
PHYSICAL REVIEW A VOLUME 47, NUMBER 5 MAY 1993

Amplification of superposition states in phase-sensitive amplifiers
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We study statistical properties of quantum superposition states (Schrodinger-cat states) amplified by
phase-sensitive (squeezed) amplifiers. We show that the phase-sensitive amplifier with a properly chosen
phase can preserve quantum coherences and nonclassical behavior of the Schrodinger-cat-state input
even for a gain factor G larger than 2. In particular, we show that for an even coherent state (CS)
phase-sensitive amplifiers can preserve squeezing for G) 2 but simultaneously in the process of
amplification the noise added by the amplifier leads to a rapid increase of fluctuations in the photon
number. Because of the finite maximum degree of squeezing obtainable for the even CS the maximum
gain factor G for which squeezing can still be observed in the output state is finite. The phase-sensitive
amplifier with a properly chosen phase can also reduce fluctuations in the photon number of the initial
even CS. Nevertheless, one cannot amplify the initial even CS with super-Poissonian photon statistics
into the state with sub-Poissonian photon statistics.

PACS number(s): 42.50.Dv, 03.65.8z

Recently Haroche and co-workers [1] have proposed a
conceptually simple but elegant method to prepare quan-
tum superposition states confined in a microwave cavity.
In particular, the superposition of two coherent states
~g & and

~

—
g & which are 180' out of phase with respect to

each other can be produced in the cavity. This pure
quantum-mechanical superposition state may be of the
form

lg&,„,„=~'"(lg&+I—g& ),

JV '=2[1+ exp( —2~(~ )] .
(la)

~q/ & =~ ~ (g)[e'~~pe'o~ & +e '4'~ge 'e~
& ]

JV ' =2 I 1+ cos(
~ g ~

sin8+ 2P)

X exp[ —2~/~ sin (9/2)]] .

The even CS (la) and the Sherman-Kurizki state (lb)
represent particular realizations of a more general class
of quantum superposition states,

The state (la) is called the even coherent state (CS) and
exhibits various nonclassical e6ects such as quadrature
squeezing, higher-order squeezing, and oscillations in the
photon number distribution.

Sherman and Kurizki [2] have pointed out a scheme of
macroscopic quantum superpositions generation based on
conditional measurements in the two-photon resonant
Jaynes-Cummings model. This scheme allows the gen-
eration of superposition states with any relative phase of
the form

N

y e"~g, &

(2)

where
~ g & is the coherent state with the complex ampli-

tude g [3]. The nonclassical effects mentioned above
emerge as a direct consequence of the quantum interfer-
ence between component coherent states ~g, & and ~gk &

[4]. In particular, the even CS exhibits a substantial de-
gree of quadrature squeezing. The maximum value of the
squeezing can be observed for relatively small values of
the amplitude g of the component coherent states (for
approximately g =0.8), while oscillations in the photon
number distribution can be observed for any value of ~g~

(see below). In the experiment proposed by Haroche and
co-workers one can expect the amplitude ~g~ of the order
of unity [5] which is rather small. Therefore the natural
question arises of whether it is possible to amplify the su-
perposition states (1) and simultaneously preserve its non-
classical behavior.

It is well known that amplification degrades an optical
signal and rapidly destroys quantum features that may
have been associated with the signal. In particular, for
an arbitrarily squeezed input the phase-insensitive
amplifier provides a squeezed output only for a gain
smaller than 2. To overcome this cloning limit phase-
sensitive amplifiers have been proposed, for which
squeezed output for a gain larger than 2 can be obtained
[6].

In this paper we will analyze statistical properties of
the even CS amplified by a phase-sensitive amplifier. We
will study the inAuence of the phase-sensitive amplifier on
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g(a, t)= —(alp(t)la) .
1

(4)

To measure the degree of the quadrature squeezing of the
even CS, we introduce two parameters S (for review arti-
cles on squeezing see Refs. [8]):

S = ((Aa, )') —
—,
'

J =1~2
~

which are related to the variances ( (b,a~. ) )= ( (az ) ) —(dj ) of the quadrature operators

&+a
2l

where a and a are the usual annihilation and creation
operators of the single-mode field ([&,a ]=1). We say
that the state under consideration is squeezed if the vari-
ance of the quadrature operator is less than the vacuum
limit —,', i.e.,

which means that the squeezing con-
dition now reads S' '(0, and the maximum squeezing
corresponds to S'. '= —1.

the degree of the quadrature squeezing and on the photon
statistics of the field mode under consideration.

