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Line shape, frequency shift, Rabi splitting, and two-photon resonances in four-level
double-resonance spectroscopy with closely spaced intermediate levels
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The interaction of a four-level atomic system with two electromagnetic radiations has been studied.
The two intermediate levels are closely spaced such that a single radiation frequency can induce transi-
tions from the ground state to both of them. In a cascade-type double resonance, the pump electric-field
amplitude is much stronger than the amplitude of the signal field, which can induce transitions from
both of the intermediate levels to the upper state. The 15 optical Bloch equations obtained from the
Liouville equations are solved analytically to obtain the Doppler-free signal line shape. The computed
signals, exhibiting two Lorentzian line profiles, are presented for different pump frequencies. In addition
to these one-photon transitions, we obtain a weak two-photon resonance peak. The two-photon reso-
nance becomes weaker when the detuning of the pump frequency from a resonance frequency is in-

creased. When the pump frequency O~ is intermediate between the pump resonance frequencies ~& and

co2, the two-photon resonance is very weak and almost vanishes when Q~ =(cu&+co2)/2. When the pump
frequency is on resonance with one of the transition frequencies, the Rabi splitting of the signal shows
asymmetry because of the presence of a close-lying transition which is pumped off resonance. The
intensity-dependent shifts of the transitions are such that they repel each other more and more as the in-

tensity of the pump field is increased. These shifts arise from the nonresonant interaction between the
atom and the field.

PACS number(s): 32.70.Jz, 33.70.Jg

I. INTRODUCTION

Double-resonance techniques are widely used in atomic
and molecular spectroscopy. The pump field saturates
one of the allowed transitions with the help of a strong
external radiation field. The signal field is relatively
weaker compared to the pump field. A large number of
theoretical [1—12] and experimental [13—24] works on
double-resonance studies have been reported. The pump
field is normally chosen from the radio frequency (rf) to
the ultraviolet (uv) region. The saturation of the pump
transition produces the level population and coherency
effects [25], which result in signal enhancement and split-
ting of the probe transition known as Rabi splitting. The
splitting is symmetric both in intensity and position with
respect to the pump frequency. If the pump frequency is
relatively low, the Doppler effect due to molecular (atom-
ic) motion has a small effect on the line shape. However,
if the pump frequency is relatively higher (e.g. , ir, uv), the
Doppler effect has a preponderant role on the signal line
shape. The Doppler broadening effect may be removed
using various techniques [26—32].

The theoretical studies on line shape are normally
based on the solutions of optical Bloch equations
[10,33—38], which may be derived from Liouville's equa-
tions of motion. The atom-field interactions are treated
semiclassically to obtain the desired optical Bloch equa-
tions. The Hamiltonian of the system contains the unper-
turbed atomic and field Hamiltonian. The interaction
part of the Hamiltonian arises from the interaction be-
tween a set of quantized nondegenerate atomic levels
with the classical electromagnetic radiation. It is as-

sumed that both the field frequencies are very nearly in
resonance with the atomic transition frequencies. If two
levels are closely spaced, a single pump radiation frequen-
cy may be used to saturate two nearby transitions, in
which case one of the transitions may be on resonance.
Thus a system with two closely spaced levels interacting
with a single field is interesting from the high-resolution
spectroscopic point of view. In fact, the presence of close-
ly spaced levels affects the line shape considerably
[36—38]. Closely spaced transitions are responsible for
nonlinear-optical phenomena. Spectroscopy involving
the closely spaced upper or lower levels has been reported
in a number of theoretical papers [2,12,36—42]. The
three-level system with two closely spaced upper levels
was first studied by Schlossberg and Javan [2]. The satu-
ration behavior of Doppler-broadened transitions was ob-
tained by them. The effect of nonresonant interaction of
a three-level atomic system with two closely spaced upper
levels interacting with a single-mode running wave on the
Doppler-free line shape was reported by us [36]. It was
shown from numerical computations that the resonance
peak frequencies are shifted. A very similar system under
the inhuence of a standing-wave field has recently been
reported [37]. The analytical expressions for shifts of the
Lamb-dip peak frequencies and of the crossover reso-
nance dip were obtained.

The interaction of a four-level atomic (molecular) sys-
tern with two radiation fields has been studied numerical-
ly to obtain the line shape [38]. The effect of two inter-
mediate closely spaced levels upon the two-photon reso-
nances and on the Rabi splitting were studied. The two-
photon transition caused by simultaneous absorption of
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two photons is a nonlinear-optical phenomenon. The
probability of two-photon absorption is proportional to
the square of the field intensity. Hence the occurrence of
two-photon resonance requires a high-power laser source.
In this process the sum of the energies of two photons is
equal to the energy difference between the two involved
levels. These levels have the same parity. In other
words, even a dipole-forbidden transition may be ob-
tained via a two-photon resonance. The theory of two-
photon resonances was first given by Goppert-Mayer
[43]. Since then, a large number of theoretical as well as
experimental studies have been published [44—50].

