
PHYSICAL REVIEW A VOLUME 47, NUMBER 1 JANUARY 1993

Spectral correlations in resonance Anorescence

Gerard Nienhuis
Huygens Laboratorium, Rijksuni Uersiteit Leiden, Postbus 9504, 2300 RA Leiden, The Netherlands

(Received 24 August 1992)

We study the photon correlations between the output of two spectral filters set within the fluorescence
triplet of a two-state atom. The time uncertainty arising from the spectral resolution of the filters im-
plies a possible interference between opposite orders of emission, contributing to the same detection or-
der. Furthermore, the fluorescent emission is a quantum-mechanical process, and successive emissions
in different components do not commute. The correlation functions are affected both by the memory
time of the filters and by the noncommutativity of successive emissions. When the two filter bandwidths
are larger than the widths of the components, this only modifies the short-time behavior of the correla-
tion functions between two photons from different spectral components. For narrow filters, the entire
correlation function is dominated by memory-time effects. Positive (bunching) correlations arise when
the two filters are set at the same frequency, and also when they are positioned symmetrically at opposite
sides of the driving frequency.

PACS number(s): 42.50.Dv 32.80.—t

I. INTRODUCTION

The measurement of spectral correlations between fre-
quencies co& and m2 of a light source requires the use of
narrow spectral filters set at these frequencies. This filter-
ing is only effective when the passband width k of the
filters is small compared with the spectral width of the
source. When light is passed through such filters, a delay
time of the order k ' arises between input and output.
Fluctuations in the output light therefore reAect the input
fluctuations in the recent past. In fact, the fluctuations
can be qualitatively modified by the filter. For instance,
phase noise can be converted into intensity noise [1]. In a
recent experiment it has been demonstrated that the
coherent phase-fluctuating light from a semiconductor
laser is converted into light with chaotic intensity Auctua-
tions by a narrow filter [2].

The time delay inherent in the spectral filtering can
also have significant effects when the filter width A, is
larger than the width of a component in the spectrum.
An example is the time correlation between two succes-
sive photon detections from the components of the reso-
nance fluorescence triplet of an atom. For the spectral
separation of the components of the triplet it is sufficient
to use filters with a bandwidth A, that is smaller than the
line splittings, but larger than the linewidths. This means
that for a certain instant of photon detection, the instant
of emission is indeterminate with an uncertainty A,

When two photons from different spectral components
are detected with a time delay that is smaller than A,

the order of emission may be different from the detection
order. Since the two corresponding emission operators
do not commute in general, this affects the correlation
function for two photons from different spectral com-
ponents for small time delays. It has recently been
demonstrated that in the case of a photon from the cen-
tral Rayleigh line and a photon from one of the side-
bands, the commutators produce destructive interference,

II. FLUORESCENCE TRIPLET

In this section, we summarize the properties of the
Auorescence triplet of a two-state atom in a form that al-
lows us to introduce the effect of spectral filters in a sim-
ple way. We consider an atom in a classical mono-
chromatic radiation field at frequency co. The field drives
the transition between the ground state ~g ) and an excit-
ed state

~
e ). Both states are supposed nondegenerate. In

the rotating frame the evolution of the atomic density
matrix is described by the equation

dO = —tI.o. .
dt (2.1)

The Liouville operator I. indicates the sum of the com-
mutator with an effective Hamiltonian, and an operator
I describing spontaneous decay, so that [5]

—il. o.= i [H, o ]lfi I—o—
with

(2.2)

H = fi(AS, +flS ) . — (2.3)

The Rabi frequency 0 measures the strength of the
atom-field coupling, and A=co —coo is the detuning of the

which leads to complete antibunching [3]. For two pho-
tons from opposite sidebands, the correlation function
also displays a dip at zero time delay, which exactly
counterbalances the photon bunching on the longer time
scale of the inverse linewidths [4].