The state of the quantum-mechanical system can be
characterized by a set of expectation values of the system
operators. In particular, those of a harmonic oscillator
are described by the mean values of the bosonic operators

and a. The moments of the antinormally ordered bo-
sonic operators can be evaluated with the help of the
quasiprobability function Q(a, t ) [7]:

(8 (a )")= Jd aa (a')"Q(a, t), (3)

where Q ( a, t ) is defined as

For the even CS (la) with the real amplitude g we find
the following expressions for the squeezing parameters
S)..

4g 4g exp( —2g )

1+ exp( —2g ) 1+ exp( —2$ )
(8)

from which it follows that the even CS with the given
choice of g is squeezed in the az quadrature (S2 &0) and
the maximum degree of squeezing is equal to approxi-
mately 50%%uo for (=0.8. For the values of /~ 0.8 the de-
gree of squeezing is smaller than 50% and in the limit
g —+ ~ we find S2 ~0.

If we assume the even CS with /=0. 8 as the input
state of the amplifier then we have to expect that the de-
gree of squeezing of the output state is deteriorated by
two efFects. First, the amplitude of the component states
is amplified, i.e., (,„,=G'~ g, which means that the de-
gree of squeezing should be smaller than in the case
(=0.8. Second, noise added by the amplifier inevitably
destroys nonclassical features of the input state. The
amount of noise transferred from the amplifier to the field
mode depends on the nature of the amplifier. In what fol-
lows we consider the phase-sensitive amplifier which can
be implemented as a stream of three-level atoms in a
ladder configuration with equispaced levels injected into
the cavity where the initial state of the electromagnetic
field has been prepared. Each atom is initially prepared
in a coherent superposition of the lowest and the upper-
most states and the atomic transitions are in resonance
with the field in the cavity [9]. We denote the population
in the uppermost state by o.

33 the population in the
lowest state by o.» and the coherences between them by
(T i3 and cr» ( =o.» ). The dynamics of the field mode cou-
pled to the phase-sensitive amplifier is in the Born and
Markov approximation governed by the Fokker-Planck
equation of the Q function, which in the interaction pic-
ture can be written as [10]

ag(a, t) a'
Ba Bct

=y N a M* a' M a'
2 Bn Ba 2 Be 2 Ba*

where The gain G of the amplifier is defined as [13]

(10) 6=exp(yt) . (12)

The parameter y is proportional to the population inver-
sion, o.

33 o.
$&, and M is proportional to the atomic

coherence o.&3. The parameter y is always positive be-
cause o.33+o.» for the amplifier. If the phase-sensitive
parameter M is put equal to zero then the Fokker-Planck
equation (9) reduces into the equation describing the
phase-insensitive amplification of the single-mode field
[11]. The squeezing parameter M has the limit deter-
mined by the value of X [12]:

IMI'&~(~+»

Q(a, O) = [Q;„(a,O)+Q;„,(a,O)], (13)

with

In this paper we study in detail the evolution of the
single-mode field which is initially prepared in the even
CS (1) with the real amplitude g of the composition states
l+g). The squeezing parameter M is, in general, com-
plex but to make our analytical results more transparent
we will consider only the case of M real. The Q function
for the even CS can be written as
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Q;„(a,O) =exp( —a; ) Iexp[ —(a„—g)~]

+ exp[ —(a„+g) ]], (14a)
2

Q;„,(a, O) =2e ~ exp( —a„—a; ) cos(2(a, ), (14b)

where a, and a; are the real and imaginary parts of a.
The mixture part Q;„of the Q function of the even CS
consists of two Gaussian peaks localized around a„=+(.
The interference part Q;„, has an oscillatory behavior and
has its maximum at the origin of phase space a= IO, O].
This term arises as a direct consequence of the quantum
interference between coherent states lg) and

I

—g) and is
responsible for nonclassical behavior of the even CS.