In a double-resonance process both one-photon and
two-photon processes contribute to the signal line shape
[1]. As the pump and signal frequencies need not be in
resonance for two-photon absorption, the presence of a
nearby level may affect the two-photon line shape. This
is particularly true if there are two close-lying intermedi-
ate levels in the cascade-type double resonance and if the
pump transition to and the signal transition from both of
these levels are allowed. It may be noted that in molecu-
lar systems close-lying levels very commonly occur. Such
systems may be quite complex. In our recent paper [38]
we considered a relatively simpler case of close intermedi-
ate levels and presented a preliminary numerical solution.
However, detailed analytical solution is necessary for in-
terpretations of the two-photon resonances, frequency
shift and Rabi splitting.

The steady-state optical Bloch equations for a four-
level cascade-type system with two closely spaced inter-
mediate levels interacting with two radiation fields are
solved analytically to obtain the Doppler free signal line
shape. In this calculation we assume that the amplitude
of the signal field is much smaller compared to that of the
pump radiation field. We present the results for different
cases of on- and off-resonance pumping. The Rabi split-
ting for the on-resonance pumping is obtained. The two-
photon resonances for off-resonance pumping are also
presented. The effect of nearby levels on the two-photon
resonance is discussed.

II. STEADY-STATE OPTICAL BLOCH
EQUATIONS OF A FOUR-LEVEL

ATOMIC SYSTEM

P

FIG. l. Energy-level diagram of a four-level atom interacting
with two fields.

and

Ac04 —0 c04 (ld)

are very small. Thus we have a four-level double-
resonance system with two closely spaced intermediate
levels. We define the Rabi frequencies as

Xi=E P b/'R,

x 2
—cp p~~ /fl

X, =~,Pb„ZX,

(2a)

(2b)

(2c)

(2d)

H =Ho —2Pepcos(Apt )
—2Pe, cos(Q, t ) . (3)

The Liouville equations of motion for the density matrix
elements are given by

where e and e, are the electric-field amplitudes of pump
and signal radiations, respectively. The parameter p, b is
the transition moment between the levels a and b. Simi-
larly p„, pbd and p,d are other transition moments. The
transitions between the levels a and d and between the
levels b and c are dipole forbidden. Hence there is no
Rabi frequency associated with them. Thus the Hamil-
tonian of the system can be expressed as

Aco
~

—0& co
~

Ac02 —
Q& f02

Ac03 —Q~ F3,

(lb)

(lc)

We consider an ensemble of nondegenerate four-level
atomic or molecular systems (Fig. 1). The system in-
teracts with two coherent monochromatic radiation
fields. The pump frequency 0, is very nearly equal to
the transition frequencies co&

= (Eb E, )A' and-
co2=(E, E, )/A'. This condition —may only be achieved if
cu, and m2 are very close to each other; for which the en-

ergy gap co2 —co, =A is small. The signal frequency in-
duces transitions across the energy-level difference associ-
ated with the transition frequencies co3=(Ed Eb )/A' and-
co4 = (Ed E, ) /fi. The detun—ings

a
Paa ~p (P'abPba +PacPca PabPba PacPca )

Bt
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Pbb ep (PbaPab PbaP'ab ) es (PbdPdb Phd PdbBt

a
Pcc p(PcaPac PcaPac )'~s(PcdPdc PcdPdc )

at

Pdd ~s(PdbPbd+PdePcd PdbPbd PdcPed )
at

a
Pab ~~~tPab ~p (PabPbb PacPcb PaaPabBt

+&sPadPdb ~

(4)
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Pac 2Pac p(Pabpbc Pacpcc PaaPac )
at

+EsPadPdc (9)

lk Pad A(6~1+ EM3)Pad Ep(PabPbd+PacPcd)at

+~s(PabPbd+PacPcd

~ a
Pbc @~~2 ~~1)pbc ~p(Pbapac PbaPac)Bt
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Pbd ~~~3Pbd EpPbaPadat

~s(P'bdpdd Pbb Phd Pb'cPcd ) (12)

a
Pcd ~~~4Pcd ~s(P'cdpdd PcbPbd PccPcd )
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EpPca Pad (13)

P&„+iP&;=XPb,P,b

P2, + iP2i =NP„P„
P3r + ~P3I', NPbdp

(14a)