In the present paper we give a general description of
spectral correlations within the fluorescence triplet.
When the filters are narrower than the linewidths, the
quantum effects of noncommuting emission operators
combine with the effective integration over past emission
times. We evaluate the correlation functions for all possi-
ble pairs of spectral components.
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light frequency from resonance. The operator r is
defined by [6]

I o =
—,
' A (S+S cr+os+S —2S crs ), (2 4)

with A the spontaneous decay rate. In (2.3) and (2.4) we
have used the Pauli matrices

s„=—,
'

( I e & & g I
+ Ig & & e

I ),

2c -CS CS
2

w$

s = ——'(
I
e & & g I

—Ig & & e
I ),2

s, =
—,'(le &&el —

Ig &&gl),

and the atomic raising and lowering operators

S—=S +iS

(2.5)

(2.6)

R

FIG. 1. Three components of the fluorescence spectrum, aris-
ing from spontaneous decay down a ladder of pairs of dressed
states. The multiplication factors in the transition amplitudes
are indicated. These factors correspond to Eq. (2.12).

I
1 ) =clg ) —sle ), I2 & =slg ) +cle & ,

with

(2.7)

0'+6
2Q'

' I/2 1/20' —6
2Q' (2.8)

where

n =(n'+~')'" (2.9)

is the precession frequency, corresponding to the frequen-
cy separation of the eigenstates. The energy eigenvalues
are

The evolution equation (2.1) is equivalent to the optical
Bloch equations [5].

The fluorescence radiation emitted by the atom is de-
scribed by the Heisenberg electric-field operator with
positive-frequency part E+(t), which is proportional to
the lowering operator S [7]. It is well known that the
fluorescence spectrum consists of three distinct lines at
high intensity of the driving field, or at a large detuning 6
[8]. These lines can be viewed as arising from spontane-
ous transitions between the dressed states, which are the
eigenstates of the combined Hamiltonian of the atom and
the field [9]. These states form a ladder of pairs, where
subsequent pairs are separated by one photon energy %co

of the radiation field. In the present semiclassical treat-
ment, we can find the energy separation of a pair by di-
agonalizing the Hamiltonian (2.3) [10]. These eigenstates
I 1) and I2) are related to the unperturbed atomic states
by the simple rotations

excitation process [9], and it is denoted as the three-
photon line (T). It is convenient to express the raising
and lowering operators in terms of the dressed states, and
we obtain

S—+ =SF+—+ST++SR

with

S;=c'Ii)(2I, S;=—s'I2&&ll,

S, =cs[l2&(21 —Il)(ll],

(2.1 1)

(2.12)

This expression results after substituting the expansions
(2.11) into (2.4), and neglecting the mixed terms with
a%a'. The resulting approximate evolution equations
for the density-matrix elements on the basis of the
dressed states (2.8) take the explicit form

and likewise for the Hermitian conjugates. Hence atomic
decay from le) to lg) contributes to all three com-
ponents. The branching ratios are determined by the rel-
ative amplitudes, which are given by the scalar factors in
(2.12). These amplitudes are indicated in Fig. l.

The linewidths are of the order of the spontaneous de-
cay rate A, so that they are well separated when A ((0'.
Then the evolution equation can be simplified, and the
coupling between the dressed-atom populations and
coherences may be neglected. The resulting approximate
evolution equation takes the form (2.1), with the spon-
taneous decay operator replaced by I d, defined as [11]

I do =
—,'3 g [S+S a'+os+S —2S os+ ] .

a=F, T, R

(2.13)

E) =
—,'AQ', E2 = —

—,'AQ' . (2.10)

Spontaneous transitions from state ll) to state ll) or
from state I2) to state I2) give rise to emission at fre-
quency co, and two sidebands at co+0' arise from the
transitions

I 1 )~ I2) and I2) —+
I
1 ). This is illustrated in

Fig. 1. Hence the sideband photons are emitted in se-
quences T,I', T,F, . . . , while the state changes accord-
ingly. The central line at frequency co is the Rayleigh line
(R). For b, )0, the low-frequency sideband at co —n' is
nearest to the atomic resonance frequency coo, and it is
called the fiuorescence line (E). The opposite sideband
can be understood to arise from at least a three-photon

d = d
dt ll d 22 3 [C &22 s lla]

4

d
crgl= —(y —in')cry , ldt

d o,~= —(y+l n')o, ~,dt

with

y= (I+2c s ) .
2

We summarize the evolution (2.14) by writing

(2.14)

(2.15)
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G

dt
cT = lLgo (2.16)

PaPer that

3 «O', A «0,'. (3.2)
which defines the dressed-atom Liouville operator I.&.
The normalized steady-state solution o of (2.14) has ma-
trix elements

C
4

4 ~ ~22
C +S

s 4

4 4 ~][2 ~2&
c +s (2.17)

I =A(S+(t)S (t)) .