Et has been shown by Perinova, Luks, and Szlachetka
[14] that if the initial Q function of the quantum system is
Gaussian then the solution of the Fokker-Planck equa-
tion (9) is also Gaussian with time-dependent parameters.
According to the superposition principle, if Q;„(a,t)
and Q;„,(a, t) are solutions of the linear Fokker-Planck

I

equation (9) then C&Q;„(a, t)+CzQ;„,( a, t), where Ci
and C2 are constant, is also a solution of this equation.
The function Q;„(a,t ) describing the mixture part of the
state is easily obtained with the use of the above argu-
ment because the initial Q, (a, O) is Gaussian as shown

by Eq. (14a). Although the interference part given by Eq.
(14b), is not Gaussian it is a real part of the complex
Gaussian function

Q, (a, O) =exp[ —2g —a„—(a, i(—) ] (15)

so that one can use Perinova's argument to obtain the dy-
namics of the interference part of the Q function. To find

Q;„,(a, t ) we first evaluate the complex Gaussian
quasiprobability Q, (a, t ) under the initial condition (15),
and then we extract from it the real part representing

Q;„,(a, t ).
The solution of the Fokker-Planck equation (9) for the

Q function with the initial condition (13) reads

Q(a, t}=,exp
A'/m.

(ab )'
a;2

~ exp
—[a,—Pt)]'

b

—[a„+g(t}] &(t)
+exp +2 exp —2g +

b a

a„2((t }a;
cos

q aq
(16)

where the total additional noise factors a and b are
defined as

a =N (t)+ e px(yt )
—M (t) —

—,',
b =N(t)+ exp(yt)+M(t)

(20)

a =N(t)+ G M(t), b =N—(t)+ G+M (t), (17) In other words, replacing a and b in Eq. (16) by a„and
b we obtain the Wigner function W(a, t). Using the
Wigner function and the relation

N(t)=N(G —1), M(t)=M(G —1) . (18) 1 2p= — d+8 o., t Ta (21)
The time-dependent amplitude of the component states at
t)Ois

g(t)=P G . (19)

From the Eqs. (16)—(18) it is clearly seen that the value
of N(t)+G blurs the Q function, which means that the
noise is added inevitably as the gain increases. However,
the nonzero value of M(t) can slow down the blurring of
the function in one axis (a; when M )0, a„when M (0)
at the expense of the increased noise in the other axis.
For this reason we call a and b the total additional
noise factors keeping N(t)+G as the phase-insensitive
pure noise factor. If the modes of the amplifier are not
correlated (M =0), the Q function (16) reduces to the
equation describing the field mode which is amplified
with the noise given in a phase-insensitive fashion.

Once the explicit form of the Q function is known one
can readily derive the Wigner function W(a, t ), which is
more convenient for investigation and visualization of the
coherence [4,7]. The form of the Wigner function is
analogous to that of the Q function (16) with the modified
total additional noise factors

one can find the density operator p. The operator T(a) is
defined as

and

T(a)= y T. (a)ln)&ml,
n, rn =0

(22a)

T„(a)=
' 1/2

n!
m!

2m —n+1( 1)n( e )m
—n

X exp( —2lal )I.„' "'(4lal ), (22b)

where I „' "'(x) is the Laguerre polynomial.
One of the nonclassical effects which have their origin

in the quantum interference between coherent states is
the presence of oscillations in the photon number distri-
bution. The photon nuinber distribution P(n, t) of the
field mode at time t can be expressed in terms of the
Wigner function W(a, t ) of the state under consideration
and the Wigner function W„(a) of the number state ln )
[11]:
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P ( n, t ) =m f d a W( a, t ) 8'„(a ) . (23)

P(n, O)=0, if n =1,3, 5, . . . . (24b)

Using Eq. (23) we can evaluate the explicit expression for
P (n, t) describing the time evolution of the photon num-
ber distribution of the field mode initially prepared in the
even CS amplified by the phase-sensitive amplifier. The
photon number distribution of the even CS exhibits
significant oscillations:

2p2 ) p2n
P(n,O)=, if n =0,2, 4, . . . ,1+ exp( —2g )

(24a)
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S=—k Trplnp ~

or the purity parameter Sz„,

S „,=1—Trp

(25)

(26)

of the field mode under consideration. The purity param-

The oscillations in the photon number distribution de-
scribed by Eqs. (24) are similar to those of the squeezed
vacuum [8] and they can serve as a good indication that
the state under consideration exhibits nonclassical behav-
ior.

