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Recently Davidson et al. [Phys. Rev. A 44, 7071 (1991)]have estimated nonrelativistic correlation en-
ergies and relativistic corrections to ionization potentials for atomic ions with up to 10 electrons. In this
work, this approach is extended to atomic ions with 11 to 18 electrons. The correlation energies for 3- to
10-electron atomic ions are also recomputed using more recent experimental and theoretical data. Un-
like other work the method focuses on the correlation contribution to the individual ionization energies
which are obtained by comparing experimental data with relativistic complete-valence-space energies.
Ab initio estimates of correlation contributions to the ionization energies with extensive configuration-
interaction calculations of 3- to 10-electron atomic ions with nuclear charge from 4 through 10 and 18,
36, 50, 72, 100, and 144 have been obtained. The correlation energies obtained from some density-
functional models are also compared to these correlation energy data.

PACS number(s): 35.10.Hn, 31.20.Tz, 31.20.Di, 31.30.Jv

THEORETICAL BACKGROUND

In a recent paper, Davidson et al. [1] estimated the ex-
act ground-state correlation energies E,(N, Z) of hy-
pothetical nonrelativistic atomic ions with N electrons
and nuclear charge Z, for N up to 10 electrons. These en-
ergies are of considerable interest to theoreticians. They
are useful in calibrating density-functional methods and
in estimating the basis-set limit of accurate molecular cal-
culations. As most quantum chemistry for molecules is
done with a stationary-point-nucleus, nonrelativistic
Hamiltonian, it is important to know the atomic energies
in this same approximation. In this study, the method
used by Davidson et al. has been extended for atomic
ions up to 18 electrons and the estimates of 2- to 10-
electron-ion energies have been reanalyzed and improved.

Scherr, Silverman, and Matsen [2] used tabulations of
atomic ionization potentials to obtain correlation ener-
gies for atomic ions. Clementi [3] estimated the correla-
tion energies by actually calculating the relativistic
corrections from Breit-Pauli perturbation theory [4].
More recently, Anno and Teruya [5] proposed a
semiempirical refinement of the relativistic energies and
computed the nonrelativistic energies and correlation en-
ergies using Moore's revised tables [6].

With the recent improvements in theory [7,8] and ex-
periment [6,9], reasonably accurate estimates of all im-
portant high-order corrections in the relativistic atomic
model are possible. Further, it is possible with the avail-
able recent experimental data [6,9] on ionization poten-
tials to make a discernable refinement and augmentation
of the atomic-correlation-energy tables presented in [1].

CORRELATION CONTRIBUTION TO THE
IONIZATION ENERGY

The total nonrelativistic, stationary-point-nucleus ener-
gy E(N, Z) is defined as the exact ground-state eigenvalue
of the nonrelativistic Hamiltonian defined as (in atomic
units),

T

N N

(
—

—,')V; —Zlr;+ g Ilr; %=E(N, Z)+ .

E,(N, Z)=E(N, Z) EHF(N, Z) . — (2)

One may show, by treating the electron-electron interac-
tion as a perturbation term and expanding the resulting
total energy, that E(N, Z)/Z can be expanded in a for-
mal Laurent series in Z ' [2,10—12], viz. ,

E(N, Z) =Bc(N)Z +Bi(N)Z+B2(N)+B3(N)Z

+B4(N)Z +

In cases where a single configuration with hydrogenic or-
bitals is an adequate zeroth-order approximation, one can
evaluate the leading terms Bo and B,. The spin- and
symmetry-restricted Hartree-Fock energy also gives the
correct Bo and B, so E, will begin with a constant term.

For other systems a single configuration does not serve

Here X denotes the number of electrons and Z the corre-
sponding nuclear charge. The Hartree-Fock (HF) ap-
proximation with spin- and symmetry-restricted orbitals
furnishes the energy EHF(N, Z ) and the correlation ener-

gy E,(N, Z) is defined by the relation
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as a satisfactory theoretical model due to the inherent de-
generacy of the ground-state solution to (1) for the limit
Z '=0, e.g. , the 2s -2p near-degeneracy mixing in the
beryllium isoelectronic series at large Z. In such cases,
the Laurent series of E,(N, Z), as defined in Eq. (3), be-
gins with a residual linear term in Z due to unequal linear
coefficients B

&
for the HF and exact energies. The

coefficient of this linear term for E,(N, Z) is defined by
4B, (N), which is simply the difference of the coefficients
for the corresponding exact and HF energy series in Eq.
(3). bB i(N) can be exactly determined by diagonalizing
the Hamiltonian matrix in the space of degenerate zero-
order configurations built from hydrogenic orbitals as
demonstrated by Layzer [11] and by Linderberg and
Shull [12] for atoms with up to 10 electrons. We have ex-
tended the Layzer tables through 18 electrons for atomic
ground states considering the full 3s, 3p, 3d orbital degen-
eracy. In Table I, the coefficients Bo and B

