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Channeling radiation beyond the continuum model: The phonon "Lamb shift"
and higher-order corrections
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The quantum theory for channeling radiation from mega-electron-volt electrons is extended to include
higher-order corrections from phonon scattering. The formalism developed to describe radiation line
profiles may be applied to any radiating system exposed to external perturbations. For channeling radia-
tion, it is shown that at electron energies above a few mega-electron-volts, the dominant correction to
line energies is of third order in the strength of the interaction giving rise to phonon scattering. Detailed
analytical expressions as well as simple estimates are derived for both the second- and third-order
thermal corrections. Their magnitude, relative to line energies, is typically of the order of 10 or less.
Corrections due to the periodic structure of axial and planar potentials are shown to be of the same or-
der or smaller. Hence the present investigation results in a firm theoretical foundation for channeling-
radiation spectroscopy which may then be used as a valuable probe for solid-state parameters, potential-
ly in the study of vibrational anomalies in high-T, superconductors. For electrons of a few mega-
electron-volts, a shift due to photon refraction is important which previously has been included in an ad
hoc way. The formalism contains this effect and the semiclassical formula for photon refraction in a
free-electron gas is rederived within a fully-quantum-mechanical framework.

PACS number(s): 61.80.Mk, 32.70.Jz, 71.45.Gm

I. INTRODUCTION

Channeling radiation is emitted by electrons (or posi-
trons) moving through a crystal nearly parallel to a plane
or axis, with transverse motion confined by the averaged
planar or axial potential [2]. The frequency spectrum
rejects the periods of this motion or, in a quantum
description, differences between energy levels of the one-
or two-dimensional transverse motion. The number of
confined "bound" states increases with the relativistic
mass of the electrons and becomes so large at GeV ener-
gies that a classical description is appropriate. However,
we shall here be concerned only with electrons in the
MeV region where transitions between the few quantum
states can give rise to a spectrum of sharp, separated
lines.

Channeling radiation may be regarded as a kind of
coherent bremsstrahlung with the special property that
the discrete frequencies are determined by the strength of
the lattice potential and not by the periodicity. Precise
observations of this radiation —channeling spectros-
copy —can therefore be used as a tool for the determina-
tion of crystal properties such as electron density [3,4]
and thermal vibrations [5,6]. However, this also requires
a very accurate theoretical description for the interpreta-
tion of experiments, and it is the object of the present pa-
per to give a careful evaluation of corrections to the stan-
dard continuum model [1].

In order to define the framework and notation, we
summarize in Sec. II the relevant aspects of the basic
channeling theory [7]. The picture of electron motion in
continuum, thermally averaged axial or planar potentials
emerges from a systematic series of approximations, leav-
ing corrections which may be reintroduced as perturba-

tions. The most important ones, which will be studied
here, are the periodic structure of the potentials and the
fluctuations due to thermal vibrations. It is the applica-
bility of a perturbation expansion, owing to the small
charge and high velocity of the projectiles, which makes
it possible to aim at much higher accuracy than usual in
the description of channeling.

In the following two sections, we develop the formal-
ism to give a systematic account, through an expansion
to third order in the perturbation strengths, of the line
broadening and line shifts caused by the perturbations.
The formalism is general and may be applied to study line
profiles for any radiating system exposed to external per-
turbation. Scattering in the initial and final states of the
radiation process must be treated in a coupled manner,
and this is accomplished through the introduction of
product states, as in the density-matrix formalism, and of
associated projection operators.

The effects of thermal scattering are discussed in Sec.
V. Higher-order perturbation calculations often become
very messy, with extensive formulas and complicated nu-
merical evaluations, and the present are no exception.
However, with crude but reasonable approximations,
quite simple and transparent expressions are obtained for
the leading terms. Albeit small, the corrections turn out
often to be at a level ( —10 ) where more careful evalua-
tion is necessary and we therefore supplement the simple
estimates with more accurate formulas (Appendix B) and
numerical results for a few examples (Appendix C). Typi-
cally, the simple estimates are confirmed within a factor
of2to 3.

A peculiar phenomenon is encountered in connection
with the perturbation expansion: The third-order term
contributes a line shift which is often larger than the
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second-order shift. The reason is that the third-order
term contributes to lower order in a second expansion pa-
rameter which is essentially the phase difference between
initial and final states of the scattering process, developed
during the collision. This double expansion is closely re-
lated to the sudden-collision expansion in [8], and, in fact,
the two formalisms are for the present purpose equivalent
[1].

The periodic perturbations, from atomic structure of
strings and from string structure of planes, are treated in
Sec. VI by a similar double expansion. Again, applica-
tion of the sudden-collision expansion is an alternative,
equivalent method [1]. The level shifts may also be ob-
tained from the Kapitza potential [9] associated with the
periodic perturbation.

Although we are mainly concerned with interactions of
the projectile with the lattice and their inhuence on the
emitted radiation, it is interesting to note that the formal-
ism also contains the well-known effects of the coupling
between the lattice and the radiation field, and our pro-
cedure applied to this coupling reproduces the estab-
lished formulas for photon refraction, due to polarization
of the crystal, and for the analog of the atomic Lamb
shift due to emission and absorption of virtual photons
(Appendix A). Refraction is of direct interest in channel-
ing spectroscopy, leading to important corrections to line
frequencies [10,11]. To second order in the coupling be-
tween the particle and the radiation field, a Lamb shift
for channeling radiation is also obtained, but this is en-
tirely negligible compared to the "phonon Lamb shift"
due to emission and absorption of virtual phonons (the
second-order thermal shift discussed above).

The concluding remarks in Sec. VII contain partly a
brief discussion of electronic excitations, which have been
neglected in this paper, partly a comparison with the ear-
lier treatment of line shifts from lattice vibrations by
Strauss et al. [12]. For the second-order line shift, our
estimates differ by an order of magnitude, and this is
shown to be due to a strong overestimate —in their
treatment —of the correlation of vibrations of different
atoms.

II. BASIC CHANNELING THEORY

= [E—V( R, . . . ) HI H„] 'P(R, . . . )
—. —(2.1)

Most detailed quantum treatments of channeling radia-
tion are based on the Dirac equation which describes the
relativistic behavior of spin- —, particles. However, radia-
tive matrix elements involving "spin Aips" are negligible
and, furthermore, the matrix elements without spin Hip
contain spatial wave functions which are solutions of a
Klein-Gordon-type equation with a spin-orbit term of rel-
ative magnitude 10 to 10 for channeled electrons of
a few mega-electron-volts [13]. One may therefore apply
the much simpler Klein-Gordon equation, for a spinless
particle of mass m and charge —e, to obtain stationary
states II corresponding to energy E of the total system,

2

ifiVR+ —A(R, . . . ) c —+m c %(R, . . . )
c

Here, HI and H„denote Hamiltonians of the lattice and
the radiation field which interact with the projectile
through the crystal potential V(R, . . . ) and the vector
potential A(R, . . . ). Only the projectile coordinates R
are shown explicitly.

At high energies, scattering angles are small and the
momentum transfers to the projectile are mainly trans-
verse. Accordingly, we separate a factor exp(iKz) from
the wave function [8],

%(R, . . . )=e' 'w(r, z, . . . ), R=(r,z), (2.2a)

with

E =PKc+mc (2.2b)

In the equation for w, obtained by inserting (2.2) into
(2.1) and dividing by 2E =2m yc, we neglect terms
(A c l2E)d jBz and (V+HI+H„) l2E. These com-
bine to give radiation-energy corrections of which the
most important may be interpreted as a Doppler correc-
tion, accounting for a finite angle between the directions
of the projectile and of the emitted photon [7]. This
correction becomes important only at very high projectile
energies (E & 1 CseV) where a quantal treatment of chan-
neling is no longer required.

In the Coulomb gauge (V. A=O), which will be used
throughout, we then obtain

iA w(r, t, . . . )= — V, + V(r, t, . . . )
Bt 2m'

+HI+H, +H, „w, (2.3)

H, „= A(R, . . . ) P+PeA, (R, . . . ), P= iAV&—.
mfc

The depth parameter z has here been replaced by a
"time" parameter t =zlv, where v =pc is given by the re-
lation AK =m yv, and the resulting equation for w has the
form of a time-dependent Schrodinger equation.

The coupling of the projectile coordinates to the de-
grees of freedom of the radiation field is contained in
H, „. We are interested here in spontaneous, radiative
transitions induced by H, „and hence contributions of
order A to this operator have been neglected.

In a precise description, the coupling between the crys-
tal and the radiation field is included in the Hamiltonian
operator for the lattice, HI. This coupling is treated in
Appendix A where it is shown that considerations of the
induced shifts lead to the formulas for photon refraction.
For these studies, the A terms are essential, resulting in
a first-order energy shift which gives the main contribu-
tion to the refractive index for photon frequencies far
from atomic resonances. Note also that magnetic excita-
tions are a result of scattering processes induced by a
combination of H, , and the coupling between lattice and
radiation field [7]. Here we disregard this coupling, ex-
cept for the correction for refraction introduced in Sec.
II B.

The coupling of the projectile to the radiation field,
H, „may be treated as a perturbation which to zeroth or-
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der is neglected. The solutions of (2.3) are then products
of stationary photon states and solutions g of

i% P(r, t, . . . )=8
V, + V(r, t, . . . )+HI2' p

(2.4)

A. Continuum model

The final simplification is obtained when V, (r, z) is re-
placed by the continuum potential which, for an axis in
the z direction, is given by

1 d
UT(r) =—f dz V, (r, z ), (2.5)

where d denotes the lattice period along the axis. The
solutions of (2.4) may in this case be chosen as product
functions,

P'( r, t, . . . ) = u ( r ) ~ yl )exp( —i st /A'), (2.6)

where the lattice part ~y& ) is an eigenstate of the Hamil-
tonian Hl. The energy c. is a sum of the eigenvalue of this
operator and the energy E~ of the transverse motion of
the projectile which is described by a stationary
Schrodinger equation,

Also the coupling in (2.4) of the particle to the lattice de-
grees of freedom may be treated as a perturbation and to
zeroth order, we replace the potential V by the thermally
averaged lattice potential V, (r, z) which is the expecta-
tion value of V(r, z, . . . ) in the ground state for the target
electrons and in the vibrational states of the lattice,
weighted by Boltzmann factors. When the average of V
in the electronic ground state is approximated by a sum
of atomic potentials, centered on nuclei displaced from
their equilibrium positions, the average over vibrational
states corresponds to a convolution of each atomic poten-
tial with the thermal distribution function for atomic dis-
placements. Within the harmonic model for the crystal,
the convolution involves a Gaussian distribution function
and corresponds in reciprocal space to multiplication of
the Fourier components of the atomic potential by
Debye-Wailer factors.
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FIG. 1. Bloch bands for planar channeling of 4-MeV elec-
trons along the (100) plane of nickel at 500 K. Also shown is
the continuum potential. The values indicated on the x axis are
in units of the basis vector for the one-dimensional reciprocal
lattice and of the distance between planes, respectively.

UT(r) = g UT(a, P)e
a, P

(2.9)

where the coefficients UT(a, P) are Fourier components
of the thermally averaged lattice potential, corresponding
to wave vectors perpendicular to the axis. When the
average of the lattice potential in the electronic ground
state is approximated by a sum of atomic potentials, the
crystalline Fourier components may be expressed in
terms of the components V,T(k) for the thermally aver-
aged atomic potential. In the simplest case, when all
atoms contribute in phase, the relation is

V, (k.)=Nq V,T(k) . (2.10)
V', + UT(r) u(r)=Eiu(r) .

2m/
(2.7)

Note that the energy E enters (2.7) through the relativ-
istic mass my of the projectile. The potential UT has the
translational symmetry of a two-dimensional Bravais lat-
tice, and accordingly, the solutions u (r) may be chosen as
Bloch waves

Here, Nz is the density of atoms and V,T(k) an atomic
Fourier component, V, (k), multiplied by the Debye-
Waller factor exp( —k p /2), where p is the one-
dimensional root-mean-square vibrational amplitude.