In the steady state this is equal to

(2.18)

It is typical for the situation of well-separated lines that
the dressed-state populations only depend on the ratio
b /Q. The strengths of the three separate lines (expressed
in the number of photons per unit time) can be found
from the expressions

In this limit and for a setting frequency co, within the
width of the component a (a=F, T,R), only this com-
ponent contributes. Then the lowering operator S may
be replaced by S, and we obtain the relation

S (t)= f drAe ' S (t —r) .
0

(3.3)

The integral illustrates that a photon detection at time t
implies an indeterminacy of the instant of emission. The
filtered intensity is then obtained by replacing in (2.18)
the raising and lowering operators by their filtered coun-
terparts, so that

I(co„a)=A f dr f dr'A. e '+''e
0 0

I = 3 Tro.S+S

which gives the result

(2.19) X(,S+(t —r')S (t —r)) .

(3.4)

4 4

IF —IT —3, I~+ Ac S
C +S

(2.20)

The equal strength of the sidebands is an obvious conse-
quence of the fact that sideband photons alternate. The
sidebands are Lorentzians located at co+0', with half
width at half maximum (HWHM) equal to y. The cen-
tral Rayleigh line at the frequency co is the superposition
of a coherence line with zero width and strength [9,10]

The right-hand side of (3.4) contains a twofold correla-
tion function, which in the steady state depends only on
the time difference ~—~'. According to the quantum re-
gression theorem [13], the decay of the correlation func-
tion is governed by the same evolution operator that de-
scribes the evolution of the density matrix. An explicit
expression for the steady-state correlation function is
found to be

(S+ (t —r')S (t —r) )

Izc I~
C S4 4

c4+s4 (2.21) =e'"' ''TrS+e " (S o )
—iL (~—~')

a a (3.5)

and an incoherent Lorentzian line with width

yo=A(c +s }

and strength

(2.22)

for ~&~', and

(S+ (r r)S. (t ——r) )-
(3.6)

4 44c s
Rl R

( 4+ 4)Q

III. FILTERED INTENSITIES

(2.23)
for ~') ~. The oscillatory exponential accounts for the
transformation back to the nonrotating frame. It is use-
ful to notice that the correlation function obeys the sym-
metry relation

(S+(t —r')S (t —r)) =(S+(t —r}S (t —r'))',
Before turning to the intensity correlation functions,

we describe in this section the intensity of the output of a
single filter. The filter width A, can be smaller or larger
than the linewidths of the components, which are of the
order of A. When the photons emitted in one of the
components of the triplet are detected with a narrow
spectral filter with setting frequency cu&, the fluorescence
field operator E+(t) must be replaced by the filtered field
[12]

E +(t) = f dr Ae ' E+(t r) . —(3.1)

Since the emitted field E+ is proportional to the Heisen-
berg lowering operator S, a similar relation holds be-
tween S and S . We consider the limit of well-
separated spectral lines, so that both the linewidths and
the passband width of the filter are small compared with
the line separation O'. Hence we assume throughout this

(3.7)

XTrS e (S o) . (3.8)

If we introduce the detunings of the setting frequency co&

from the line centers,

6~~
—co i co~, (3.9)

which shows that its real part is an even function of the
time difference ~—~', whereas the imaginary part is odd.
This implies that the contributions to (3.4) from the re-
gion where ~&~' and from the region where ~(~' are
each other's complex conjugate. Hence it is sufhcient to
evaluate only the first contribution and take twice the
real part of the result. Next we use as new integration
variables ~ and s =~—~'. This yields the expression

1(co&,a)=A. A Re f ds e 'e
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for a=I', T, R, with

COF =N Q, COT —CO+ 0, COR
—

CO

we arrive at the results

(3.10)

I(co»F) =I+Re +P+l 1F

I(co» T) =ITRe k+y+i b, 1T
(3.1 1)