(14b)

(14c)

4 + 4' +PcdPdc (14d)

where % is the number of atoms per unit volume' The
population differences are

In the derivation of the Liouville equations we have as-
sumed 0, —Q is fairly large, which ensures the use of
the rotating-wave approximation (RWA). The polariza-
tions associated with the pump transitions are given by

FIG. 2. Diagrammatic representation of transitions. The
transitions a ~b, a ~c, b ~d, and c~d depend on x &, x2, x 3,

2 2 2

and x&, respectively, whereas the paths b to c and a to d depend
on x &x 2 and x,x 3, respectively. aa, ab, etc. signify the elements
of the density matrix p.

may be obtained through x
&

and x 2, respectively. Simi-
larly, the transitions b —+d and c~d involve x 3 and x4,
respectively. The transitions b ~c and a ~d are dipole
forbidden. However, it is clear from Fig. 2 that the pas-
sage from Pbb to P„may be achieved through the path
involving x,x 2. Similarly, the path a ~d involves x,x 3.
It may be checked that other paths for these passages
may be obtained through the terms x&x2x3x4. By using
the Eqs. (4)—(16) we obtain 15 optical Bloch equations in
terms of polarizations, nonlinear terms P„, P and the
population differences. The steady-state optical Bloch
equations after adding phenomenological relaxation con-
stants are

~Ni =N(p- pb»—
AN~ =N(p„p„), —

~N3 N(Pbb Pdd ) ~

(15a)

(15b)

(15c)

Ep Es P j.r

2

IP ab I'~Ni+

(17)

AN4=N(p„pdd) . — (15d) P „— =0, (18)
T2

The polarizations defined in Eq. (14) are associated with
the allowed transitions. The transitions between levels b
and c and those between levels a and d are dipole forbid-
den, since Pb, =P« =0. However, pb, and P«are not
zero. The time rate of change of these matrix elements
[Eqs. (10) and (11)] are obtained from the rate of change
of other density matrix elements. This will involve terms
like

(19)

p., l ~N2+ P„„

Es PdcPca p 2l
p (20)

P

PdbPba T2

p p p + s PdcPca p 2I
E' P

2 2i g ni p rni
PdbPba 2

nr + ni +PcaPabPbc (16a)
p p p + s PcdPdb p 3rE E P

3 3i g mt g ns
Pca Pab 2

(21)

mr + mi +PdbPbaPad (16b) —b,co3P3„— IPbdI KN3+ P „fi
The significance of the terms P„r, Pn;, P, and P,- is
shown in Fig. 2. It is clear that the dipole transitions be-
tween the levels a and b and between the levels a and c

Es PcdPdb + 3iP

Pca Pab T2
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~s Pbd Pdc ~p PdcPca 4r
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=0, (24)

(25)

(26)

(27)

(31)

The parameters T, and T2 are the longitudinal and trans-
verse relaxational constants. The population differences
AN; associated with the diagonal matrix elements p, , re-
lax to their equilibrium values AN;o with time T&. Since
the energy gap 6 is very small compared to the transition
frequencies co, and co2, the values of AN, 0 and AN2o are
assumed to be equal. However, the value of AN3O is very
small compared to AN, O and AN2o. The remaining off-
diagonal matrix elements relax to their equilibrium zero
values with time period T2.

~s PcaPabPbd ~s PdcPcaPab

Pcd ~ Pdb

—(~co2 —~co&)~„„+ '
I p.b I'~2„— Ip., I'~&„

Pnr =0,
2

(28)

III. SIGNAL LINE SHAPE

We present the analytical solution for the total signal
polarization

(29)

gab I 3;+ IPbd I ~l;

~p Pdb Pha Pac ~s Pcd Pdb P ha

fi 4&

Pdc

P, =0,
2

(30)

~s Pca Pab Phd ~s PdcPca Pab ni

P d & Pdb T2
4r 3r

P; =P3;+P4; . (32)

The analytical closed-form expressions for P3; and P4;
are very complicated and are given in the Appendix. To
get simpler closed-form expression for P3; and P4; we
shall assume the Rabi frequencies x

&

=x 2
=x and

x 3 x 4
=x, . The relaxation parameters T& = T2 = T. In

the present work the pump electric-field amplitude is
much higher than the signal electric-field amplitude; i.e.,
E'p )P E' This leads to x &&x, . Hence the signal polariza-
tion is

Pi =C—
1+Dao T +x T

T (b.co, +25,co3)

I + ( hco, + hco3 ) T +2x T
1+Aco4T +x T 1— T (hco~+2hco4)

I+(hco2+Aco4) T +2x T

+x T

1+Ace T +x T 1— T (Aco, +25,co3)