In the planar case, the continuum potential VT de-
pends on one coordinate only,

u„g I' i~2e p e
x y a, P

(2.8)
1

VT(x) = f dy UT(r),
0

(2.11)

where g, and g2 are primitive basis vectors for the two-
dimensional reciprocal lattice, the wave vector k is
chosen in the first Brillouin zone, n is a band index, and
Lx Lry a quantization area. The corresponding Fourier ex-
pansion of the potential is given by

where d, is the spacing of axes in the plane. The trans-
verse wave function u(r) separates into a product of a
one-dimensional Bloch wave, which describes the motion
perpendicular to the plane, and a plane wave in the y
direction parallel to the plane. The Bloch bands for the
one-dimensional "crystal" are shown in Fig. 1. (Note
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that the z momentum of the projectile is given by
(A'K —s/v ) [see (2.2a) and (2.6)]: the larger the transverse
energy, the smaller the z momentum. Electron micros-
copists traditionally consider z momenta instead of trans-
verse energies, and accordingly they obtain diagrams as
Fig. 1 turned upside down. )

According to this description, the solutions (2.6) will be
indexed as P„zi, which is convenient in Sec. III where
non-continuum-model solutions of (2.4) are expanded in
the basis set of functions (2.6).

B. Channeling spectroscopy

We now consider radiative transitions between solu-
tions of (2.4) with a continuum potential. The transition
probabilities may be obtained from a standard perturba-
tion treatment of the coupling term H, „ in (2.3). Since,
for t=0, the transverse state of the particle is a plane
wave, and the radiation field is in the ground state ~0),
the first-order amplitude for finding the particle (and the
lattice) at time t = T in a state Pf(t = T) together with a
photon of momentum Asc and energy A'~ is given by

1 T 1af'"(t=T)= . I dt gf(t), @exp( icot) —e PA, + A P
0 myc „,(t)'o„), ,

n

(2.12)

where A„ is the overlap of the initial plane wave ~k ) with the Bloch state u„ i„and y& ) is the initial lattice state.

We shall consider emission in the forward (z) direction. The photon polarization vector s„ is then in the transverse
(xy ) plane, and the relevant matrix element of the radiation field, quantized within a volume L o, is given by [14]

1/2

(ir/ A/0) =, E„e (2.13)
Lo co

The final state gf is chosen from the basis set of stationary solutions g'„ i, &
of which only the functions pf =lfj'„,i,&

con-

tribute to the radiation probability. According to the definition of the pseudotime t, the z parameter of (2.13) may be
written as z =vt. Introducing the photon energy-momentum relation

co=ac /n„, (2.14)

(2.15)

where the index of refraction n„has been included in order to take into account the change of the excitation quantum
iilco of the radiative mode ~ due to the interaction between the radiation field and the lattice (electrons), we see that the
nth term of expression (2.12) for the emission amplitude equals

' I/2
1 e 2~c A 1—(u„. i, ~E„.p~u„ i, ) A„dt exp[i(Ei Ei )t /A']e—xp(idiot)e xp( itin„Pt) . —

iA mac 0
n', k n, k

2s1n x
X

with x =—[co(1—n„P)—(Ei Ei )/A'], —=T (2.16)

where the peak value is obtained for x =0. This deter-
mines the photon energy in terms of the transverse-
energy difference,

E~ —Eq
=(1+ )y 1+(1+P)y25

(2.17)

where n„P=1 and 5=1 n„have been used—. Photon en-

ergies, corresponding to optical transitions in the trans-
verse potential, are pushed into the keV region (for MeV
electrons) by the 2y factor. This is a result of photon
recoil which must be included due to the relativistic lon-
gitudinal projectile motion.

Here, the transverse momentum p is defined by
p=(p„,p~) = iRV, —The a.bsolute square of (2.15) is pro-
portional to

1 2'
1 —n„/3 T

(2.18)

in analogy to the line broadening encountered for collid-
ing atoms in a gas (pressure broadening). For large T, the
radiation spectrum consists of a series of sharp lines, and
each line corresponds to a unique transition
(n, k)~(n', k) when interference between different terms

The same effect explains the presence of the index of
refraction in the channeling frequency condition. For
precision channeling spectroscopy, the correction for re-
fraction is important, amounting at low radiation ener-
gies (-2 keV) to a few percent. As shown in Appendix
A, the effect of refraction is part of the formalism
developed, being due to the interaction between the radi-
ation field and the target electrons. This interaction also
leads to x-ray absorption which contributes to the
linewidth of channeling radiation through broadening of
photon states. However, the absorption lengths are typi-
cally longer by two orders of magnitude than decay
lengths for channeling states, and hence this contribution
is negligible.

The linewidth, W, is then in the continuum model
given by the reciprocal emission time,
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can be neglected.
In the following sections, we shall for simplicity set the

refractive index equal to one. The channeling spectrum
will be investigated in the neighborhood of lines corre-
sponding to transitions between low-lying, very narrow
Bloch bands; throughout we shall use the 1~0 line as a
specific example. With the definition Ace, o=EJ EJ

1 0

the amplitude for emission into photon mode a in the for-
ward direction and within the 1~0 line may be written

—Ze ++ e

—V, (R —R; —U;)

5V2= g [V, (R—R, —U, ) —V, T(R —R, )),

5V3= g V, T(R —R;)—UT(r),

(3.2)

1/2

&uolte„piu, )I.o

a".' (t=T)= .
e

r-o ig Iyc

X dtexp i M 1 Q)~at

(2.19)

d&,o=2(1+P)ace, oT(mc) )(uolte„p~u, ))

x/a, /' (2.20)

f=(Ok/;) is the only final state contributing. Note that
for low-lying bands, the matrix element in (2.19) is in-
dependent of Bloch vector k, and the functions uo and u

&

may be chosen as localized states, bound to a single string
or plane.

To obtain the number of photons emitted during pas-
sage of a crystal of thickness I.= Tv within the 1 —+0 line
and within a solid angle d A around the forward direc-
tion, we multiply the absolute square of (2.19) by a pho-
ton phase-space factor and integrate over frequency with
the result

where Ze is the nuclear charge, U, is the displacement
vector for the nucleus with equilibrium position R;, and
R; is the coordinate vector of the jth electron in the ith
atom. In the following, excitations of lattice electrons
will be neglected. In (3.2) only the first perturbation,
6 V, , couples to excited states of the target electrons, and
since the expectation value of 6 V& is zero in the electron-
ic ground state, this term does not give scattering without
electronic excitation.

The second perturbation, 6V2, gives rise to "thermal
diffuse scattering, " mostly with phonon emission or ab-
sorption. In contrast, the last term, 6V3, does not couple
to vibrational coordinates, and since it is periodic,
scattering is confined to reciprocal-lattice vectors. In
diffraction theory, the technical term is HOLZ (higher-
order Laue zone) scattering, referring to nonzero momen-
tum transfer parallel to the axis [15].

For planar channeling with incidence at a fairly small
angle to a strong axis in the plane, it is natural to express
the planar continuum potential as an average of axial po-
tentials, as in (2.11), and UT in (3.1) is split into

UT(r)= VT(x)+5V4 . (3.3)

where co& o is given by (2.17) with n =1 and n'=0, a is
the fine-structure constant, and

~ A, ~

is the probability at
the front face for populating the first Bloch band.

III. LINE PROFILES

When the coupling between projectile and lattice coor-
dinates is included, the states g in (2.12), which are given
by (2.6), must be replaced by solutions P of the time-
dependent Schrodinger equation (2.4) with the full lattice
potential V(r, t, . . . ). Considering at first axial channel-
ing, we express the potential V as a sum of the continuum
potential UT and of various scattering potentials to be
treated by perturbation theory,

V= UT+6V)+6V2+6V3 . (3.1)

The crystal potential may be approximated by a sum of
atomic potentials V„and the different terms in (3.1) may
then be written as

The potential VT(x) contains only "systematic" scatter-
ing corresponding to reciprocal-lattice vectors perpendic-
ular to the plane while 6V4 introduces the "nonsystemat-
ic" reflections with momentum transfers perpendicular to
the axis.

The inAuence of the individual scattering components
on the channeling-radiation spectrum will be treated on
the basis of the general formalism developed in the fol-
lowing sections.

A. Radiation amplitudes

We consider radiative transitions between solutions of
(2.4) where the potential V is a sum of the axial (planar)
continuum potential and the perturbation
5V=5V, +5V2+5V3(+5V4). The first-order amplitude
for finding the particle and the lattice at time t =T in a
state gf(t = T) together with a photon of momentum fix
and energy A'to is given by [compare with (2. 12)]

af" (t=T)= J dt gf(t) a exp( idiot) e PA+— A P P(t)0=1 T 1

o mac
(3.4)

where g; is the solution of (2.4), which at the front face matches the incoming plane wave and the initial lattice state,
and where gf is picked out from a basis set specified at the front surface.
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a~ (t=T)=(&)

iA myc

Expanding the wave functions P, and P& in terms of the stationary solutions P„z& of the continuum model, we obtain
for emission in the forward direction

1/2

g g (u„ l(r)le„plu„z(r)) f dt exp[i[co(1 P)—+bE~ifi]t](PI(t)lg'„, z&(t))
L0

x & q'„„(t)lq, (t) ), (3.5)

with

AE~ =E~ —E~ (3.6)

We shall assume that for co in the neighborhood of, say, the 1 —+0 line, the time integration in (3.5) eliminates all
terms except those with n'=0 and n =1. This requires the separation between lines from different transitions to be
large compared to the linewidths. We then obtain for the contribution from the state g& to the 1~0-line amplitude

a"' (t=T)= .
1 e

iA mac

1/2
T—( u 0 e„p l u, ) f dt exp [ i [co( 1 P) co,o—]t ]-

L0 CO 0

X &gt(t)lfokt(t})&(t'~gt( )tip;( )t)
k, l

(3.7)

Here, we have used the fact that for low-lying, narrow
bands, the transition frequency co,0 and the dipole matrix
element ( u 0 e„pl u

&
) are independent of the summation

variables k, I.

B. Projection-operator formalism

g'„*q ( r „Ui, t )—P'„q ( rz, U2, t ) . (3.8}

The influence of the perturbation 6V is contained in
the last factor of the time integrand, the sum over k, l.
To study the complicated time development of this sum,
it is convenient to introduce a more compact notation.
We shall not discuss the electronic excitations induced
by the perturbation 5V& in (3.2), and hence we may
ignore the electronic degrees of freedom. The atomic
variables, . . .,U;, . . . , are denoted by U, and the quan-
turn numbers k, I are combined into one symbol q. Fur-
thermore, we may reduce the product of two matrix ele-
ments into a single one by introducing a function space
Q, spanned by product eigenstates,

0"„q „q (r(, U(, r2, U2, t)

The initial and final states are then combined into one
function,

(r„Ui, r2, U2, t) =/I(r„U„t )g;(r&, Uz, t), (3.9)

and the sum in (3.7) may be expressed in terms of the pro-
jection of this wave function onto a subspace Q0, defined

by

&0&=spanq [poq, 1q(t)] (3.10a)

The corresponding projection operator P0& is given by

Po)'P(t) = g (Poq )q(t) l+(t))'Poq )q(t),
q

and the sum in (3.7) takes the form

g (P~(t)lgoq(t) ) (1t &q(t) g;(t) )

(3.10b}

= y (p', (t)lPD]'uf;(t)) . (3.11)
q

The wave function 4&; satisfies the time-dependent
Schrodinger equation

2

b., + Ur(r2)+HI(U2)
2m/

=H,2(t)ef;(t),

—A'2

b., + Ur(r, )+Ht(U, ) + [5V(r2, t, U2) —5V(r„t,U, )] 4'~, (t)
2m@

(3.12a)

«A O'=H' 0'a
Bt

with

H, 2(t)—:H;~+ [5V(r2, t, U2) —5V(r, , t, U, )] .

(3.12b)

(3.12c)

and the stationary basis states +n q n q
are solutions ofnl ql, n2q2

the corresponding zeroth-order Schrodinger equation

The effects of the perturbation [ 5 V(rz, t, Uz)—5V(r&, t, U&)] in (3.12c) on the expression (3.11) may
qualitatively be split into three categories: (1) Reduction
of the projection of %'&,- onto Q0& by scattering out of the
states 0 and 1, (2) change in phase of Po, 4&, , and (3) in-
crease of the projection of 4&; onto Q0, by feeding of the
states 0 and 1. The first two effects contribute line
broadening and line shifts and are our main concern here,
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while the third effect only influences the line intensity.
To make this separation explicit, we introduce a

division of the time T for passage through the crystal into
finite time intervals of length At and centered on times t„,
n =1,2, . . . , X. The change of 4f; over one interval is
determined by a propagator D ( t„),

0 f;(t„+,) =D(t„)%f, (t„), (3.13a)

which may be expressed in terms of a product of
differential propagators

contributions to the radiation intensity from different in-
tervals add incoherently. We return to this critical point
later.