IV. INTENSITY CORRELATIONS

I(co»R) =I&;Re +I&,Re+/0+i 1R +l 1R

When the filter bandwidth A, is much larger than the
linewidths y and yo, we may neglect y and yo in the
denominators in (3.11), and the intensity as a function of
the filter setting frequency co, of each component has a
Lorentzian shape with width A, . For zero detunings 6,
the intensities are equal to the line strengths I, given in
(2.20). For values of A, that are smaller than the
linewidths, the filtered intensities (3.11) follow the line
profiles of the components. In particular, the coherent
and the incoherent part of the Rayleigh line become sepa-
rately visible.

with the same linewidth A.. The filtered fields are denoted
by E 1+ and E 2+. The standard expression for the intensi-
ty correlation function between the filtered fields is pro-
portional to (E (0)E (t)E (t)E +(0) ), indicating a
successive detection of a photon at time 0 and time t.
When m1 falls within the linewidth of the component a,
and co2 within the width of /3, we can replace E,+ by S
and E 2+ by S &, where the filtered operators S and S &
are expressed by relations as (3.2). Since the operators
S and S& are noncommuting quantum-mechanical
operators, their order is essential. As has been demon-
strated by various authors [14,15], in the resulting expres-
sion for the intensity correlation function the time-
dependent operators have to be arranged in a pyramidical
order, so that the earlier lowering operators S or S&
are moved to the right, and the earlier raising operators
S+ or S& are moved to the left. This simply represents
the time ordering of Heisenberg operators, where opera-
tors at earlier time have to operate first.

The correlation function is basically the average of the
square of the amplitude for two successive detections.
Such an amplitude is the sum of two terms, since the first
detected photon could have been emitted before or after
the emission of the second detected photon. Correspond-
ingly, the correlation function can be expressed in the
form

We consider the case that the Auorescence is observed
through two filters with setting frequencies co, and ~2,

I

I2(~„a;co2,f3;t)= 3 (F (aP, t)F(aP, t)),
in terms of the two-photon detection operator

(4.1)

1 V2

X [8(t —r2+r))sp (r r2)s ( —r))+8( —t—+ )r—r))s ( —r))sp (t —r2)] . (4.2)

Here 6 is the Heaviside step function. When the time delay t between the two detections is significantly larger than
, the second term in (4.2) becomes negligible, and the order of detection must correspond to the order of emission.

Substituting (4.2) into (4.1) gives for the two-time correlation function for detection of a photon passing filter 1 at time
0, and detection of a photon passing filter 2 at time t ~ 0,

I2(cu»a;co2, P; r)
I I I I

4
—A,(~)+&2+ rl +~2) —ice)(~) —~) ) —iv)( v'2 —~2)

d7 1d72d71d72A. e e e
0

x [e(r —r, +r, )e(r r,'+ r', )(S.+ ( r', )(S—p (r —r,')S; (r——r, )S.—(
—7 ) )

+8(r —r +7 )6( r +7 —r )(Sp (r —r )S ( —r )Sp (t —1 )S )( —r ) )

+6( r +7 7 )e(r r,'+7 )(S (—r )Sp (t 7 )S ( 'r )Sp (t 7 ))

+6( r + r —7 )6( 1+7 —7 )(Sp (r r )S ( —v )S ( —r )Sp (r —7 ))] (4.3)

The first term corresponds to the case that the order of
emission corresponds to the order of detection, whereas
the last term expresses the situation that the last detected
photon was emitted first. The other two terms represent
quantum-mechanical interference between these two
cases. This interference arises from the uncertainty of
the order of A.

' in the instants of emission for known
detection instants. It is customary to present results for
the normalized correlation function

g (~)2i ~aiP 2ri)i

=I2(co„a;co2,p; r) /[I(co„a)I(co2,13)], (4 4)

which approaches unity in the limit of large delay time t.
Each of the four terms contains a correlation function

of the type (S+(t', )S+(tz)s (t, )S (t, )), with tz t',
and t2 ~ t, . These terms can in principle be evaluated by
repeated use of the quantum regression theorem. The ex-
plicit expression for a four-time correlation function still
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depends on the time order of the four arguments. One
notices that there are six possible orders, namely,
t2 —t ] —t2 —t] t2 —t2 —t t —t] tP —t2 —t] —t ]
these orders with t, and t,-' interchanged. Accordingly,