1+(Aco, +b,co3) T +2x T

1+Am T +x T 1— T ( b co~+ 2b co~ )

I + (b,co2+ b, co~) T +2x T

X 2—T (bco, +2bco3)(bco2+2bco~)

I+(Aco, +Aco3) T +2x T

T (bco, +2bco~)(hcoz+2bco4)

I+(bco~+Aco~) T +2x T

—P( &) +P(2) +P(3)
I I i

where the expressions for P3; and P4,- are used from the
Appendix. The parameter C is proportional to AN3O and

pbd. In the derivation of Eq. (33) we have retained the
first significant nonlinear contribution arising from the
square of the pump Rabi frequency x. Similar nonlinear

(33)

I

terms arising from the signal Rabi frequency have been
neglected, since they are very small compared to their
pump Rabi frequency counterpart. The first term in Eq.
(33) contains the Lorentzian line shape arising from the
transition b ~d. The second term includes the Lorentzi-
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an arising from the transition c~d. In addition to the
one-photon transitions giving the Lorentzians, these two
terms also contain a contribution to two-photon absorp-
tion. The third term has a higher-order contribution
with respect to the electric field e . The following cases
of on- and off-resonance pumping are relevant.

Aco3 =0 (36a)

and

itive root and one real negative root. The remaining two
roots are complex, and we are not concerned with them.
Hence Eq. (35) has three extrema for

A. Case I: A~ =co&

When the pump frequency is in resonance with the
transition frequency co1, the detuning Ace, =0 and
b,co2= b, . Th—e first term in Eq. (33) reduces to

1/2—(2+4x T )++2+ 16x T +24x T
T2

(36b)

1+Ace T +x T 1— 4bco T

1+Aco T +2x T

(4+8x T) 2 2 —8x T
Ec03 Ac03+

T T
AC03 + 4 (3S)

We find that the equation in parentheses has one real pos-

(34)

To find the extremum of the function P,"'(b,co3), the first
derivative of P;"'(bco3) with respect to bco3 is made equal
to zero. Thus we are left with the following equation:

It is easy to check that Aco3=0 gives a maximum and the
other two roots lead to two minima [Eq. (36b)]. Thus Eq.
(33) shows two peaks separated by Aco3+ with respect to
the intermediate maximum at Aco3=0. These two peaks
are at equal distance with respect to the central (b,co3=0)
position. The separation between the two peaks increases
with the increase of xT. These two peaks are commonly
known as Rabi components and occur if the pump is in
the on-resonance condition. The magnitude of Rabi
splitting depends on the value of xT. The above equation
(36b) shows that Rabi splitting vanishes when
xT=1/V2. For lower values of xT, this splitting is not
observed.

The condition Aco1=0 reduces the second term to

p(2)
E

C
T (b, +26,co3)1+(~~ +~)'T'+x'T'

1+Ace T +2x T

(37)

where Aco4=6+Aco3 and hco2= —6 have been substitut-
ed. bT is moderately high compared to unity (in our
computation we shall use b, T —1S). Hence P ' contrib-
utes nothing unless 6~3- —5, which is the on-resonance
condition for the second Lorentzian peak. Thus P,' ' has
a small contribution when the signal is nearly resonant
with co3. The effect of the third term is also very small.

B. Case II: Q~ =co2

This is the particular case for which 6~2=0 may be
treated exactly as in the case for Aco1=0. The only

I

I

difference is that the result deduced for hco3=0 in the
earlier section should be replaced by those for Aco4=0.

C. Case III: ro& &Q~ &co2

When the pump frequency is intermediate between the
resonance frequencies co& and co2, one can observe two-
photon resonances satisfying the condition Ace, +Aco3=0
or Aco2+Acu4=0. When Ace&+Am3 0,

1+Ace T +x T 1— Aco T
1+2x T

Aco T
1+Aco T +x T 1—

1+2x T

+2x T
Aco T

1+Ac@ T +x T 1—
1+2x T

hco2T'
1+Ace T +x T 1—

1+2x T

co 1 ~co2 T1—
1+2x T

(38)

When Q =(co&+co2)/2, b,co&=b, /2, and Aco2= —b, /2,
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P;=C
1+AT + 2 2 AT/4

4 1+2 2T2

0.0

c -0.4

2x T
T + 2T2 1 — 6 T /4

4 1+2x T

6 T /4
1+2x T (39)

I I I I I 'I I

-0.2 -0.1 0,0 0.1 0,2 -0.2 -0, 1 0.0 0.1

Detuning (MHz) Detuning (MHz)

FICi. 3. Signal polarization P; vs detuning 0,—(co3+~4)/2,
5=0.15, T ' =0.01, x =0.01 MHz; co& =9999.925 and
Q)3 = 1 5000.0 MHz. (a) hco

&

=0.0 and (b) Aco =0. 1 5 MHz.