The component of 4f, , which contributes to the radia-
tion amplitude in the nth time interval, consists partly of
the component contributing in the preceding interval,
depleted by scattering out of Qp&, partly of a term origi-
nating from feeding in from outside the space Qp, . This
is expressed compactly by the following equation:

Pp&% f (t ) =Pp]D(t &)P p)% f (t„,)

6(t) = 1+ . H&2(t)
dt
sA

(3.13b) +Pp, D(t„,)(1—Ppi )'Pf;(t„,), (3.14)

The time integration in (3.7) may be replaced by a sum-
mation over the finite number of intervals, provided that
At is small on the time scale for scattering into or out of
Qp]. On the other hand, At is chosen large enough that

I

which follows from the definition (3.13a) and linearity of
the operator D(t„,).

Using the iterative equation (3.14), we may show by in-
duction that

Tf dt exp [i[co(1—P) co&p]—t}g &%1@& ] (qt) Pp]%f (t))
0

q

N N

g b, t e pxji [to(l P) cu—,p]t—
n=1 m~n

X g &% pq &q( t)lPp&D(t kt )Pp] ' ' Pp)D(t )Pp)D(t ] )(1 Pp) )% f.(t„,) )
q

(3.15)

For compactness, we have introduced here the notation D(tp)(1 —
P&» )4 f(t p):4f;(t,—) for the special term n =1. The

terms n ) 1 contribute to the integration from the time interval around t„, starting with a feeding-in (or feeding-back)
event in the preceding time interval, which is followed by an "unbroken chain" .

Pp& DPp& DPp& . This chain
takes into account the depletion and the phase shift of the original projection onto flp, (at t = t„), and we may write

(t +de lPj)oD(t )PMD(t 6t lPO, )
q

=e ' e '
+pq ]q t~ Pp~D t~ At Pp~ '

& kt/7&p((1
q

(3.16)

The decay constant 1/2~, 0 is not a simple sum of
separate decay constants for the two states 1 and 0 since
a transition in either state to another set of quantum
numbers q does not lead to depletion of the matrix ele-
ment if the same q transition takes place in the other
state. Thus there is a need for treating the decay con-
stant (and the phase shift b,co,p) in a coupled manner and
for this purpose, the product space is well suited. Be-

I

sides, the projection operator Pp& is a convenient tool for
writing down very compactly the different contributions
to the radiation amplitude, with an easy interpretation of
each term.

The contribution from the state Pf to the amplitude
for forward emission within the 1~0 line we obtain us-
ing (3.7)., (3.11), (3.15), and (3.16),

(t=r)= 1 e
iA myc

1/2
2~c A 1

&uple, plu, )
Lp CO

X g p„f dt expIi [co( 1 p) coM]t—}exp—[ idaho, p(t t„)]exp—[ (t —t„)l 2&
r]—p,

—
n n

(3.17a)

where

&.= X &+p,, )q(t. )IPp(D(t. —))(1—Pp))~f;( „
q

(3.17b)

Compare (3.17a) with (2.19) of the continuum model:
The loss of stability of transverse states with introduction
of the scattering potential 5V is rejected in the replace-
ment in (3.17a) of A„ the population amplitude at the
front face of the right initial and final states, by a summa-
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tion over all depths t = t„of the crystal, weighted by the
population amplitudes p„. Furthermore, in the continu-
um model, the coherent emission time extends over the
full crystal thickness T but in (3.17a), the instability in-
troduces an effective emission-time limit of order z]0.

C. General remarks on line pro6les
and line intensities

We may calculate the line profile of well-separated
lines in the radiation spectrum, obtained for emission in
the forward direction, by multiplying the absolute square
of (3.17a) by a phase-space factor. The result is

CX

N, p(~)I=, , I(upIe„pIu, & I'
dcod A 4m. (myc)

2
i[re(1 —P) —n))p}t„

(3.18)

X(co ) denotes the Lorentzian profile,

X(co)= 1

[co,p+ Eco,p co(1 P) ] + 1/4rjp

which is centered on the shifted frequency

CO)0+ ACO)P
~i-p

(3.19)

(3.20a)

and has a full width at half maximum (FWHM) W given
by

8'= 1 1

1 Pep
(3.20b)

To obtain the separation between contributions to the
line profile and the line intensity, the interval At must be
chosen large enough that interference terms vanish in
(3.18). In that case the total line profile is the same as the
(skew) Lorentzian profile obtained individually for each
term n. The feeding in during an interval ht contributes
only to the line intensity.

Here, we shall not attempt a complete analysis of the
interference between terms in (3.18) [1], which corre-
spond to feeding at different depths, but we may give two
arguments for incoherence of these terms. First, particle
propagation in different channeling eigenstates gives rise
to phase differences. When linewidths are small as com-
pared to line separations, the interval At may be chosen
long enough for such phase differences to be large.
Second, lattice excitations associated with the feeding are
fairly localized, and hence feeding at different depths will
normally be associated with orthogonal lattice states.
For thermal scattering, coherence will be limited to the
correlation length for thermal vibrations, which is typi-
cally of the order of a few lattice spacings only [16].

The center frequency and width of the Lorentzian
profile are given by the shift hco, 0 and decay constant
1/2~&0, respectively, and these quantities will be studied
in the following section.

A few comments will be given on the intensity of the
1~0 line. The contribution from the final state g& is ob-

tained by an integration of (3.18) over photon frequencies
CO,

d2
dN/~p = f dip N~~(co)dQ

f dip $X($)

=2(1+P)ace, pr, p(mc) I(upIe„pIu, &I

xyIp„I'4" . (3.21)

Qq/q t +f
q

(3.22)

By summing over all final states P/ and applying closure,
we obtain the total intensity in the 1~0 line,

dN', p'" =2(1+P)asap& pT(mc)

x I(u, Ie„pIu, & I'
4~

x —f d~ g l(g(q(&)lg;(&) & I' . (3.23)T 0

The population of the first Bloch band at the front face,
I
A

& I, which was encountered in the continuum-model
expression (2.20) for the total intensity in the 1~0 line,
has been replaced by the average over the entire crystal
of the first-Bloch-band population.

IV. TREATMENT OF LINE SHIFTS
AND LINEWIDTHS

According to Eqs. (3.18)—(3.20), the line profile is
defined by the shift Ace&0 and the decay constant 1/2~, 0
which in turn are given by Eq. (3.16) as

1
exp —i Ace &0

— At
~+10

(% pq )q(t +Et) PI) pD(t )Pp)4&
q

g (q;, „(r )IP„q &

(4.1)

Note the strong similarity between (3.21) and (2.20) of
the continuum model. Again the instability of the trans-
verse states leads to a replacement of T, the time for pas-
sage through the crystal, by the effective emission time,
of order r&p, and to a replacement of

I
A

& I, the probabili-
ty for population of the right initial and final states at the
front face, by the sum over I/3„I where p„ is the ampli-
tude for populating the right states by feeding at depth
Z =Ut„.

The yield of the 1~0 line may also be found directly
from (3.5) with n =1 and n'=0 by taking the absolute
square, multiplying the result by a phase-space factor,
and integrating over frequency. Starting out by perform-
ing the co integration, we obtain a 5 function in the two
times occurring, and the result is

dN~() =2(1+P)acp, pT(mc) I(upIe„pIu, &I
4m.
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gy10
——AACO10

—i
+10

(4.2)

In the present section, we obtain general expressions for
the shift and decay constant of first, second, and third or-
der in the scattering potential 5 V, and identify the
scattering processes which contribute to the shift and
broadening, respectively. In the following sections,
specific expressions are obtained for the individual per-
turbations 5', 5V3, and 5V4, defined in (3.2) and (3.3).

On the right-hand side of (4.1), D(t ) is written as a
product of differential propagators. We expand both
sides of (4.1) in orders of the perturbation

I 5 V(r2, t, U2) —5 V(r „t, U, ) I and obtain with the
definitions

and

p, —= &+;, „(t )~e),
to first order,

(4.3)

m+1
~yIO'= g ' f dt(( lq ~5v(t)

~ lq &

q pq bt &m

—(Oq ~5V(t) ~Oq ) ), (4.4)

where ~nq) =g'„q(t=0). Note that BIO is real and that
the first-order energy shift of the state ~nq ) is given sim-
ply by the expectation value of the perturbation 5 V aver-
aged over the time interval ht.

The second-order terms of (4.1) lead to

m+1
iryI2, '= g g f «(g;q(t)15V(t) lq'„, q, (t) ) . f «'& g'„q (t') I5V(t') I1(;q(t') &,

n2, q2%1,
q q lA n&q2 iq

q

tm+l+ y y ' f "'dt(q;, (t)~5V(t)~y„, (t))*.' f'dt (y„, (t )~5V(t )~q;, (t )&' .
q n l, ql WO, q

n)q) Oq

m+1f dt(p;q. (t)~5V(t)~p;q(t))
' f 'dt'(y;, ,(t )~5V(t')~q;, (t'))*

q q'Wq ~™ q q f t q
Pq

q

f «(goq (t)15V(t)lqoq(t) &* . f dt'& y;, (t')~5V(t')~q;, (t') &

q q~q« 0 0
Pq

q

(4.5)

The various second-order terms are illustrated in Fig.
2, where the straight lines indicate Bloch bands and the
wavy lines changes of Bloch vector and/or of vibrational
state of the lattice. The horizontal axis represents time,
and the time ordering of the interactions is indicated by
the dots. The coupling terms correct for the fact that a

lattice excitation or change of Bloch vector is unimpor-
tant when it is common to the initial and final states.

The third-order terms are illustrated in Figs. 3(a) and
3(b). They fall into three groups of two, six, and eight
terms, respectively. In the following formula, we give
only the first term in each group:

A'y", ,'= g g g f dt(g;, (t) ~5V(t) ~P'„, (t) )
q n2, qpx1, q n4, q4%1, q

x . f dt'(g'„q (t')~5V(t')~f'„q (t'))
m

x . f dt"(g'„, (t")i5V(t")~g;,(t"))
m Pq

f dt(g;q, (t)15V(t)~f'„q (t))
q q~qn2q ~1q ~~ ™

x . f dt'(f'„q (t')~5V(t')~g;q( '))

x f dt" (g;,.(t")~5V(t")~p;q(t"))* ' +. . .
l, A Pq
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m+1

f, «& yl, (r) l5V(r)
I q:„(r)&

q n2, q2%1, q

x f'dt'(P; (t')I5v(t')IQ; (t')&

x . f dt" (g'„(t")I5V(t")lf; (r") & +
Pq

(4.6)

Within the first two groups, the terms differ only by
time ordering or by interchange of the initial and final
states together with a complex conjugation. The last
eight terms all include a "transition" without change of
state, i.e., an expectation value of the scattering potential.
Therefore they should usually be negligible, and they are
ignored in the following. Also the exclusion of initial
states in the summations will be neglected. Thereby sum
rules become applicable, and this allows for analytical
calculations and closed expressions for the width and
shift.

Conversion of the time-ordered integrals in (4.5) and
(4.6) into square and cube integrals facilitates
identification of the scattering processes which contribute
to the linewidth and line shift, respectively.

As an example, we shall consider a separate term of
second order, the first term in (4.5). The imaginary part
may be written directly in terms of the corresponding
square integral and the real part as a square integral with
the sign function included in the integrand. Neglecting
the q average over initial states, we obtain for (minus) the
imaginary part

(2)

27 1
f, «(p)q(r)15V(r) I p'„q (r) & f «'& Q'„, (r')I5V(t') lg;, (r') &,

n, q Al, q
m

(4.7a)

and for the real part

(4.7b)

These expressions are the starting point for further expansions in the phonon case to be described in Sec. V.
For the physical interpretation of Eqs. (4.7), the sign function will be written in terms of its Fourier transform which

is proportional to Cauchy s principal value. Since all time integrations of (4.7) extend over complete intervals, they may
be written in terms of Fourier components of the scattering potential,

(2)

gy(2) gg~(2)
1 = 1

T1

+i m+1
(A'hem, )"'= g —— f dr(g;, (r)I5V(r)I1t'„, (t) & f dr'(g'„, (r')I5V(r')lg;, (t') &sgn(r t') . —

2i Aht m
n2, q2, q

f du'& lql5V( ~') Inzq2 & & n2qz 15V(~')
I lq & .

n2, q2%1, q

P
CO C01„

+i~5(co' —co,„) . , (4.8)

where Aco1„ is the energy difference between the states

I lq & and
I
n zqz &, and an co integration with inclusion of

Dirac's 5 function has been introduced into the equation
for (A'/2~, )' '. As in (4.4), In2qz & =g'„~ (t =0).