I

the integration region separates into six subregions, each
corresponding to one of the possible time orders. For in-
stance, when t2 t', ~ t2 ~t„the steady-state four-time
correlation function is

I I I I 1

(S+(t& )Stt (t'2)Sp (t2)S (t&) ) =e ' ' ' ' TrIe " ' ' [(e ' ' ISp e ' ' [S cr] j)S+ ]Sp+ ]

(4.5)

In total, the integrand in (4.3) contains 24 such terms. In
each term, the four instants of time embrace three time
intervals, and the integrals can be performed by integrat-
ing the lengths of these intervals from 0 to ~, while still
accounting for the step functions in (4.3). An explicit
evaluation of the intensity correlation is complicated in
general, but simple results arise in special cases.

V. LARGE FILTER WIDTHS

The general expressions (4.3) and (3.11) are valid in the
limit of well-separated lines, as indicated by the inequali-
ties (3.2). Explicit results still depend on the ratio of the
filter passband width A, and the linewidths, which are of
the order A. In this section, we discuss the intensity
correlation functions in the case of a su%ciently large
filter width, which samples an entire component. Hence
we assume that A, ))A. This is the common case treated
so far. For later comparison we briefly recall and gen-
eralize the results in this section. We distinguish the
short-time and the long-time behavior of the correlation
functions.

A. Long-time behavior

First we consider the case of long correlation times,
where

(5.1)

Then the difference t between the two detection times is
large compared with the time delay between emission and
detection, so that this time delay becomes irrelevant. In
particular, the order of emission and detection is the
same, so that only the first term in (4.3) contributes. Re-
sults for this situation have been obtained by several au-
thors [16,11,17,18]. The intensity correlation function I2
is then correctly described by the simple picture of two
instantaneous emissions, separated by free evolution.
The emission corresponds to a transition between two
dressed states, as indicated in Fig. 1. The free evolution
in between the two emissions describes the transition be-
tween the final state of the first emission to the initial
state of the second emission. The normalized correlation
g2 is then independent of the setting frequencies co, and
co2, when these are within a frequency distance of the or-
der of A, from line center. The time dependence is deter-
mined by the slow evolution described by the spontane-
ous emission operator I d in between two spontaneous
emissions. The result can be expressed as [18]

—Idt
g2(co~, a;co2,P;t)= A TrS~ [e "(S cr S+ )]S&+ /I Ip .

(5.2)

For two photons from a single sideband the correlation is
given by [16]

g2(co„F;co2,F;t)=g2(co„T;co2,T;t)=1—e (5.3)

—yot
4

g2(co&, T;co2,F;, t) =1+
4 e

S

(5.4)

For b, ~ 0', the dressed state ~1) is mainly the ground
state g ), with an admixture of the excited state

~
e ) .

Then we have c )s, so that the steady-state population
of state

~
1 ) is larger than that of state

~
2 ), and the

bunching is strongest for an F photon following a T pho-
ton. This time asymmetry has been observed experimen-
tally [19]. The time dependence of (5.3) and (5.4) is deter-
mined by the decay rate of the dressed-state populations
to their steady-state value. Finally, photons from the
central Rayleigh line are uncorrelated to other emissions
[18],and one derives from (5.1)

g2(co)&R;coq&P& t) =g2(co„a;co2&R;t)= I . (5.5)

This is understandable from the dressed-state picture,
since emission of an R photon does not affect the atomic
state, and the emission probability of an R photon is in-
dependent of the density matrix.