The amplification process adds noise to the quantum
system which leads to deterioration of nonclassical
effects. In particular, the oscillations in the photon num-
ber distribution vanish when the even CS is amplified.
Nevertheless, the way in which the oscillations disappear
depends on the nature of the amplifier. In Fig. 1 we plot
the photon number distribution of the field mode initially
prepared in the even CS (1) amplified by the factor
G =2.5. We see that in the case of the phase-sensitive
amplifier (MAO) with a properly chosen phase of squeez-
ing one can preserve a reminiscence of oscillations in the
photon number distribution for a relatively high 6 [com-
pare lines d and a in Fig. l plotted for N=3 and
M =v'12 and M = —&12, respectively]. The phase-
insensitive amplifier deteriorates quantum coherences
rapidly giving no chance to preserve nonclassical effects
for significantly large gain factors (see lines b and c in
Fig. 1). We note here that one can prove the above state-
ment more rigorously by evaluating the entropy S:

FICx. 1. The photon number distribution P ( n, t) of the
amplified field mode for the gain of G =2.5 when the field is ini-
tially prepared in the even coherent state with /=5. The
phase-sensitive amplifier is characterized by N =3 and
M= —&12 (curve a) and by N=3 and M=&12(d); the
phase-insensitive amplifier is characterized by N =M =0(b)
and by N =3 and M =0 (c).

eter S„„,can be written with the use of Eqs. (21) and (22)
in the form

S „,(t)=1—
Qo

X
n, m =0 f d a lV(a, t )T„(a) (27)

Using this expression one can ultimately determine
whether the state under consideration is in the pure su-
perposition (S „,=0) or in a statistical mixture (S „,)0),
that is the increase of the function S „, indicates the loss
of the quantum coherence. The explicit evaluation of the
expression (27) is not always straightforward and there-
fore some indirect indication of the loss of the quantum
coherence can be very helpful. In particular, there exists
a very good relation between the quantum coherence and
squeezing (for instance, see Ref. [4]).

In our case it is instructive to study the time evolution
of the squeezing parameter S2(t) of the initial even CS.
Before we evaluate this function we present a general ex-
pression for the antinormally ordered moments (3) using
the explicit solution (16) for the Q function:

(gm(g t)n)
2A' —1 "I!n! a

i "+"'f!g~( l +k —1)!!
o(I( o(k & l!k (tp2 l) (n k) 2

1+k =even

f/2
—2g (l +l )(g(l +k)(f 1)|t

2

(1+k)/2 1 aq

(l +k —2j)!j! 4g (t)
(28)
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with f=m+n —
~
—k wh m + n is even, otherwise

The squeeze parameter S (t) is eval at d

Eq. (5):
y substituting the appropriate moments of E . (28)en s o q. & into

S,(r) =2 —1+a,+, '(t)
—2g

1+e
(29)

G = 1— 1 2g
1+N —M 1+e~& (30)

In Fi . 2'g. we plot the maximum gain for the
an va ues. We see that G is optimized when the ini-

0.8. When M is positive the rate of adding noise is re-
uce in the a, axis (which is equivalent to the a2 quad-

rature so that for a given X the maximum ain G is
larger as M is larger. When the amplifier is ideally
squeezed with M =v'X (X + 1) the maximum

1

where the time-dependent amplitud q~(t)
'

e &~ is given by Eq.
( 9). The initial even CS is noise red d

'
he uce in t e a2 quad-

rature as shown in Eq. (8) i.e. S (0 f =0.z or t =0. Because
the noise reduction in one quadrature is achieved at the
expense of the increased noise in the other quadrature we

amplification is accompanied by the inevitable increase of
noise in the li ht field'g d the a

&
quadrature will remain

superAuctuant for any t )0. The amount of noise in the
initia y squeezed quadrature will increase as well. Nev-
ertheless thisis quadrature will remain squeezed up to a
certain moment (i.e., up to a certain value of the gain pa-
rameter G).