It is easy to check from Eq. (38) that the contributions to
the two-photon intensities from the first and second
terms are higher compared to the contribution of the
third term. The effect of the third term is opposite those
of the first two terms and tends to reduce the intensity of
two-photon resonances. This is because Aco& and Acoz are
opposite in sign when the pump frequency is in the region
co ] & Qp & c02 When the pump frequency is
II~ =(co, +coz)/2 [Eq. (39)], this reduction of the two-
photon effect is maximum.

D. Case IV: Qp &co, and Qp &Q)2

The fourth case for which the pump frequency is
Qp & co

$
of IOop )F02 is different from the third case. In the

present case Ace, and Acu2 bear the same sign. Therefore,
the contribution of the third term in Eq. (38) is to
enhance the two-photon effect. Thus the two-photon res-
onances for these cases persist even for a fairly large (0.1

MHz) detuning.

IV. CALCULATION OF SIGNAL LINE SHAPE

In our computation we consider that the spacing be-
tween the closely spaced levels is 0.15 MHz. The pump
and signal frequencies are of the order of 10000 and
15000 MHz, respectively. Thus our system is an ideal
four-level cascade-type microwave-microwave (MW-
MW) double-resonance system. The Rabi frequencies
and the relaxation constants are chosen in such a way
that they are close to an experimental situation. The sig-
nal line shapes for x =0.01 MHz and T=100 ps are ex-
hibited for various pump frequencies. When the pump is
in resonance with one of the transitions a —+b or a ~c, we
obtain the Rabi splitting (Fig. 3). The split Rabi com-
ponents are asymmetric in intensities. The asymmetry of
the Rabi components decreases when the energy gap be-
tween the closely spaced intermediate levels is su%ciently
increased (Fig. 4). In these cases the values of x =0.01
MHz and T= 100 ps remain unchanged. The asymmetry
also vanishes when one of the transition moments p&d or
p,d is weaker relative to the other [38]. Hence, the asym-
metry of the Rabi components originates from the nearby
transition. As the pump frequency is intermediate be-
tween the transition frequencies co, and co2, a small two-
photon absorption is obtained (Fig. 5). It is very interest-

~c -0.4

-0.8

S

0)

-1.2
I I I

-0.4 -0.2 0.0 0.2
Oetuning (MHz)

I

0.4
I I I

-04 -02 00 02
Drtuninp (MHz)

FICr. 4. Signal polarization P; vs detuning 0,, —(m3+co4)I2,
T '=0.01, x=0.01, 5~&=0.0, and co3=15000.0 MHz. (a)
6=0.3, co&

=9999.85 MHz and (b) 6=0.6, co, =9999.7 MHz.

ing to observe that the intensity of the two-photon signal
becomes weak and tend to vanish at Qz =(co&+coz)/2
(Fig. 6). This may be understood on the basis of our pre-
vious discussions. An important feature of two-photon
absorption is the faster vanishing intensity when the
pump frequency is in the range co, (Q~ (coz (Figs. 5 and
6). As explained earlier, this may happen due to the
effect of nearby one-photon transitions. In this case the
contribution of the third term in Eq. (38) expressed in
terms of the product of the Lorentzians of the two reso-
nances is to diminish the intensity of two-photon reso-
nance. Eventually at II =(co&+coz)/2 this term contrib-
utes significantly [Eq. (39)] and tends to cancel the two-
photon resonances almost entirely [Fig. 6(b)]. Hence the
nearby transition affects the two-photon resonances con-
siderably. The occurrence of the two-photon absorption
peak is also reported when 0 ) coz [Fig. 7(a)], as well as
0 (co, [Fig. 7(b)]. The intensity of two-photon reso-
nance increases with the increase of the pump Rabi fre-
quency x (Fig. 8).

Figure 9 exhibits the shifts of the Lorentzian peaks
corresponding to the two transitions for a pump frequen-
cy 0 =(co&+coz)/2. In these calculations we have as-
sumed T=20.0 ps and pump Rabi frequency between
0.01 and 0.03 MHz. The shift of the Lorentzian peak is
such that they repel each other more and more as the
Rabi frequency is increased. This intensity-dependent
shift is very important in high-resolution laser spectros-
copy.