B. Short-time behavior

The correlation functions for a detection time
difference t obeying the inequality

(5.6)

have received attention only recently [4]. In this case the
typical time delay A,

' between emission and detection is
small compared with 3 ', and we may conclude that all
time arguments occurring in the integrand in (4.3) are
close together compared with the dressed-state evolution
time A . On this time scale, we can ignore the damp-

For a time difference t =0, g2 vanishes in this case. This
antibunching behavior results from the alternating char-
acter of sideband photons, which implies the fact that
after the first emission in a sideband, an emission in the
other sideband must occur before the second emission is
possible. For a similar reason, the correlation between
two photons from opposite sidebands displays bunching,
since the first emission puts the atom in the dressed state
where the second emission starts. The correlation func-
tions in this case take the form [16]

g ~0
4

g2(co&, F;co2, T;t)=1+
4 e

c
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ing terms of order A in the dressed-state evolution, and
only the Rabi precession remains. The intensity correla-
tion function is given by (4.1), where now the two-photon
detection operator takes the explicit form

r

i2
F(aP, t) =

k+) h2P A, +ih1
—(A, +i b~p)t

e
2A, +i (b, , +hztt)

—(A+i 62p)t

2k+i, (A, +b,zp)
. (5.7)

0.5

For two photons from the same line (a=p), the time
dependence in (5.7) disappears, and the intensity correla-
tion function does not vary on the short-time scale of the
order A,

The short-time correlations between a photon detec-
tion from a sideband and a photon from the central Ray-
leigh line are easily evaluated if we use the identities

S~ S~ — S~ S~ (5.8)

for a=F or T. The relations (5.8), which follow from
(2.12), show that the amplitude for successive emission of
an R photon and a photon from one of the sidebands is
just the opposite of the amplitude for the twofold emis-
sion in the opposite order [3]. If we substitute (5.8) and
(5.7) into (4.1), we obtain an explicit result for the short-
time behavior of the normalized correlation function be-
tween the Rayleigh line and a sideband in the form

2(k+ib. , )

2
—(A. +i 62p)tXe (5.9)

for the cases (a,P)=(R,F), (R, T), (F,R), or (T,R). This
expression generalizes an earlier result that was obtained
in the special case that b, , =hz&=0 [4]. The correlation
function (5.9) vanishes for t =0 when the two detunings
of the setting frequencies from line center are equal, so
that 6,~=62&. This complete antibunching arises from
fully destructive interference between the opposite orders
of emission that contribute to the detection of the two
photons at the same time instant. For unequal detuning,

I

0
0

FIG. 2. Short-time behavior of the two-photon correlation
function between a photon from the Rayleigh line and a side-
band photon, in the case that the filter width A, is larger than the
linewidths. The two filter detunings from line center are taken
to be each other's opposite, so that 6& = —h»=5. Solid line:
5=0; dotted line: 5=A, /4; dashed line: 5=X/2. When the driv-
ing frequency is on resonance, the same function determines
also the correlation between opposite sidebands, again for oppo-
site filter detunings. This is expressed in Eq. (5.14).

the antibunching is incomplete. When the two detunings
are each other's opposite, so that 61 = —62&=5, then
(5.9) is equal to

gz(co&, a;coz, P;t)=f (6, t),
where the function f is defined by

(5.10)

f (Q t) —
1 e (A, l )fs (5.1 1)

The behavior of f for various values of 5 is illustrated in
Fig. 2.

Finally we turn to the case of two photons from oppo-
site sidebands, so that (a,p)=(F, T) or (T,F). After sub-
stitution of (5.7) and its complex conjugate into (4.1), the
cross terms disappear. This results from the fact that
S~ Sr =Sz. S~ =0, according to (2.12). The one-time
averages can be directly expressed in the steady-state
populations o.» and o.22. We obtain for the normalized
correlation function

s4
gz(co„.F;a)z, T;t)= 1+

c

c'
gz(co„T;coz,F;t)= 1+

s

A. +Sb,F1— e
2K+i (b, ,~+6,,zz )

A, +i A, T1— e
2K+i (b, r+, bz~)

—(A, +ib2&)t k'+621F —2A,

s 4A, +(A,~+bzr)
—(A. +i 62@)t 4 k2+621T —2A,

c 4A, +(h, r+hz~)

(5.12)

(5.13)

Again these expressions generalize the results of Ref. [4].
For a nonzero value of the detuning 4 of the driving field,
the short-time behavior described by (5.12) and (5.13)
provides a smooth connection between the different
values of the correlation for opposite orders of detection
inherent in the expressions (5.4). In the case that both

detunings 61 and A2& are zero, we plot both the short-
time behavior of the correlation functions
gz(cu&, F;coz, T;t) and gz(co&, T;co&,F; t) for a few values of
b, /0 in Fig. 3. Note that for t =0, the functions gz(FT)
and gz( TF) coincide.