In order to find the maximum gain G f h hor w ic' the

for the
quadrature squeezing can still be b d ho serve at t e output
or the given input even CS we set the 1 ft-h de e - an sideof
q. ) equal to zero and solve the equation for G:

—1

amplification without losing quad tua ra ure squeezing is
larger than 2. On the other hand, if M (0 the quadra-

p i ca ion gain.ture squeezing is lost even for a small am 1'fi t'

inally we turn our attention to the variance of the
photon number. In particular, we will study the time
evolution of the Mandel Q parameter defined as

(e)
(a'(a )') —(M )'—(M )

(aa ) —1
(31)

which measures the deviation from pure Poissonian num-
ber fiuctuation. If Q =0 the light field has Poissonian
photon statistics. When Q )0 (Q (0) the field has super-
(sub-) Poissonian photon statistics.

For the field initially prepared in the even coherent
state amplified by the phase-sensitive amplifier th Me an-

e Q parameter is readily evaluated as thee appropriate

(31). In Fi . 3
moments of Eq. (28) are substituted int th d fiin o e e nition

In Fig. 3 we plot the Mandel Q parameter for the
field initially prepared in the even CS state amplified by
the squeezed amplifier. The initial even CS exhibits
super-Poissonian photon statistics. F F' . 3rom ig. we see
that the initial su per-Poissonian state never becomes
sub-Pois
wilson 15

oissonian, which is in agreement with B t
i son [15], who have shown that in order to observe

sub-Poissonian photon statistics at the output of the
amplifier the input has to be sub-Poissonian, i.e., the pho-
ton number variance increases as the initial field is
amplified. However as shown in Fig. 3 (curve b) for

= 3 and M = — 12 (ideally squeezed amplifier) we see
that the value of the Mandel Q parameter is reduced at
the first moments of the amplificatio 0 h h

an, t e fastest increase of the fluctuations in the pho-
ton number can be seen in the case of the ideally squeezed
amplifier with M =v'12 [see line a in Fig. 3].
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FIG. 2. The maximum gain G that ermits a
ing ou put. e field mode is initially prepared in the

c ing wit t e phase-even coherent state with (=0.8 interactin
'

h h
sensitive amplifier characterized by N=3 d M =&an = 12 (curve

p ase insensitive the maximum gain is plotted for N =M =0 (b)
and for N = 3 and M =0 (c).

FIG. 3. The timt'me evolution of the Q parameter of the field

mode initially prepared in the even coherent state amplified by
the interaction with the p ase-sensitive amplifier characterized
by N =3 and M =&12 (curve a) and b N =3
M = —&12 (b). Whehen the amplifier is phase insensitive the Q
parameter is plotted for N = 3 and M =0 (c
N =M =0(d).

an =0 (c) and for
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In conclusion, we have studied statistical properties of
quantum superposition states amplified by phase-sensitive
amplifiers. We have shown that quantum coherences are
deteriorated by the action of the amplifier, which leads to
the destruction of nonclassical properties of the superpo-
sition states. We have shown that for the phase-sensitive
amplifier with the properly chosen phase the oscillations
in the photon number distribution as well as quadrature
squeezing can be observed even for gains larger than 2.
Nevertheless, because the degree of squeezing of the even
CS decreases as the amplitude of the composition state
gets larger and the amplification adds noise, the max-
imum gain 6 for which the output state exhibits quad-
rature squeezing is finite and approximately equal to 2.1.

In the case of phase-insensitive amplifiers quantum coher-
ence is destroyed faster than in the case of squeezed
amplifiers and, consequently, nonclassical effects of the
amplified state are deteriorated faster. From the above
argument it follows that it would be quite difficult to am-
plify experimentally quantum superposition states with
their nonclassical properties being preserved.
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