The saturation effects of line shape have been presented
in Fig. 10. It is clear that as the value of T is decreased
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0.0 0.0

0)
'c -04

u) —0.4
C

-1.2
I I I

-0.2 -0.1 0.0 0.1

Detuninp (MHz)

I

0.2
I I I

-0.2 -0.'I 0.0 0.1

Detuninp (MHz)

I

0.2

FIG. 5. Signal polarization P; vs detuning Q —(co + )/2
5=0=0.15, T =0.01, x =0.01, co&=9999.925 and co3= 15000.0
MHz. (a) her& =0.015 and (b) 0.135 MHz. The arrow indicates
the presence of weak two-photon resonances.

O

0

o —0.8C

0.0

c -04

-0.8

S

I I

-0.2 -0.1 0.0 0.1

Detuninp (MHz)

I

0.2
I I I

-0.2 -0.1 0.0 0.1

Detuninp (MHz)

I

0.2

—1.2
0.0

Detuning (MHz)
0.1 0.2

FIG. 9. Signal polarization P; vs detuning 0, —(co3+co4)/2,
6=0.15, T ' =0.5, co& =9999.925, co3= 15 000.0 and
Ac@&=0.075 MHz. (a) x=0.05, (b) x=0.03, and (c) x=0.01
MHz.

0.0

c -o4

b)

0

-0.8
ac

U)

Signal polarization P; vs detuning 0, —(~ +~ )/2
6=0.15 T =0.01, x =0.01, co, =9999.925 and co3= 15 000.0

603 604

MHz. (a) hen& =0.025 and (b) 0.075 MHz. The arrow indicates
the presence of weak two-photon resonances.

the two Lorentzians coalesce to form a single peak.
Hence the peaks are no longer resolved in Fig. 10(c). In
this calculation we have assumed that the pump frequen-
cy 0 =(co, +co~)/2.

The calculation of signal line shape may be extended
for P 's and P s equal to zero. This assumption will
lead to a great simplification of algebraic steps invol

'
invo ving

e expressions for P3, and P4, . In this case the asyrn-
rnetry of the Rabi splitting, the frequency shift, and two-
photon resonances are not observed. The results for P„'s
equal to zero are not presented.
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FIG. 7. Signal polarization P; vs detuning 0, —(co3+co4)/2,
=0.15, T '=0.01, x =0.01, co&=9999.925 and co3= 15000.0

MHz. (a) he@&=0.35 and (b) —0.1 MHz. The arrow indicates
the presence of two-photon resonances.
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FIG. 8 ~G. 8. Signal polarization P; vs detuning A —(co +co )/2
. 15, T =0.01, co& =9999.925, co3= 15000.0 and
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row indicates the presence of weak two-photon resonances.

FIG. 10. Signal polarization P; vs detuning 0, —(co3+co4)/2,
=0.15, co& =9999.925, co3= 15 000.0 Eco& =0.075 x =0.01

MHz. (a) T=12.0, (b) T=10.0, and (c) T=8.Ops.
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V. CONCLUSIONS possible only if the information about x,x„T, and T2 is
known.

The analytical solutions of 15 Bloch equations are
presented. In this calculation we have assumed that the
pump electric field e is much stronger than the signal
electric field e, . This assumption is compatible with spec-
troscopic studies of double-resonance line shape. Hence
the terms with higher power of e, or x, have been
neglected with respect to e or x. In the expression of
polarizations (33) only the odd power of electric field ap-
pears. This is because we are considering a gaseous medi-
um which is inversion symmetric. The Doppler-
broadening effects are not considered, since the calcula-
tions are restricted to the low-frequency region.

The line-shape calculation shows two-photon absorp-
tion in addition to the two one-photon Lorentzian peaks.
The two-photon absorption is very sensitive to the pump
frequencies. When the pump detunings (Az —co&) and
(0„—co2) are made larger, the intensities of the two-
photon resonances become smaller. The larger detuning
from the single-photon transition means a shorter time of
stay of the atom in the intermediate state after the ab-
sorption of the first photon. For a two-photon absorption
to occur, the second photon should be absorbed during
the time the atom stays in the intermediate state. Hence,
the probability of two-photon transition is reduced [44].
It is very interesting that the two-photon absorption al-
most vanishes at II„=( cu

&
+ co& ) /2. The vanishing of

two-photon resonance at 0 =(co, +co2)/2 is due to the
cancellation effects arising from the contribution of the
third term in Eq. (33). It is to be noted that for
co ] & Qp & c02 the contribution of the third term is the op-
posite in nature with respect to P;"' and P '. Thus the
two-photon effects appear to be vanishing faster for pump
frequency lying between m

&
& 0 & co2. However, the

term P,' ' is unable to dominate over the contributions
arising from P,'') and P~ '. At 0 =(co&+co&)/2, the con-
tributions of P,"' and P ' are minimum and thus the
effects of two-photon resonance almost disappear. The
near vanishing of the two-photon resonance in the region
co& & Q~ & co2 may be due to the effect of the nearby transi-
tion. Actually, in our numerical computation [38) we
showed that when the signal Rabi frequencies x3 ))x4 or
x 4 ))x 3 the two-photon resonances were observed even
for A~ =(co, +co~)/2.