In the case that 5=0, the factors s =c =
—,
' are equal.
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FIG. 3. Short-time behavior of the correlation functions be-
tween opposite sidebands, for large filter widths, and for filter
setting frequencies on line centers. Solid line: detuning 6=0;
dotted line: A=A/2; dashed line: A=A. Note the diA'erence
in scale.

=I+f(6, t) . (5.14)

For equal detunings, so that 5& =62p we find that
g2(co„F;co&,T;0)=gz(co„T;~2,F;0)=1, and the dip ex-
actly counterbalances the bunching behavior on the
long-time scale, as described by (5.4) [4].

One should notice that the validity conditions (5.1) and
(5.6) for the long-time and the short-time behavior over-
lap, so that together they cover all possible values of the
detection time difference t.

VI. NARR(0%' FILTERS

Now we consider the opposite case that the filter
widths A, are small compared with the linewidths, so that
k «A. Then the filtering process implies a time integra-
tion over the past that is long compared with the correla-
tion times of the Heisenberg emission operators. The
quantum nature of successive noncommuting emissions is
then important over the entire decay time of the intensity
correlations. Therefore all 24 terms of the type (4.5) con-
tribute to the correlation function (4.3). We have evalu-
ated the correlation functions for all pairs of lines up to
the lowest order in k/A. The calculations are straight-
forward, but a bit tedious. Fortunately, the results are re-
markably simple.

A. Correlation within sidebands

When both filters are set within the same sideband, the
normalized correlation function g2 is found to be

g~(co„a;co~,a;t)=1+ e
4~' —2~~

4X +(6, —b2 )
(6.1)

Then the physical difference between the F line and the T
line vanishes, and the two correlation functions (5.12) and
(5.13) become identical. Furthermore, one checks that in
this case the result (5.12) or (5.13) is identical to the result
(5.9) plus 1. When, moreover, the two detunings are each
other's oppo»te, so that AiF ~2T ~ or
~&T= —62F =6, we obtain

gq(cg), F;co~, T; t) =gq(co), T;co2,F & t)

for a=F or T. When the two setting frequencies coin-
cide, so that 6& =52, the correlation function attains
the maximum value 2 for zero time difference t. The
same results hold obviously when both detected photons
emerge from a single filter. This demonstrates that the
intensity correlation function of the output of a narrow
filter set at a fluorescence sideband displays the bunching
behavior that is characteristic for thermal light. When
two filters are used with different frequency settings, the
bunching behavior is diminished. This frequency depen-
dence of (6.1) indicates that spectral correlations within a
sideband are detected only insofar as the two filters over-
lap. It is interesting to notice that this expression (6.1) of
the intensity correlation between the output of two filters
coincides exactly with the situation of two narrow filters
set within the bandwidth of a coherent light source de-
scribed as a classical field with purely phase-fluctuating
light [20]. In that case the input field has vanishing in-
tensity fIIuctuations, so that the correlation function g2 is
unity. However, in the present case the input field of the
filters is a Auorescence sideband, which displays anti-
bunching, as indicated by the result (5.3). Apparently,
this quantum characteristic of the input field is lost in the
time integration inherent in the filtering process. Still, in
the calculation of (6.1) the noncommutativity of the
Heisenberg emission operators was accounted for.

B. Correlations between opposite sidebands

1+5 (o„—a~2) /y
(6.3)

4~ 11~22

Substituting (2.17) then gives the result

G= y2( 4+ 4)2+ g2( 4 4)2

2&C2 4 4

When the excitation is on resonance, so that 6=0, G is
equal to unity. When, moreover, the filter detunings are
exactly each other's opposite, the value of g2 at t =0 is
equal to 2. When A~A, the population of the dressed
state

~

1 ) is larger than the population of ~2 ) and c ) s .
Then G can be much larger than unity, and the bunching
can become correspondingly larger than 2. In Fig. 4 we
plot the quantity 6 as a function of 5/A, for various
values of 6/A. Notice that the time asymmetry ex-
pressed in (5.4) in the order of detection of an F photon
and a T photon has disappeared in the present case of a
narrow filter.

