give a
small difference in the "Total" cross section. In our
present case, exact cancellation occurs as we show be-
low. We begin by rewriting the right-hand side of Eq. (19)
using the closure relation

where

TA TA + ~TA

0

Q
eg 05
V

N

c5

00

00

(27)

where

&~, (r') &i.(r')
(22)

00e
I

0.5
E) / (E) + E~)

The second term of Eq. (21) cancels the right-hand side
of Eq. (18). The first term of Eq. (21) also cancels the
right-hand side of Eq. (17) because

FIG. 6. The normalized energy distributions of ejected
electrons for the double photoionization at photon energies of
100, 200, 500, 1000, and 5000 eV. Eq and E2 are the energies
of two ejected electrons.
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with DT obtained using &" vi, i, in place of d in the
defining equation of T . Thus we see that the difference
between our cross sections in the V and A form is due in
part to the noncommutativity of vp, i, and d, and due
in part to the difference between d and d

The normalized energy distribution of the ejected elec-
trons obtained from the sum Eq. (15) of three amplitudes
are shown in Fig. 6. It justices the common argument
that at high energies one of the ejected electrons carries
away most of the photon energy and the other electron
leaves the target relatively slowly. The energy distribu-
tion calculated for each of the three mechanisms, how-
ever, depends upon the dipole formula and the above
argument is not always valid for any one of these terms.

IV. CONCLUSIONS

We have carried out calculations of the double pho-
toionization of He at high energies using many-body per-
turbation theory in the lowest order. Double-ionization
cross sections in the length and velocity forms of the
dipole operator are identical because we have used a lo-
cal potential to de6ne the basis set of expansion. The
cross section in the acceleration formula agrees well with

other formulas at energies above 1 keV. Calculated ra-
tios of the cross sections for double ionization to single
ionization also agree very well with experiments at these
energies. Three diagrams contribute to the lowest-order
calculation of double ionization of He. They are called
in the literature as the two-step-l, the shake off, and the
ground-state-correlation mechanisms. However, the cross
section for each of these individual mechanisms depends
strongly on the form of the dipole operator as indicated
by Dalgarno and Sadeghpour [4]. Therefore, they have
no consistent meaning as mechanisms of the double ion-
ization by photoabsorption unless we define the form of
the dipole interaction.
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