The 5 function of (4.8) requires that scattering process-
es contributing to the decay constant obey the energy-
conservation law. In the expression for (A'b, co, )' ', howev-

er, the 5 function is replaced by the principal value, and
the energy shift of a state is caused by scattering to inter-
mediate states without conservation of energy. In the
phonon case (5V=5Vz), the shift is due to scattering to
intermediate, transverse electron states with simultaneous
emission and absorption of virtual phonons and is thus
fully analogous to the Lamb shift which is caused by cou-

fihcoP'= — g — f dao'f (co'), , (4.9a)
n, ,q+1 q

~ ~1n

with

f(co'):—
I & n, q, I5 v(m')

I lq & I' .
ht

(4.9b)

pling of the electron to the radiation field and is due to
scattering to intermediate electron states with simultane-
ous emission and absorption of virtual photons.

Already at this point, we may comment upon certain
characteristics of the second-order level shift which are
revealed by the following more compact version of the
real part of Eq. (4.8):
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1 n2 1

2nd Order

0 n, 0
Separate

Coupled

(a)
n2 nI

3rd Order

0 1 3 0 Separate

0

n2

0 Coupled:

1 n2

0 n

fl2 1 0 fl ) 0
Statistical
TBf ms:

FIG. 2. Second-order terms. Straight lines represent Bloch
bands and wavy lines changes in Bloch vector and/or lattice
state at the interaction points indicated by dots. The horizontal
axis represents time. The first two drawings illustrate second-
order contributions obtained individually for the initial and
final states of the radiation process. The last two drawings show
the coupling terms. Emission and absorption of lattice excita-
tions are treated equivalently, and emission of a lattice excita-
tion in one state is followed by absorption of the same excitation
in the other state.

The shift is obtained by folding a frequency-dependent
function f(co') with the "atomic" dispersion
1/(co' —co&„). This convolution is well known from the
study of the ac-Stark shift which may in fact be calculat-
ed directly in the semiclassical case (i.e., the atom is treat-
ed quantum mechanically, whereas a classical description
is applied for the external electromagnetic field) by use of
the formalism developed above [1].

The sign of the shift (4.9) is in general dependent on
how the spectrum is weighted relative to the atomic
dispersion. For the cases to be considered, the "spec-
trum" f(co') is symmetric around co'=0, and we have
typically a form as shown in Fig. 4. A continuous distri-
bution of frequencies co' clearly results in a positive value
for the co' integration of (4.9a). This is valid for the pho-
non case. In the cases 6V=5V3 and 5V=6V4, the in-
tegral is replaced by a sum over discrete frequencies
co'= n.2~c /d, n =+1,+2, . . . . Since typically
co„; «2vrc /d, the magnitude of the negative terms is seen
in Fig. 4 to be larger than the magnitude of the corre-
sponding positive values, and the sum will be negative.
Hence the sign of the second-order periodic shift will be
opposite to the sign of the second-order phonon shift.

In recent years, there has been a lot of interest in
studying changes of Lamb shifts for atoms in cavities, in-
duced by the restriction of radiation modes: The smaller
the cavity volume, the larger the distance between the al-
lowed modes. By exactly the same kind of reasoning as
used above, it may be shown that the sign of the Lamb
shift changes at certain volume sizes [17].

As will turn out, the decay constant is dominated by
contributions from the second-order terms, whereas the
shift has similar contributions of second and third order.
Hence only the real part of the third-order terms will be
considered.

In contrast to the separate second-order shifts just de-
scribed, the separate third-order shifts have contributions
from both energy conserving and nonconserving process-
es.

0

0

FIG. 3. Third-order terms. Symbols as in Fig. 2. The first

two drawings in (a) show the individual third-order corrections
for the initial and final states. The next six drawings illustrate
terms which take into account effects of coupled behavior in the
two states. They differ only by time ordering of the scattering
processes, and each term has a counterpart which is obtained by
interchanging initial and final states together with a complex
conjugation. In (b) are shown corrections to the terms in (a).
They all involve a "transition" without a change of state.

FIG. 4. Atomic dispersion function centered at the reso-
nance frequency co,„and typical spectral distribution f(~')
Calculation of the second-order shift involves a convolution in-
tegral between the two The spect. rum f(cg') is the absolute
square of the Fourier expansion of the perturbation.
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V. THERMAL SCATTERING

Introduction of second expansion parameter

In Sec. IV an expansion in the scattering-potential
strength was performed. The dimensionless expansion
parameter is of order Za, where Z is the atomic number
of the crystal and a the fine-structure constant. To per-
form the summation over intermediate states analytically,
we shall introduce a new expansion parameter A, = hcoAt,
where Rheo is a typical transverse-energy transfer. Since
typical momentum transfers are of order A'/p, we obtain

2
2mfp ) p 0

U /Ace- U =2yaoe ' -2y A (5.1)

Based upon the general expressions of Sec. IV, explicit
evaluations of the widths and shifts, induced by the pho-
non coupling operator 5V2, will be performed in this sec-
tion. The periodic perturbations 5V=5V3, 5V4 will be
treated with similar methods in Sec. VI.

Introducing rough approximations in terms of un-
screened Coulomb potentials, we obtain simple formulas
which reveal explicitly the dependence on basic physical
parameters. Since the shifts turn out to be very small,
these simple estimates usually suffice. To check the accu-
racy of the approximations, we have also carried out a
very precise analytical calculation with the Doyle-Turner
approximation for atomic potentials [18]. The resulting
formulas are given in Appendix B, while some numerical
results for specific cases are given in Appendix C.

b, t—/2)] which for the separate second-order terms ap-
pears in the phase factors of (4.7a) and (4.7b).

We shall start out by expanding Ry']p in the new pa-
rameter. To zeroth order in A, , the dependence on the en-
ergy of intermediate states disappears. Neglecting the ex-
clusion of the term accounting for scattering to the state
itself, we may apply closure of intermediate states and
hence obtain for twice the separate term in Eq. (4.7a)

'(2)

& lq 1(iQio)'I lq &, (5.2a)
T]

where the notation

m+1Q„:— f dr 5V, (t) (5.2b)

(iii~y»)"'=xiii& &oqliQiolaq'&& lq'~iQ&o~lq &,
1

has been introduced to express similarity to "the sudden-
collision expansion" outlined in [8]. The potential aver-
age Qio defined here equals Q/i used in [19]. The two
subscripts of Q in the sudden-collision expansion corre-
spond to the two expansions introduced above, with the
first subscript of Q denoting the order in the perturbation
and the second the order in X.

The second-order shift (4.7b), expanded to zeroth order
in A, , vanishes.

The sum of the two coupling terms of Eq. (4.5), ex-
panded to zeroth order in A, , equals

For y ))1, it is thus possible to choose an interval length
At small enough to make the expansion parameter small
compared to unity, and large enough to include correla-
tions of thermal displacements.

In all cases, expansion in the parameter A, simplifies to
expansion of the exponential function exp[id, co(t —t

(5.3)

which is purely imaginary as is easily seen by writing the
Bloch states as sums of localized "atomic" states.

Hence, to obtain a nonvanishing shift contribution of
second order in the perturbation, we need to expand to
first order in A, . For the separate part,

m+1 m+1
(Rheo, )' '= g —— co, „ f dt& lq ~5V2(t)~niq2 & f dt'&niq2~5Vz(t')

~ lq & ~t t'~, —
2A At

(5.4)

which clearly reveals the proportionality of the shift to
the lifetime of the intermediate state, ~t t't We shall—
write ~t

—t'~ =sgn(t t')(t —t') in term—s of a derivative
of the Fourier expansion of the sign function. To per-
form the summation over intermediate states, the energy
difference between the initial and an intermediate state,

I

%co ]q p q
which is by far dominated by the energy1q, n&q2&

difference between the transverse electron states, will be
written in terms of a commutator between the scattering
potential and the continuum-model Hamiltonian opera-
tor. As shown in Appendix D, this leads to the sum rule
(D 1) which we shall apply here with the result

(Abco, )' '= fde — &1q~[Vi5V2( —co)] [Vi5V2(co)]~lq& .
ht 2n co dc@ 2my

(5.5)

The sum of the real parts of the second-order coupling
terms in (4.5) may be shown to vanish also to first order
in the expansion parameter A, .

We finally need to consider the shift expanded to third
order in the perturbation and to zeroth order in A.. For

the real part of the first separate term in (4.6), we get

X& lq ~(iQ„)'~ lq & .
1 1 (5.6)

The sum of coupling terms in (4.6) expanded to zeroth
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order in I, equals

tsy",,'= y [ & oq lig io loq' & & lq'I,'(igio)'I iq &ht

—&oql-,'«gio)'loq'&& lq'ItQiollq &i .

(5.7)

By now it is clear that the necessity for the expansion
of the level shift to third order in the perturbation origi-
nates in the competition between the two expansion pa-
rameters: The third-order shift has nonvanishing contri-
butions of zeroth order in A, , whereas the second-order
shift has contributions only from first order in A, . Thus
the magnitude of the first nonvanishing part of the
second-order shift relative to the first nonvanishing con-
tribution to the third-order shift is given by the ratio be-
tween the parameter A, and the perturbation-expansion
parameter,

Acoht 1 Rc 1 ~o

(Ze Ip)(l le)b, t Za 2myc p 2Zy p
(5 g)

which is smaller than unity for electrons of a few MeV in
Si.

We shall introduce a thermal average over initial lat-
tice states, and hereby the first-order shift in (4.4) van-
ishes, &A'y', 0 &,h=o, by definition of 5V2. Furthermore,
with an expansion of the potential 5Vi in atomic contri-
butions, the thermal average ensures that scattering back

and forth takes place only on atoms which are vibration-
ally correlated.

To illustrate how approximate expressions in terms of
unscreened Coulomb potentials may be obtained for the
various contributions to the level widths and shifts, the
separate second-order level shift in (5.5) will be con-
sidered. In the transverse matrix element, the scattering
potential will be written as a sum of atomic contributions
which in turn are Founer expanded,

8Vz(R)= g i fdK[ V, (X)exp( i K—U; )
1

(2m. )'

V T(E))exp[iK.(R—R, )] .

(5.9)

The product ViBV2( —co) ViBV2(co) is simplified if we
first perform the average & &U which consists of an in-

T
tegration over atomic variables, combined with a thermal
average denoted & &„h. By using that the average of ex-
ponentials of operators, linear in the positions and mo-
menta of a harmonic crystal, may be transformed into an
exponential of averages of the operators [20],

&e "e &„=exp[—,'& W'&„+ ,'&B'&„+—&A& &„],
(5.10)

we obtain

& [ V (~2 )exp( —t K2.U, )
—V,T (Ez ) j [ V, (K, )exp( —i K, .U; ) —V,T(K i ) J & U

=V T(&&)V T(Ei)[exp[ —K2 KiP, (R; —R; )p ]—1] (5.1 1)

where p is the one-dimensional root-mean-square vibrational amplitude and P, (R; —R; ) the correlation coeficient for
thermal displacements of atoms i i and i i. In deriving (5.11), we have assumed isotropy of the crystal,

& V, „V, „&=&V, ,V, , &=& V, , V, , &=P, (R, —R, )p'. (5.12)

In the special case i2=i, , the definition of p implies that P, (0)= 1. Equation (5.11) is furthermore based upon an as-
sumption of vanishing correlation between perpendicular displacements.