The Rabi splitting is obtained when 0 =cu, or
Qp c02 The intensities of the two Rabi components are
unequal for both cases. In our earlier paper we reported
symmetric Rabi splitting when one of the transition mo-
ments pbd or p« is much smaller compared to p«or p&d,
respectively. In other words, when one of the transitions
connected by the signal field is substantially weak, the
Rabi components are symmetric. These results manifest
the effect of the nearby transitions on the Rabi splittings.

The nonlinear effects, which include the Rabi splitting
and the shifts of Lorentzian peak frequencies, appear
through the terms P„'s and P 's in our calculation. The
data used for computation have been chosen in such a
way that they are compatible with the real experimental
situation. However, an accurate line-shape simulation is

APPENDIX

The expression for P, may be found from Eqs. (1), (3),
(5), (19), and (20). This is given by

P; = — T ~pbd ~

(2b, co&+dc@3)
1

P2,—( b,co, + Ace~+ b, co3 )
1

+ & [p,g, ( (hen, +26co3)
D)

P4;—(b,co, +bco3+ b.co~)
1

In a similar way, P„; is found to be

P„,= — ' T'~p. , ' (b, +ace, )
" +(b, —b,~, )

D D

1 P3;——(5—bee )
k 3 D

1 P4;+ (b, +bco )—
k 4 (A2)

where k =E'p /e, . The parameters D and D, are given by

D 1+g2Z 2+2(x2+x2)Z 2 (A3)

and

D, =1+(hco, +Aco3) T +2(x, +x3)T (A4)

+ ~P b~

AX io

3

M) M2 M3
P2+ P3 + P4, ,

D3
' D3

'
D3

(A5)

where

T2
M, =xiT 3 — (b, +b,coi)(b, —b, co2)

T2
+x 3T 1 — (2b,n), +b.co3)(b,co, +b co2+ Aco3)

Di

(A6)

The polarization P„associated with levels 1 and 2 is
given by
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= ~
T' T'

Mp =x
i 4— (b, + bco, )(6 bc—o3)

T2
(Aco, +25,co3)(2b,co, +b,co3)

D1

= ~
T' T'

M3=x i 2 — (b, +bee, )(h+bco~)

(A7)

T'
D3 = 1+Acoi T +x i T 5 — (Q+ +co )~

T'+x 3T 1 — (2b, co, +hco3)2
1

(A9)

The polarization P2; arises due to the transition a-c. The
expression for P2, in terms of P3, and P4, is given by

T2
(2hco, +Aco3)(hco, +Aco3+ b,co4)

D1

X1 X2 X3
P2;= + P3 + P4;,

D4 D4
'

D4

(A8) where

(A10)

hX "Ti 1 Tx'T2 3 — -(a+&~, )(~—~~2)X1=—
@

T)I gyi D &
I b D D ' D

5 3 5

T'
+x 2T2 1 (2gco +gco3)(gcoi+ Qco2+ Qco3)X3

1

(A11)

T2 T'
x2T2 2 (gco +2+co3)(gcoi+bcoq+bco3) — (+ ~co3)(~ ~cot

D3

T2 T'
2T2 4 (2gco ++co )(+co +Qco~+Qco3) — (6+Ecoi)(+ +cop) r

1

(A12)

1
3

(&co +Aco +hco4)(hco&+ &coq+ ~co3) (~+~co~)(~ ~co&)2
T' T'

'+1
D 1 3 4 1 2 3

1

M3 T2
T 3 — (b, +b.co )(b, —b, co ) +x T 1 — (2b, co, +Aco3)(hco, +Aco2+b, co3)22 T'

D ' D 1 2 4
(A13)

D =1— x T 3 — (b+ hco&)(A —hco2) +x4T 1 — (2bco&+ bco3)(kcof+ Ecop+ Aco3)M1 22 T'

DD "' D D1
(A14)

D =1+6, T + T 5 — (b, 4co ) +—x3T 1 — (b.co, +b,co2+b, co3)
T' 2 ~

T' 2

C02 X 1

(A15)