Now we consider the case that the two filters are set
within opposite sidebands. According to (5.4), this means
that the correlations between the two input fields are of
the bunching type. Then the evaluation of (4.3) leads to
the result

4A,
g2(co„a;co2,P;t)= 1+6

~ 2
e ', (6 2)

4A, +(b, , +h~p)
for a=F, p= T, or a= T, p=F. Since the correlation is
important only when the two detunings are each other' s
opposite, it is sufticient to specify the factor G in the case
that 6& =——62&——-5, and we obtain the expression in
terms of the steady-state populations of the dressed
states,
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I I ~ the setting frequencies are separated from the driving fre-
quency co by less than the filter width A, , so that the corre-
sponding filter output is dominated by the coherent Ray-
leigh line, the two photon detections are fully uncorrelat-
ed, and the correlation function g2 is equal to unity for
all time separations t. The only remaining case occurs
when both setting frequencies co; are separated from the
line center co by more than the filter width A, . If we evalu-
ate (4.3) to lowest order in A, /y, we obtain for the correla-
tion function the result

10— g p ( ail ),R (
', F 2) R ( ) t )

4A,

4A, +(b, ,
—62')

0 i ~ i I I » I » ~ I i i i I

0 0.2 0.4 0.6 0.8

FIG. 4. Bunching factor 6, characterizing the equal-time
correlation between opposite sidebands for narrow filters, as a
function of the detuning 6 of the driving light from resonance.
The two detunings of the filter setting frequencies from line
center are taken to be each other's opposite, so that
6& = —6»=5. Solid line: 6=0; dotted line: 5= A/2; dashed
line 6= A.

4A, +(6, +b~p)

Hence the incoherent Rayleigh line displays spectral
correlations of the bunching type when both setting fre-
quencies coincide, and also when the two detunings from
line center co are each other's opposite. The maximal
value of the correlation function is 2 in either case.

VII. CONCLUSIONS

C. Correlation between sidebands
and the Rayleigh line

In calculating correlation functions involving a Ray-
leigh photon, we have to distinguish the narrow coherent
Rayleigh line and the broader incoherent line with width

yo. When the filter setting frequency co; is detuned from
the driving frequency co by an amount that is of the order
of the filter width A. or less, then the output is dominated
by the coherent line, and the contribution from the in-
coherent component can be ignored. If this detuning is
larger than A, , the contribution from the coherent line can
be neglected. In either case we find up to zeroth order in
1,/y that detection of a Rayleigh photon is uncorrelated
to the detection of a photon in the sideband. Hence we
find

g2(co), a;mq, R;t) =g2(m), R;m2, P;t) =1, (6.5)

for a =F or T, P=F or T. This result may be compared
with the corresponding expression (5.9), which is valid
for short correlation times and A, ~ y. The antibunching
behavior due to destructive interference has disappeared
in the present case of a narrow filter width A, .

D. Correlations within the Rayleigh line

Finally we turn to the case that both filters are set
within the central Rayleigh line. When one or both of

We have given a description of the photon correlations
between the output of two spectral filters with passband
widths A, set within the resonance Auorescence triplet. As
a result of the time delay inherent in the filtering process,
the time order in which the two photons are detected
may differ from the order in which they have been emit-
ted, provided that the difference t in detection time is
smaller than X '. Moreover, interference between oppo-
site emission orders can occur. When the filter width I, is
larger than the widths of the components in the spec-
trum, we have evaluated the short-time behavior of the
correlation function, thereby generalizing previous re-
sults. Additional results are obtained when the filter
width A, is small compared with the widths of the com-
ponents in the triplet. This situation may be viewed as a
measurement of spectral correlations of resonance
Auorescence. Correlations are obtained both when the
two setting frequencies are sufticiently close, so that the
two filter widths overlap, and also when the setting fre-
quencies are symmetrically positioned at opposite sides of
the central frequency. All correlations are of the bunch-
ing type. The correlations can be particularly strong
when the filters are set within opposite sidebands, provid-
ed that the detuning of the driving frequency is larger
than the Rabi frequency. Spectral correlations of a light
source provide information that may be viewed as com-
plementary to the information contained in the intensity
correlation without spectral resolution.
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