For axial channeling we obtain

& irthcop' &,h
= — Nd L„L»

1 1
i th 2 d x»(2

X fdk, „f dk2„ f dk, » f dk, &»u, l pex[i(k, k+).2r]lu, &(k,„k2 +k,»ki»)

X f dao — V,T(IC, )V,T(IC2)
P d

X g [exp[ —p P, (R, )K, .K2]—1]exp( iK „z,),— (5.13a)

where Xd is the density of atoms in the crystal and u
&

a two-dimensional Bloch state normalized over the quantization
area L L». The vectors R; are in this case parallel to the axis, R; =(O, o,z, ), and K, =(k,„,k,», colv),
K2=(k2„,k2», —u/v). The factor k,„kz„+k, k2 is a result of applying the transverse-gradient operators of Eq. (5.5).

Similarly, for the planar case,
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(RhcoP'), h= — NdL fdk, „jdk2 ( u, ~
exp[i(k, +k2, )x ] ~ u, )

1 1

2m yv (2~)4

X fde(ki k2 —k )fde — V,T(Ki )V,T(K2)

X g Iexp[ —
p P, (R;)K, K2] —1]

R,.

Xexp( —iK, R;), (5.13b)

where u
&

denotes a one-dimensional Bloch state normal-
ized over the quantization length I.„p k]y k2y ky7
and the summation is over Bravais-lattice vectors in the
plane, R; =(O,y, , z,. ). The condition ofy momentum con-
servation is obtained from the y integration in the trans-
verse matrix element.

So far no approximations have been made. In Appen-
dix B, the Doyle-Turner approximation [18] is applied for
the atomic Fourier coefficients. This leads after lengthy
calculations to the very precise formulas given there.
Here we shall make somewhat crude approximations for
the atomic scattering factors.

Consider the term R; =0: Scattering back and forth
on the same atom. We shall first evaluate (5.13a) and
(5.13b) for a plane wave u&. The coordinate integration
then gives a 6 function requiring k2= —k„and the level
shift becomes

1 1

2m yv (2~)

X f d k( —k +k,2)2 V~(k)
B(k, )

X [1—exp( —k p )], (5.14)

V, (k) =—,k ) 1/a T„,4aZe
k

(5.15)

where the Thomas-Fermi screening distance is given by
aT„=0.8853aoZ '~ (ao is the Bohr radius, a0=0.529
A). For small k, k ( 1/p, the increase of the integrand in
(5.14) is cut off partly by the last factor, proportional to
k, partly by screening. As a rough approximation, we
may apply the unscreened potential (5.15) in (5.14), with a
lower limit of integration k;„=1/p. This leads to a very
simple formula

(A'bco' '),„=—10u y 'Z e (Ndaop), v=c, (5.16)

for plane wave. For bound electron-channeling states,
there is a strong enhancement of the Aux near atoms, and
we may expect (5.16) to be replaced by

(Rheo' '),h
———10a y Z e (Ndaop)O, (5.17)

where the overlap factor 0 accounts for the increased
fiux. This formula may be derived from (5.13a) and
(5.13b) by using that rnomenta in the integral are typical-
ly large, k ~1/p, compared to wave vectors of Fourier

for plane wave.
For large k, the potential approaches the unscreened

Coulomb potential from the nucleus,

components contained in the projectile wave function,
i.e., the density ~u, ~

varies little over distances p. The
overlap is given by

0=
z

L L f d K exp( ,'K p—)—(u,~exp(iK r)~u, )
1

1 L L ( u, ~
exp( —r /2p ) ~ u, ),

2&p

for axial channeling, and by

(5.18a)

I.„O= f dK exp( —
—,'K p )(u, ~exp(iKx)~u, )

p( — '/2p')
I

277 p
(5.18b)

for planar channeling. Comparison of the simple esti-
mate (5.16)—(5.18) with the more exact evaluation in Ap-
pendix B in a few cases showed good agreement (see Ap-
pendix C).

From (5.11) it is seen that scattering back and forth
takes place only on vibrationally correlated atoms. To
have contributions from scattering back and forth on
different atoms, a nonvanishing transverse overlap be-
tween the scattering potentials, localized around the
atomic equilibrium positions, is required. In the planar
case, the z axis is chosen parallel to the projection of the
initial projectile momentum onto the plane. Thereby
correlated scattering on different atoms takes place only
if the y distance between the atoms is less than twice the
extension of the scattering potential. This corresponds to
an upper limit y=p/d for angles of incidence to the
string containing the atoms, and as soon as the angles to
all major axes in the plane are larger than a few degrees,
we need only include scattering sequences on single
atoms. The dependence of the linewidth of planar-
channeling radiation on the angle of incidence to a major
axis in the plane was studied in [19], and it was found
that the effect of vibrational correlations is significant at
angles less than a few degrees.

For axial channeling, the correlation of thermal
scattering from different atoms along the string is impor-
tant. As discussed in [21], the decay constant may in-
crease by up to a factor of -2 when correlations are in-
cluded, and the effect is even more dramatic for the shift.
The reason is that the contribution to the shift from a vir-
tual transition back and forth to an intermediate state is
proportional to the lifetime of the intermediate state, i.e.,
in our description with a pseudotime z/U, it is propor-
tional to the distance hz between the two scattering
events. For thermal scattering on one atom, this distance
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is Az p, while for correlated scattering on neighboring
atoms along the string, Az =d )&p.

The axial formula (5.13a) with one term R; =(0,0, nd )

in the sum may be approximated by an expression similar
to formulas (5.17) and (5.18) as

~P a y Z e (Nd&p ndl)O ~ (5.19)

= (Au }Nzcr,„O,
th

(5.20}

with a cross section for thermal scattering given by

In this case we have used that the Debye-Wailer factors
in the scattering factors of the thermally averaged atomic
potential, combined with part of the factor in curly
brackets limit the integration to momenta small corn-
pared to I/[p(1 —P, )' ], and this permits a first-order
expansion of the remaining factor in curly brackets when

P, ((0.5 which is usually the case. Furthermore, the last
exponent has the strongest variation with cu, and the
differentiation is confined to this factor. The resulting co

dependence limits the integration over co to very small
values, co ~ u/~nd~, whereby the cp integration separates,
and Eq. (5.19) is obtained for small P, . [In the opposite
limit of P, —= 1, the integration is limited to k ~ I/p in
analogy to (5.14) and estimate (5.19) is obtained also in
this case. ]

Comparing Eq. (5.19) with (5.17), we see that a factor p
has been replaced by ~

nd
~

as predicted qualitatively
above. Since in the normal case, P, ((1, the integral re-
ceives the main contributions from k ~ 1/p, the accuracy
of our procedure (neglect of screening and overlap ap-
proximation) may be somewhat poorer than for the previ-
ous case (5.17). This is confirmed by the comparisons in
Appendix C which indicate that (5.19) overestimates the
shift by up to a factor of 2.

To obtain the total second-order shift, (5.19) should be
summed over n =+1,+2, . . . . The (transverse) correla-
tion coefficient P, decreases with distance, but at high
temperatures only as P, ~ 1/~nd ~, according to the Debye
model. Hence the magnitude of (5.19) becomes indepen-
dent of distance, and the sum diverges. An estimate for
the effective cutoff of the sum is obtained from the condi-
tion of validity for the expansion leading to formula (5.5),
k—:hcuAt &1, where A'Ace is a typical transverse-energy
transfer, and b, t =

~
nd

~
/u is the intermediate-state life-

time. According to (5.1), this leads to
~
nd

~

~ 2y A.
This cutoff has a simple interpretation. After scatter-

ing on a string atom with momentum transfer Ak =A/p,
the projectile moves at an angle e=iri/(myvp) to the
string. Since the perturbing potential has a range -p,
the projectile cannot "see" atoms at distances larger than
-2p/e

Similar overlap estimates are obtained easily for the
level width (5.2) by restricting the integration to momen-
ta k ~ 1/p and compensating this underestimation by ap-
plication of unscreened Coulomb potentials. By further-
more assuming that the wave function contains momenta
only which are small compared to typical momentum
transfers A/p, we obtain

(5.22)

We note that the ratio decreases with increasing projec-
tile energy, and already for y=10, it is of order 10
only.

Finally, for the third-order level shift we obtain with
similar but more complicated considerations

&A'bcu' '),h- 2~a Z —e (N p )0 . (5.23)

This a1so includes scattering on one atom only and agrees
in the planar case within a factor of 2 or 3 with the pre-
cisely calculated third-order shift (Appendix C).

For both the linewidth and the third-order line shift,
there are important corrections from correlation between
scattering in the initial and fina1 states of the radiative
transition. In Appendix C precise formulas are given not
just for the second- and third-order level shifts, but also
for the correlation terms of third order (the linewidth was
treated in [19]).

It is of interest to compare the third-order level shift in
(5.23) to the second-order level shift in (5.17) (scattering
back and forth on the same atom),

(5.24)

The two shifts are of opposite sign, and the third-order
shift will dominate for large values of y. [Compare also
to the estimate (5.8).] It should be stressed that this re-
sult does not indicate a break-down of the perturbation
expansion. The third-order shift is important because it
has a contribution of zeroth order in the expansion pa-
rameter X, while the second-order shift (second order in
the Born parameter Za) contains contributions only of
first and higher order in A, . All further terms in the ex-
pansion are of higher order in one or both of the expan-
sion parameters. Note further that for axial channeling,
thermal-vibrational correlation may give a large increase
in the second-order level shift according to (5.19).

VI. PERIODIC PERTURBATIONS

The line shifts induced by the discrete components 5V3
and 6V4 will be treated by a similar method as used for
the phonon coupling. In this case, scattering back and
forth may take place with infinitely large separation and,
to include all possible scattering processes, we must ex-
tend At to cover the full crystal thickness. Hence the ex-

cr,„= f d k~ V, (k) [1—exp( —k p )]
1

(2~Au )

~4~Z ~ p (5.21)

where only scattering back and forth on one atom has
been included. In silicon at room temperature, the esti-
mate (5.21) is low by =35% (see Appendix C). The accu-
racy depends on p/a~„being better for larger values of
this parameter.

It may be useful to express the second-order level shift
(from scattering on one atom) in terms of this level width,
and we obtain, from (5.20), (5.21), and (5.17),
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pansion in a parameter A, proportional to ht cannot be
applied. However, it is still possible to introduce an ex-
pansion parameter k' defined similarly to X but with the
full interval length At replaced by an effective distance
between scattering events.

order phonon shift. Applying again the sum rule (Dl),
we obtain

y (,II~5V, ( )I'I. , )
2m' (Qt ) (~p) CO

A. Atomic structure of strings
2&

d/u
(6.4)

As will turn out, the only important contributions to
the coupled quantity %alp are the independent, second-
order level shifts of the initial and final states for the radi-
ation process. Starting out by a treatment of the scatter-
ing potential 5V3, which is regarded as a perturbation to
the axial continuum-model operator, we immediately ob-
tain from Eq. (4.8)

With the terminology of [9], the level shift is given as the
expectation value of the sum over Kapitza potentials as-
sociated with the various Fourier components of the per-
turbation.

For the Fourier coefficient 5V3(co'), the following ap-
proximation may be introduced for well localized atomic
potentials,

1 1
Ab. to(i ) =—

(~ ) (ht)

X y l(n2k2I5V3(co')Iui ) I

m (%0)

x, '
CO 6)~„

m+1
5V3(cp')= f dt exp( its't)—5V3(t)

m

At f dt exp( it@'t—)5V3(t)
d/U 0

N
=b.t g exp( it@'t;—)UT(r) (a «—d ), (6.5)

CO CO~„

N +CO~„
& 2 2

~in
(6.2)

tp' =m, (6.1)
2'

d/u

where the lattice parts of the wave functions are omitted
(lnq )~Ink) ) since 5V3 depends only on the projectile
coordinates. The scattering component contains no con-
stant term (zero-frequency component) due to the
definition of 5V3 as the difference between the crystal and
the continuum potential.

We shall now introduce the substitution for the expan-
sion parameter A. of the phonon case. Writing the last
factor of Eq. (6.1) as

where the summation extends over the X atoms con-
tained in one period of the string, and a is the extension
of the atomic potential being of the order of the Thomas-
Fermi screening length. When only one atom per period
is encountered (as in the case of the ( 100) axis in silicon),
we may write the second-order shift as

A'b, co, = (u, l(V, UT) Iu, ) .(p) (d /u ) 2

24m y
(6.6)

Note that it is immaterial whether we consider u
&

to be a
single-string state or a Bloch state.