Now the expression for P3, is

1

P3, =
6

where

'P+- P4, ,
6

(A16)

e A%3&, e
TiPbd i TiPbd i ~&zo

X T 4— (b, +bco )(b, —hco )
—— (2b co|6+c)o(36 i co+523c)oT T2

X3 1 D1

+X1x3T
k

3 — (b, —Aco )(6 b,co )
— (b,co, +26,co3)(—waco, + Ecole+ b,co3)T T2

D D1

4—
D3 D

T2
(b, +hco, )(b, —Aco3) — (2b—,co, + b,co3)(kco]+26co3)

1

(A17)
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T2 T2
Z~= x—3T 3 — (b, +b,co„)(b,—b, co3) —x, T 1 — (waco, +&co3+b,co4)(&co, +26,co3)

7 1

T2 T2+ x 3T2k 4 — (6+6,co, )(b, —hco, )
— (2b co, +b,co3)(b.co, +2&co3)

3 1

2 2 T T2
+kX3x3T2 2 — (5—waco, )(b, bcoz)—— (bco, +2bco, )(bco, +4co~+bco3)

M1 T'
4— (b, + Aco, )(b bco3) —(2bco—, +bco3)(bco, +2bco3)

3 1

(A18)

D 6
= 1 — kx 3 T 4 — ( b, +Aco, )( b, —hco3 ) — (2b, co, + b, c3o)( b, co+ 2b, co3 )

M2 T2

3 7 1

1
2 3kXx T

7

T2 T2
2 — (b.—b, co3)(b, —hco2) — ( b.co, +2hco~ )(hco, +hco~+ b,co3)

1

M1 T2 T
4 — (&+&coi)(&—&co, )

— (2hco, +4co, )(bco, +2bco, )
3 1

(A19)

T2 T2
D7=1+bco3T +x3T 5 — (b, —bco2) +x&T 1 — (bco, +bco2+bco3) (A20)

Finally, the expression for I'4, is obtained as

T2
p~ =

lpbd l (AN&0+EN30 KN20 )
AD8D9

e~T2 2 khN10
2 2 T T'

lp~dl' x3T 2 — (b, +bcoi)(5+bc@4) (2bcoi+bc—o3)(bcoi+Aco3+bco4)
D1

X,k T'+ x3T 4— (b —bco2)(b, +bco4) — (hco, +bco~+bco3)(waco, +b3+hco4)
4 9 8 D1

M1 T2 T2 —
( b, + b,co, )( b, + b,co4) (2b,co, +b,co3 )( b,—co, + b, co3+b co4 )D3 D D1

Z T2 T2+ x3T —3+ (b, —b co)(3h +bco4)+ k (bco, +2hco3)(bco, +bco3+bco4)
6 8 9 D1

M2 T2 T'
k 2 — (6+6,co, )(b.+Aco4) — (2b,co, +Aco3)(hcoi+ b,co3+ b, co~)D3 D 1 4

X2 T2 T2+ k 4 — (Q —+co~)(+++co~)— (bcoi+bco2+bco3)(kcoi+bco3++co4)
4 1

Z1 T
2 — ( b, +b co, )( b, +b co4 )

D6D3 D

T2
(2b, co, +hco3)(h, co, + b.co3+ b,cd)

D1
(A21)
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T2
D, = 1 — k x 3T 2 — (b, + hco, )(6+b,co4) —(2hco&+ b.co3)(b co, +26 co3)

D3D9 D D1

x3 T2 T'
x 3T 4 — (b, +Aco~)(b, bcoz—)

— (Aco, + bco2+ bco3)(scot+ bco3+ b co4)
4 9 D1

M1 T2 T
(b, + b, co, )( b, +hco„) (2—b,co, + b,co3)(b,co, +hco3+ b, co~)

D3 D D1

T2 T2
x 3T —3 k+— (b, —bco3)(b. + Aco4)+ k (b co&+26 co3)(bco, +hco3+ bco4)

D,

T+ k 2 — (b +bco, )(b, +Aco4) (2b—co&+Aco3)(i5co, +bco3+ bco4)
D3 D 1 4

&2 T' T+ k 4 —
( 6—b co2)( b, +b co4) — (2b co, +b co3 )(b co, + b co3+ hco~ )

4 1

1 T Tk 2 — (6+bco, )(b, +bco4) (2hco—&+ bco3)(b co&+ Aco3+ bco~)
6 3 D1

(A22)

2 2 T 2 2 2 TD9=1+Aco~T +x3T 5 — (b, +b,co4) +x,T 1 — (hco, +hco3+b, co4)
1

(A23)

Hence the analytical expressions P„,P2, , and P3, may be found by using Eq. (A21). In these calculations we have as-
sumed that x1=x2, x3 =x4, p, I, =p„and pbd =p,&.
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