The magnitude of the string potential UT is of order
Ze /d, and an upper estimate of the gradient in (6.6) is

INPUT/Brl &Ze /dp, attained at distances r-p. We use
half of this value to obtain a simple estimate

Ab ' '-10 'Z / (6.7)

and noting that I ( n 2 k& I
5 V3 (co')

I u, ) I is symmetric in to',

we may immediately neglect the antisymmetric co' term.
The frequencies m' are much larger than typical frequen-
cies co&„, and hence we may approximate the denomina-
tor of the right-hand side of (6.2) by co' . This corre-
sponds to an expansion of (6.2) to first order in the pa-
rameter A,':—leo)„/co'I where the full interval b, t, occur-
ring in the definition of A, , has been replaced by the time
separation between atoms along the string.

To estimate the magnitude of A, ', we note that the ma-
trix element in (6.1) becomes exponentially small for
momentum transfers larger than i)i/p due to Debye-
Waller factors. Using the corresponding energy,
E) -(irilp) /2my, as an upper estimate for IA'co, „l, we
obtain

I ( ra~") ),„I/ra~'" -10'x„p'o . (6.8)

The right-hand side is typically of order unity. It is easy
to make an accurate evaluation of expression (6.6), and
numerical results are given in Appendix C.

In the slightly more complicated case of, say, the
(111)axis of silicon, which will be treated in Appendix
C, we have two atoms, which are separated by the dis-
tance d /4, per lattice period along the axis, and thereby

A'b, co, = (u(l(ViUT) Iui) .(d/u )' 2

16 24my
(6.9)

which may be compared with the second-order thermal
shift (5.17),

Qpd

. P
(6.3)

In (6.2), the energy difference A'co, „may be written as a
commutator, repeating the method used for the second-

The estimate (6.7) should for this case be multiplied by
—",, since there are two atoms per period d in the (111)
strings.

Turning now to the decay constant, we may write ex-
pression (4.7a) in the form of the "golden rule" [8],
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(2)

~ (n~k2~03(to) ~u, ) ~
5(cv, „—co),

~ ~&o] 1~2&2& ~&~ l ~

(6.10a)

where

d/U
Q3(c0) =—f dt 5V3(r, t )exp( it@—t ) . (6.10b)

The discrete component contributes only weakly to
line broadening since the requirement of energy conserva-
tion causes the transition matrix elements to be very
small. As shown by the estimate (6.3), energy conserva-
tion requires momentum transfers larger than A/p, for
which the matrix elements are strongly reduced by the
Debye-Wailer factor.

There is no contribution from coupling terms of either
second or third order in the axial-channeling case since
they both include a first-order amplitude factor contain-
ing the vanishing zero-frequency Fourier component of
the scattering potential.

To complete the treatment of the perturbation 6V3, we
must consider the separate third-order level shift. The
contribution from scattering processes with energy con-
servation in the transition to intermediate states is negli-
gible. The nonconserving processes contribute a term
which involves a double integration (summation) over fre-
quency with two principal values in the integrand. By ex-
panding to zeroth order in the parameter A,

' and applying
closure, we see that the shift —as in the phonon case —is
proportional to the third power of the time-averaged
scattering potential. In the present case, however, the
time average of the perturbation vanishes, and no third-
order shift of zeroth order in A.

' is obtained.

B. String structure of planes

[d, /(v sing)]
Akco i Q)

24m y

d
VT

2

(6.1 1)

Note that the discrete frequencies contained in 5V4 are
separated by co=2m. v sing/d„and hence A,

'= ~he@/co~,

where A~ is a typical transverse-energy transfer induced
by 5V~. Compared to the estimate (6.3), the value of A,

' is

We next consider the scattering component 6V4 which
is a perturbation to the planar continuum-model opera-
tor. Viewing a crystal plane as a "string of strings, " we
may directly take over the considerations above for the
independent second- and third-order shifts. As men-
tioned earlier, the y and z axes are usually defined in the
planar-channeling case by requiring the y direction to be
parallel to the projection of the initial momentum, where-
by the perturbation 5V4 turns out to be time (z) depen-
dent. It is convenient here to define an alternative set of
coordinate axes (z',y') with z' directed along a major axis
within the plane. We denote by y the angle between the z
and z directions. Considering only simple planes, where
the strings are equidistantly spaced, we obtain the analog
of expression (6.6) for the second-order shift expanded to
first order in k',

larger by a factor -(sing) ', but A,
' remains small for

not too small values of y and y. For an order-of-
magnitude estimate, we may set ~dVT/dx~-Nd&Ze,
where d is the planar spacing, leading to a formula simi-
lar to (6.7),

A'b, co' '-4X10 a y 'Z e a (N d, d ) p (6.12)

For a simple lattice, d=(Ndd, d~) is the atotnic spac-
ing along the z' axis, and in comparison to (6.7), the fac-
tor p has been replaced by (dy/2)

We may also repeat the arguments about the indepen-
dent, third-order level shift which may then be neglected.
Thus we need to consider the coupling terms only, which
to second order in the perturbation strength may be writ-
ten as a product of two first-order transition amplitudes
and to third order as the product of a second-order term
( -fiy;'') and a first-order transition amplitude. Since en-

ergy conservation is required for these first-order transi-
tions, the coupling terms turn out to be very small.

An alternative to the perturbation treatment here of
the corrections 6 V3 and 6V4 is to include in the diagonal-
ization of the axial and planar Hamiltonian operators the
most important Fourier components of 5V3 and 5V4, re-
spectively, those corresponding to the smallest
reciprocal-lattice vectors. Such a calculation was carried
out in [22] and [19] for the axial and planar case, respec-
tively, and we compare results in Appendix C. It turns
out that the estimate (6.11) is not very accurate. In fact,
the approximation (6.5) may be expected to be less accu-
rate in the planar case since the string potential is less
peaked at small distances than the atomic potential.
However, the estimate is still a useful guide to the magni-
tude of the correction, in particular to the strong depen-
dence on the angle y.

Also the contribution to level widths from the pertur-
bation 5 V4 was treated in [19],and we shall therefore not
discuss it in detail here. We note that this type of scatter-
ing is often called "doughnut" scattering and is observed
in transmission as scattering into a circle around an axis.
It is important only at small angles to an axis, where the
planar-channeling states become unstable.

VII. CONCLUDING REMARKS

A central point in the present paper is formula (4.1)
which phrases precisely the essential assumption in phys-
ics of exponential decay. It results from the general
treatment in Sec. III of line profiles for a radiating system
externally perturbed and coupled to another system
through a time-dependent interaction. The general for-
malism developed includes the use of a product space and
of projection operators to treat the coupling of scattering
in the initial and final states for a radiative transition.
This coupling is of importance for linewidths and line
shifts in radiation spectra.

The central formula is the basis for the first careful
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evaluation of line shifts in channeling radiation, associat-
ed with corrections to the continuum model for channel-
ing. An earlier attempt to calculate line shifts in
electron-channeling radiation from lattice vibrations has
been made by Strauss et al. [12] who estimated shifts of
several percent for some cases. This result was not based
on an explicit evaluation but was derived from a mea-
sured line broadening of -20%%uo and a simple formula for
the ratio between the line shift and the linewidth, which
in our notation becomes

( )
L pflNio

~NEO 7&0
2f1c

(7.1)

The quantity I. was introduced as a "transverse-
vibration correlation length" and was claimed —with
reference to our Ref. [16]—to be several lattice spacings.

It is instructive to compare this formula to our results
for the ratio between the thermal second-order shift
(5.19) and the decay constant (5.20) and (5.21) which may
be written as

P, /nd/
AN 7—

2A'c p ] 2my
(7.2)

The difference between the two formulas has a simple
qualitative interpretation. In [12], only scattering be-
tween the two levels 0 and 1, with energy difference AN&o,

was considered. This strongly underestimates the
thermal scattering which predominantly populates free
states with transverse energies up to (A/p) /2m y, corre-
sponding to a momentum transfer -A/p [19]. In (7.2),
this energy hence replaces AN&o, leading to an increase in
the estimated shift hN', O'. However, this is more than
compensated for by the replacement of L„by p, ~nd ~, a
natural measure of the correlation length. As calculated
in [16], p, ~nd

~
is typically a fraction of an A and not

several lattice spacings, and hence the estimate of AN&o' is
reduced by one to two orders of magnitude. The com-
bined result is a reduction by about an order of magni-
tude.

According to (7.2), the ratio of line shift to line
broadening is determined by an effective collision time
multiplied by a characteristic value of the energy jump in
virtual transitions. We may use this general result for a
second-order perturbation calculation to estimate the line
shifts from excitations of target electrons. The contribu-
tion from electronic scattering to the linewidth is small
[19,23], because the cross section for Coulomb scattering
is proportional to the square of the charge. However, for
distant collisions (small momentum transfers), the prod-
uct analogous to (7.2) is of order unity since the energy
jurnp comprises the excitation energy AN, &, and the
effective collision time is of order N, &

. Hence the contri-
bution to level shifts should be relatively larger. Never-
theless, the resulting line shifts will be negligible because
the distant collisions are nearly independent of the chan-
neling state of the projectile and therefore do not affect
transition energies.

We may therefore conclude that the present investiga-
tion of higher-order corrections to the simple continuum
channeling model, from thermal scattering and periodici-

ty of the crystal potential, results in a very precise
theoretical description for channeling radiation.
Channeling-radiation spectroscopy may then be used for
studies of solid-state parameters: Electron densities,
thermal-vibrational amplitudes, and potentially for study-
ing vibrational anomalies in high-T, superconductors.

It may also be noted that essentially the same theoreti-
cal model is the basis for analysis of so-called critical-
voltage measurements of electron diffraction which have
been used to derive very accurate low-order Fourier corn-
ponents of the electron density in crystals [24]. Our re-
sults may be applied to estimate corrections from level
shifts due to thermal scattering and periodic perturba-
tions.

APPENDIX A: REFRACTION

Calculation of energy shift

The electrons may be described nonrelativistically
since typical Fermi velocities are of the order of 1% of
the velocity of light. Accordingly, the coupling operator
is given by

1 e 1 eH)= & ——A .P.+ AJ J 2 2 J '
J

(Al)

where the summation is over all electrons in the crystal.
The vector potential A is given by

' 1/2
4mc A'

V2co

ice R. + —iz.R.
e„[a~e '+a~ e '], (A2)

where RJ is the position of the jth electron and V the
quantization volume.

It might be tempting to neglect the A terms since the

The precise Hamiltonian operator contains a coupling
between the charged lattice constituents and the radia-
tion field. In the following, the effects of the coupling
operator will be investigated, and for this purpose, we
may neglect the incoming, channeled particle.

The coupling operator will introduce energy shifts of
the unperturbed states ~i;Nz) =

~i ) ~Nz) where ~i )
denotes the electron wave function of the lattice and

~ Nz ) the state of the radiation field with excitation num-
ber N& for the mode k. Here A, defines the wave vector sc

as well as the polarization index p.
It turns out that for an expansion to lowest order in the

fine-structure constant a, the level shift may be written as
the sum of a term proportional to the excitation numbers
N& and a constant part, which may be associated with
the electronic state of the lattice, the analog of the Lamb
shift for atoms [25].

The linear term, on the other hand, may be described
as a photon-energy shift and is thus related to the refrac-
tive index of the medium. We shall use this connection
to calculate the refraction, and the result will be com-
pared to Lindhard's calculation of the transverse dielec-
tric constant [26]. With the same approximation (free
electrons described in the Hartree picture), the two
different approaches to the problem agree.
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coefficient in front is proportional to a and is v'a times
the coeScient of Aj Pj However, A. gives a first-order
energy shift, whereas AJ'P contributes to second order
only. In e6'ect, both terms induce shifts proportional to
a. Transition probabilities, on the other hand, are dom-
inated by the AJ.P. terms since two-photon processes in-
duced by Aj are weaker by a factor of u than the one-
photon processes: spontaneous and stimulated emission
and absorption.

The first-order energy shift is given by

Ab, co,"z =(i;N)„~Hz~i;N)„)

The term b, ',
' is the energy shift assigned to the elec-

tronic state. The corresponding shift for free particles
equals

22
&';"(«ee)=—,(fico,„)gP,'",

3vrfic(mc )
(A7)

where the electronic energy change, %co;„, has been
neglected in the denominator of (A6b). The change of ki-
netic energy for the jth electron with fixed momentum P.
is negative and may be interpreted as a positive change of
the electron mass due to the electromagnetic interaction
(self-energy of the electron),

JV —(2N)„+ 1)+
2m q2 2V co

bm = a(i)ico,„) .
4

3&C
(A8)

(A3)

where JV is the total number of electrons.
From (A3) we obtain the shift of the electronic state

~i ) by inserting N), =0,

4~e A 1
32 dCOCO4%

4m (2irc )3 o
(A4)

where coo=(4ire plm)' is the plasma frequency ex-
pressed in terms of the electron density p.

The energy shift to second order in Hl and to first or-
der in cz is given by the A PJ terms,

A'ACO'" =dL' '+ll' ' (A6)~i N~ N~ i

where the mode summation has been replaced by an in-
tegration. Since this expression is independent of the
state ~(i ), exactly the same result will obtain for free and
for bound electrons, and it is therefore natural to regard
it as part of the observed electron mass.

The energy shift of the radiation field is given by

(&) 2 A 1
(A5)

~N~ ~N~ +~N~ (A9)

Introducing now the index of refraction n„[whi ch

changes the photon energy-momentum relation in the
crystal, in the sense that the modes —the K vectors,
which are determined by boundary conditions —are
fixed, whereas the energies of the corresponding excita-
tion quanta (the frequencies) are changed], we may write
the energy shift of the radiation-field state with excitation
number N& of mode A, as

Here, %co,„ is the upper limit for the integration over
photon frequencies and is of the order of mc . The limit
is introduced by noting that within a nonrelativistic treat-
ment of electrons it has no meaning to consider emission
of virtual photons with momenta larger than mc since the
electron recoil would cause the picture to break down.

To obtain the observable energy shift of a bound elec-
tron, we have to subtract from (A6b) the free-particle en-
ergy shift b, (. ' (free) since this part is already included in
the observed electron mass (mass renormalization).

However, our main concern is the energy shift of the
electromagnetic field, which we obtain by summing the
two contributions (A5) and (A6a),

where AN =Noh'CO (A10)

g(i) N
47re 1

jL 22 V

n e 'e„P i
J

2

n e Je .PJ
J

CO;„+CO

n„

2
1 cOO 1 ~ 2 Kk' — —I
2 2 JV . ~ icJ

2

Using (A9) and (A10), we obtain the dependence of the
index of refraction on the radiative mode A, . The assump-
tion of free electrons, described in the Hartree model, re-
sults in

(A6a)
K 2Kk+ CO

2 2m

4~e~(2) 7M

m 2V CO;z CO CO

(A6b)

2

n e 'e„"Pj i
J 1 K+2Kk- 2m

J

(Al 1)

where an average over the two polarization directions
( —,'g„) has been included, and where ()ik is the momen-
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turn of the jth electron in the state li). This may be
compared with the expression for the transverse dielec-
tric constant e", defined as

n„

1

( &tr )1/2

(A14)

k — e" A(k, cv) = jo"(k,co)0 (A12)

eely

—1=—'(1—e"), n, e"= I .2 7 y7

C /( Etr)1/2 (A13)

Comparing (A13) with (A10), we obtain

[expression (1.3) in [26] ], where A is the vector potential,
regarded as a classical field and induced by the transverse
part of the external current density, jo'. The effect of the
induced current density in the material is contained in
the dielectric constant.

In the case under consideration, where no external
charges appear, the source term jo' is zero. Thus the ex-
cited modes k, co of the electromagnetic field must satisfy
the energy-momentum relation,

Using (Al 1) and (A14), we obtain Lindhard's equation
(3.14) [26] (except for a missing factor —,

' in the first term
in curly brackets therein). Lindhard used the same ap-
proximations in deriving his expression (3.14), namely,
free electrons in the Hartree picture.

It is worthwhile to calculate the frequency dependence
of the refractive index in the case of channeling radiation
from silicon crystals (111'ad~1.5 keV). The K absorption
edge is found just below 2 keV so we are above the region
of atomic resonances. In this limit, it seems reasonable to
use a free-electron model, and for the electronic ground
state, we obtain from (Al 1)

n,

1~0 V 1 F
2 k—1=— 1+ 2 f k dk f sin(8)d821r k — —kK

2 a12 (21r)' ~ o ' ' o

2
2(x +2@"k )

[(2m/A')cv] —(It. +2a"k )
(A15)

In the denominator, we may neglect the term (~ +2@"k.)
since

I

and Doyle-Turner-type potential coefficients [18]. The
Fourier components of the atomic potential are related to
the electronic-scattering factors f„,

1~2+2~ k 1~111'
2m

A'CO UF+ « Aco
2mc

(A16) —2M'
V, (K)= f,1(s =K/41r), (B1)

for the frequencies considered.
As a result,

which in the Doyle-Turner approximation are given as a
sum of four Gaussian functions,

1~0 1
2

—1=— 1+—
2 Qj 5 c

2

(A17)
4

f„(s)= g a&exp( b&s ) . —
I=1

(B2)

where kF and uF are the wave vector and velocity at the
Fermi surface, respectively.

This result should be compared with Lindhard's equa-
tion (3.19) [26], obtained for

Q) k
kUF 2kF

(A18)

APPENDIX B: THERMAL SHIFTS
WITH DOYLE-TURNER POTENTIAL

In this appendix, we present more precise analytical
formulas for the thermal shifts of second and third order.
Numerical results based on these formulas are given for a
few cases in Appendix C.

Very accurate numerical results may be obtained with
the "many-beam" solution (2.8) for the wave function u,

which is exactly the last inequality of (A16). Both the
main term —,'(coo/co ), resulting from the A term in HI,
and the much smaller correction term —,'(coo/cv )—,'(vF/c)
agree with the Lindhard expression. The correction term
was obtained as a combination of the "stimulated virtual
emission and absorption" terms of (A6a), induced by the
A-P part of Hl.

4

V,T(K)= g A&exp[ K(B&/4+p —/2)]
1=1

A &exp( K%& /4), —
1=1

(B3)

with the definition of S given in (B5c), and where the po-
tential parameters used in Eq. (B5a) are defined in terms
of the fitting parameters (a&, b&) by

( A1,B1)=
—27Tf12

ai, bi/(4m )
m

(B4)

It is important in calculations of thermal scattering to ap-
ply potential parameters specially chosen to represent the
atomic potential down to small distances, i.e., up to high
I( values. Hence new fits with four Gaussian functions
have been performed [21,19], based upon electronic-
scattering factors, given by the Doyle-Turner approxima-
tion (with their fitting parameters) for K ~KO=2(41r)
0
A ' and by a pure Coulomb transform proportional to
Ze2/K2 for K ~ Ko (avoiding the region just above Ko).

Fourier components for the thermally averaged atomic
potential may be written in the same form,
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Explicit formulas, which express the second-order
thermal level shift in terms of Doyle-Turner-type poten-
tial parameters (A&, B&) and Fourier coefficients of the
wave function are obtained from Eqs. (5.13a) and (5.13b)
by a rather lengthy derivation [1]. In the planar case, the
result is

(iiibtuI '),„= gg A, A g C'Cp[F i(P, (R;))
R,. 1, , P

—Fpi(P, =0) j

(85a)
with

Fpi(P, )= [(Dt /ir)' exp( z, /—Dt )+z, N[z;/(Dt )'~ ]]exp( y; /D—t )/~Dt

, , % Xi —4P,p
Xexp —(a —P) g

4D1

4p2 4

X y; /Di —1+(a—P) g
1m

—fj,p /2

where g is the primitive basis vector for the one-dimensional reciprocal lattice, and

&t =Bt+2p-'

Di —=St+% —4P,p (85c)

@(x)= —f dt exp( t ), —
7r

which is known as the probability integral.
The planar Bravais-lattice vector R,. in Eq. (85a) is the distance between the two atoms on which scattering back and

forth takes place. The factor exp( —
y; /D& ) introduces an effective upper limit of order 2p for the atomic distance

along the y axis. This rejects the localized nature of the scattering potentials and is in accordance with the statement in
Sec. V that correlation of thermal vibrations is important only when the angle of incidence to a major axis is smaller
than p ld.

The corresponding expression in the axial-channeling case is given by

(fihcoI '),h= g g A)A g C' pC' p [F,„(P",(R;),P,'(R;))—F,„(P",=O, P', =0)],I VU R. 1 m aPa'P'

where

F,„(/3,",13,')= [(D(" /7r)'~ exp( z, /D(" )+z;@[z;/—(Dt" )' ]]/ir(Dt' )

4(pt )2 4

X exp —(k —k')
4Dl'

4(pt )2 4

X —1+(k—k')
4D'

—(P,' )p'/2 (86b)

Here a distinction has been made between radial- and
transverse-correlation coefficients where radial correla-
tions typically are much stronger than the correlation of
transverse displacements. The reason why we did not in-
corporate two independent coefficients above is that for
the planar case, the e6'ect of correlations is relatively
small, and furthermore, the dependence of (,fihttt' '),h on
the radial-correlation coefficient is very weak. It is thus
tacitly understood that the transverse-correlation
coefficient is to be inserted for P, (R,. ) in Eqs. (85). One
should also note that, apart from the inclusion of two
correlation coefficients, the axial function F,„ is identical

I

to the planar one, F l„with obvious substitutions: The
one-dimensional reciprocal-lattice vector (a —P)g should
be replaced by the two-dimensional vector (k —k'), which
is expressed in terms of the primitive basis vectors g& and

g2 as (k —k') =(a —a')g&+(P —P')g2, and y,. should equal
zero since in the axial case, the atomic string defines the z
direction.

Here just a few points of the derivation of Eqs. (85)
and (86) will be mentioned. The first factor in curly
brackets in expressions (85b) and (86b) originates in the
integration over co and is based on the relation

p (z/u )'
dtu — exp( —to a )exp( —icoz lu ) = — 2&ira exp

co Bco 4a
+m(z/u )@

z/U
2 a

(a )0), (87)
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where the first term on the right-hand side is easily ob-
tained from the differentiation of exp( —co a). The last
term is due to the differentiation of the factor
exp( —icozlv ) and is obtained by noting that the Fourier
transform of exp( —co a )exp( i c—oz Iv ) is a displaced
Gaussian. In the co integration, we may then transfer the
Fourier-transformation operator to the principal value,
according to the definition of Fourier transforms of gen-
eralized functions (distributions), whereby the sign func-
tion results.

It is possible to reduce all the k integrations to the
Gaussian Fourier transform,

I dk exp( —k a)exp( i—kb)

=Vvrla exp( —b l4a ) (a )0), (B8)
by noting that the factors (k, k2 ) and (k,~k2~) may be
obtained by suitable differentiations of the integrands.

For the third-order thermal shift, explicit analytical ex-
pressions of the type (B5a) and (B5b) for planar channel-
ing and without inclusion of thermal-vibrational correla-
tions were derived in [27] for both the independent shifts
of the two levels and for the coupling terms.

We quote here the result, in the present notation,
which for the independent term (5.6) is

X g AI Am A g C C& [B~B +8 8„+B„B~] exp[ —2(P—a) g p ]
I, m, n aP

Xexp[ 4(/3 a—) g B—IB B„(BIB +8 8„+B„B&) ']
—3[BIB +8 8„+B„Bi+4p2(B +8„)]

Xexp[ ,'(/3 a—)—g (—8 8„+2p (8 +8„))gi
X(BiB +8 8„+B„Bi+4p2(B +8„)) ']

+2[%1% +X X„+S„gi]

Xexp[ —,'(a /3) g J3,$ —%„—(X,X +X X„+X„Xi) '] (B9)

and similarly for the shift of the final state, (A'b, coo' '),h. The shift of the transition frequency also contains two coupling
terms with correlated scattering in states 1 and 0. The first term of Eq. (5.7) becomes

( gg~(3) )I — 7Add

&~ (2~) (Rv )

X g A, A A„g C CpC'. Ci'rexp[ —
—,'(P —a) g %, ]

I, m, n a, p, a', p'

X (8 +8) '~2exp[ ——'(P' —a') g (8 8(B +8) '+2p )]

X I(BIB +8 8„+B„B~) ' exp[ —(p —a)(/3' —a')g p ]

—(X S„+$1(B +8„)) '
]

—2(% +%„) '~ exp[ —
—,'(/3' —a') g % X„(X +X„) ']

X (SiS„+S (BI+8„))

Xexp[(P —a)g p (S +S„) '((P—a)p —(/3' —a')% )]

—(S,% +S %„+%„S,) (B10)
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TABLE I. Overlap with nuclei for 3.5-MeV electrons in Si,
channeled along a major axis. The vibrational amplitudes at the

0
two temperatures are p =0.0563 and 0.0793 A, respectively, and
441 beams were used in the calculation (the Fourier components
included in the Bloch-wave expansion of the wave function are
referred to as "beams").

& loo)

Temperature

Third-order shift
Width

110 K

0.21(0.26)
11(5)

298 K

0.38(0.52)
16(10)

TABLE II. Level width and third-order level shift (in eV) for
a plane wave, multiplied by 2y . In parentheses are given esti-
mates (5.20) and (5.23), respectively.

State 110 K 298 K 110 K 298 K

1s
2p

52
4.4

36
5.5

41
2.8

29
3.7

In this appendix, numerical values for line shifts are
given for a few cases where line energies have been mea-
sured. The calculations are based on the analytical for-
mulas in Appendix B, and the results are compared with
simple estimates given in the text.

Axial channeling

We shall first consider channeling of 3.5-MeV electrons
along (111) and & 100) axes in silicon. The corrections
calculated for the 2p-ls transition in the & 111) axial po-
tential have been used in [6], where accurate values of the
vibrational amplitude were derived from measurements
of channeling radiation.

As discussed in Appendix B, it is necessary to apply a
modified set of Doyle-Turner coefficients in calculations
of thermal scattering, and we have applied the values
given in [21]. A more accurate potential was used to cal-
culate continuum-model energies and wave functions,
and two slightly different vibrational amplitudes were
used for the atomic nuclei and for the surrounding elec-
tron clouds, but for the corrections, this is not important.

The simple estimates of second- and third-order
thermal shifts (5.17), (5.19), and (5.23), are proportional
to the overlap of the projectile Aux with vibrating nuclei,
and the calculated overlaps are given in Table I. Table II
contains values of the width and of the third-order
thermal shift for a plane-wave state. Within a factor of 2,

The second term is obtained by a change in the sign of
this formula together with an interchange of the two
states, i.e., C C&C'.C&~C'C&C .C&.

APPENDIX C: NUMERICAL RESULTS

there is agreement with the simple estimates given in
parentheses. In this and the following tables, all energies
are in eV, except where noted, and we have multiplied
the shifts given in the text by a factor (1—P) '=2y to
obtain contributions to radiation line shifts, as given in
Table V. The third-order corrections in this table have
been calculated from the values given in Tables I and II,
with a 30% reduction accounting approximately for
correlation terms and for the overlap approximation.

In Table III, thermal second-order shifts are given for
the individual states, partly for local scattering back and
forth on one atom, partly for correlated scattering on
neighboring atoms along a string. For the & 111) axis,
only the (one) nearest neighbor was included, while for
the & 100) axis, scattering on the two nearest atoms on
the string was taken into account. The simple estimates
given in parentheses are seen to be reasonably accurate.

Corrections from the periodic variation of the string
potential along the axis are given in Table IV. The sim-
ple estimate (6.7) for a closely bound state is given in
parentheses for the 1s state, and it reproduces—
somewhat accidentally —the values quite accurately.
The values are also in agreement with results in [22],
based upon a diagonalization of the Hamiltonian opera-
tor with three-dimensional periodicity. Finally, in Table
V, all corrections to the 2p-1s transition energies are
given. The total correction is quite small, of relative or-
der 10 . An increase of the thermal second-order
correction by a factor of -2, due to correlation with
second- and third-nearest neighbors, would clearly not
change this conclusion.

Planar channeling

We consider two cases, 4-MeV e on Ni I100] and
[111],corresponding to the measurements in [19], and
54-MeV e along I110] and [100] planes in Si, corre-

TABLE III. Thermal second-order shifts (in eV), from scattering on one atom (local) and from
correlated scattering on neighboring atoms on a string (correl. ). For the & 111) axis, only the nearest
neighbor at a distance of 2.35 A was included, with correlation coefficients /3, =0.24 (298 K) and

P, =0.18 (110 K), while for the & 100) axis, two neighbors at a distance of 5.43 A were included, with
correlation coefficient P, =0.07 (298 K) and P, =0.05 (110K) (from Ref. [16]). Other parameters as for
Table I. The values in parentheses are the estimates (5.17) and (5.19) multiplied by 2y .

& loo)

State and
method

110 K 298 K 110 K 298 K

1s local
1s correl.

—1.3( 1.7)
—2.7(4. 1)

—1.2( 1.7)
—2.0(3.7)

—1.1( 1.4)
—2.5(4. 1)

—1.0( 1.4)
—2.0(4. 1)

2p local
2p correl.

—0.15(0.15)
—0.33(0.34)

—0.21(0.26)
—0.38(0.57)

—0.09(0.09)
—0.25(0.28)

—0.15(0.17)
—0.32(0.52)
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TABLE IV. Level shifts (in eV and multiplied by 2y ) from
periodic potential variation along the axis. In parentheses are
given the estimate (6.7), for the (111)axis with the correction
in (6.9) and below. Calculations performed with 625 beams.

(100)

TABLE V. Corrections (in eV) to the 2p-1s line energy for
3.5-MeV electrons in Si from calculation with 441 or 625 beams.
The thermal third-order correction was obtained from Tables I
and II, with an estimated reduction discussed in the text.

( ioo)

State 110 K 298 K 110 K 298 K Correction 110 K 298 K 110 K 298 K

1s
2p

8.6(6.5)
2.5

3.8(3.3)
1.7

4.5(3.7)
1.1

2.1( 1 ~ 9)
0.8

Continuum model
Thermal 2nd order
Thermal 3rd order
Periodic

4577
4

—7
—6

3855
3

—8
—2

3902
4

—6
—3

3351
3

—6
—1

TABLE VI. Overlap for 4-MeV electrons in Ni, channeled along two planes in the two lowest levels
0 and 1. The vibrational amplitudes are p=0.049 A (100 K), p =0.074 A (300 K), p =0.095 A (500 K),
corresponding to a Debye temperature of 375 K [19] (13 beams).

State 100 K

5.6
0.44

[looj

300 K

4.9
0.80

44
1.1

100 K

6.7
0.59

5.9
1.1

500 K

5.2
1.4

TABLE VII. Second-order thermal shifts (in eV) for 4-MeV electrons in Ni, for scattering back and
forth on one atom. The values in parentheses are from the estimate (5.17), multiplied by 2y .

State 100 K
—1.0(1.3)
—0.11(0.11)

[looj

300 K
—1.2(1.8)
—0.23(0.29)

500 K
—1.2(2.0)
—0.34(0.51)

—1.2(1.6)
—0.15(0.14)

[lllj
300 K

—1.4(2. 1)
—0.31(0.40)

500 K
—1.5(2.4)
—0.44(0.65 )

TABLE VIII. Transition energy and shifts (in eV) for radiation from 4-MeV electrons in Ni. The second-order thermal correction
contains a contribution from correlated scattering on two adjacent atoms on a (110) string (compare with Table VII). The low- or
high-temperature limits of the Debye correlation coefficient were used [28], P, =0.14 (100 K, 300 K) and P, =0.36 (500 K). In
parentheses are given the estimates (5.17) and (5.23), multiplied by 2y .

Correction

Continuum model
Thermal (Znd) 4
Thermal (3rd)
Period 2

4256
0.68( 1.2)

—8.9( 19)
—62

[ looj

300 K

3932
1.0(1.5)

—13(34)
—15

3641
1.s(1.s)

—14(45)
4.7

100 K

4824
0.80(1.5)—10(22)

—48

[ 1 1 1 j

300 K

4436
1.2(1.7)—14(40)

—4.7

4093
1.8(1.8)

—15(52)
12
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TABLE IX. Overlaps from planar channeling of 54-MeV
electrons in Si (13 beams).

[110]

TABLE X. Transition energy and shifts (in keV) for planar-
channeling radiation from 54-MeV electrons in Si. The thermal
scattering does not include correlations. In parentheses are
given the estimates (5.17) and (5.23), multiplied by 2y .

State 110 K 298 K 298 K [110] [100]
7.9
1.9

6.8
2.6

4.6
1.6

sponding to measurements by Park et al. [5]. F«», the
Doyle-Turner coe%cients given in [19] were used in the
calculations.

The relevant overlaps are given in Tables VI and IX
for the two cases. The accuracy of the overlap approxi-
mation for the second-order thermal shift (without corre-
lation of vibrations) is analyzed in Table VII for the low-
energy case, and again the simple estimates agree within
a factor of 2. In Table VIII, all corrections to the 1 —+0
transition energy are given. The second-order term here
includes correlated scattering on neighboring atoms
along a (110) axis in the plane, and the angles given in
the first column are defined relative to this axis. At 4,
this contribution is similar in magnitude to that from lo-
cal scattering on one atom. In the third-order terms,
coupling terms have been included. The simple estimate
is then too large by a factor of 2 —3. For a plane wave,
the estimate (5.23) is high by about 75% at room temper-
ature.

Close to an axis, the largest correction is from the
periodic string structure of the plane. For the [100I
plane at room temperature, we can compare with [19],
where the transition energy was calculated, with in-
clusion of nonsystematic Fourier components of the lat-
tice potential. From Fig. 10 of [19],the correction at 2 is
seen to be about —80 eV, which is much larger than the
—15 eV given in Table VIII. However, this value is a
difference between shifts of 125 and 110 eV for the two
states 0 and 1, respectively. As noted in Sec. VI, the ap-
proximation (6.5) leading to the simple formula (6.6) and
the analogous formula (6.11) may not be very accurate, in

particular at some distance from the plane, where the
state

l
1 ) has its maximum density. The near cancellation

of the two shifts is reflected in the variable sign of the
correction in Table VIII. The simple estimate (6.12) gives
30 eV, a useful estimate of the magnitude of the effect;
also the predicted dependence on angle agrees well with
Fig. 10 of [19]. At larger angles, all corrections are again
quite small, of relative order 10 only.

Similar results are given for 54-MeV electrons in Si in
Tables IX and X. The third-order term is proportional to
y and is now the dominant correction. It is for these
cases overestimated by a factor of 3—4 by the simple for-
mula. This results from a combination of three effects:

Method

Continuum model
Thermal (2nd)
Thermal (3rd)
Period 2

110 K

145.1

2.1(2.7)
—90(286)

74

298 K

128.7
1.9(2.7)

—85(397)
74

298 K

96.9
1.3( 1.9)

—76(284)
68

APPENDIX D: SUM RULE

We obtain the formula

g (i l5V( —co)ln ) (n l5V(co)li )Rro,„

g2
(i l[V~5V( —co)] [V~5V(co)] i )

27?l f (D 1)

by writing the energy difference as a commutator which
involves the stationary operator of the continuum model,

+~;„&~IUln & & n II'li & =-,'(&~ 1[H', U]ln & &n
I
I'li &

—( I
l Ul n ) & n

I
[H', I']

I i ) ),
where U and Fare operators. Applying closure of inter-
mediate states, making use of the fact that

[H', 5V( co)]li ) =—
[p~ [pt, 5V( —cg)]

1

2' p

+[p 5V( —~)] p ] ll &

1
[p~ ( —iA'Vt5V( —co))

2P72 p

+( iAV~5V(——co)) pt] li ),
and noting that the left-hand side of (Dl) is real and
hence equals the average of itself and its complex conju-
gate, we may easily show Eq. (Dl).

First, for a plane wave, the estimate is somewhat high,
similar to the results in Table II. Second, the ratio be-
tween the shifts of states 1 and 0 is closer to —,

' than to the
ratio —

—,
' of the overlaps in Table IX, and, third, the cou-

pling terms (B10) give a reduction by -30%. For the
correction for periodic structure, there is again consider-
able cancellation, and the two individual shifts are larger
by about a factor of 3. The estimate (6.12) gives 38 eV for
the [100I and 67 eV for the [110] plane, in the latter
case with a correction analogous to (6.9).
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