&
are given for

atomic ions through 18 electrons.
In order to eliminate the linear Z dependence, it is

preferable to define a modified correlation energy

E,'(N, Z ) =E(N, Z ) EcAs(N—,Z),

where EcAs(N, Z) is the comPlete-active-valence-sPace
multiconfiguration Hartree-Fock (MCHF) energy, that is,
the energy from a MCHF calculation including the com-
plex of all configurations that become degenerate at high
Z. This includes all arrangements of the valence elec-
trons among the 2s, 2p orbitals for N(10 or among the
3s, 3p, 3d orbitals for 10(X 18. Since we needed non-
relativistic results that were the nonrelativistic limits of
the relativistic results, in this paper, the CAS MCHF en-
ergy is defined as the optimized energy obtained in a cal-

culation for the J level of the observed ground state for
Z =N using all jj-coupled configuration states within the
nonrelativistic complex of the same parity. These are
built from orbitals with j=l+ —,

' as well as j=l —
—,
'

representing the coupling of the one-electron orbital and
spin momenta. Because, for example, the radial parts of
p&/2 and p3/2 are not constrained by this definition to be
the same, this definition of the CAS MCHF can lead to
lower nonrelativistic energies in some cases than the LS-
constrained definition. This CAS MCHF energy will give
the correct Bo and B„soE,' wiH begin without a linear
term.

Numerical computations were performed to determine
the HF and CAS energies. The HF energy was deter-
mined with a numerical HF program [13]. The CAS en-
ergy was determined with GRASF [8] with point nucleus
and the speed of light multiplied by 10 . In most cases
where only one LS configuration can be found of the
correct symmetry, the HF results and the CAS results are
equal within the numerical accuracy of the program. For
X =8 there is no possible I'2 LS configuration except p,
but in the jj coupling the p, /2 and p3/2 orbitals are not
constrained to have the same radial parts and instead of
only one configuration state, there are two. This results
in a lower CAS energy than the one obtained from an
LS-restricted calculation. A difference in the CAS ener-
gies is also obtained for atomic ions with 9 electrons
where now both representations have only one
configuration state, but the jj scheme has two different
radial functions. For most cases with more than one
configuration in the LS complex, the LS-constrained
MCHF and GRAsp J-constrained results showed similar
differences of a few tenths of a millihartree. Since the
LS-constrained CAS and the J-constrained CAS both

TABLE I. Leading coefficients Bo and Bl of the Z expansion of the HF and CAS energies. For N =1 to N =10B, was evaluated
using the analytical formulas of Linderberg and Shull [12]. For N =11 to N =18 we have used the same method to evaluate the
coefficients. All values are in hartrees.

1

2
3
4
5

6
7
8

9
10
11
12
13
14
15
16
17
18

Bo

—0.500 000 000 000 000 0
—1.000 000 000 000 000 0
—1.125 000 000 000 000 0
—1.250 000 000 000 000 0
—1.375 000 000 000 000 0
—1.500 000 000 000 000 0
—1.625 000 000 000 000 0
—1.750 000 000 000 000 0
—1.875 000 000 000 000 0
—2.000 000 000 000 000 0
—2.055 555 555 555 555 5
—2.111 111 111 111 111 1
—2.166 666 666 666 666 7
—2.222 222 222 222 222 2
—2.277 777 777 777 777 8
—2.333 333 333 333 333 3
—2.388 888 888 888 888 9
—2.444 444 444 444 444 4

B, (HF)

0
0.625 000 000 000 000 0
1.022 805 212 620 027 5
1 ~ 571 001 050 240054 9
2.334 449 064 548 087 1

3.261 959 578 856 119 1

4.353 532 593 164 151 1

5.661 902 482 472 183 5
7.134 334 871 780 2160
8.770 829 761 088 247 5

9.635 900 970 59
10.567 378 430 10
11.630 399033 00
12.758 089 774 78
13.950 450 655 45
15.229 074 556 95
16.572 368 597 35
17.980 332 776 63

ABl

0
0
0

—0.011726 841 838 798 4
—0.006 922 561 338 077 2
—0.003 094 681 348 426 1

0
0
0
0
0

—0.003 573 680 23
—0.004 397 122 95
—0.004 838 178 01
—0.004 885 925 45
—0.005 811 776 98
—0.006 497 791 81
—0.006 926 608 36

B, (CAS)

0
0.625 000 000 000 000 0
1.022 805 212 620 027 5
1.559 274 208 401 256 5
2.327 526 503 210009 9
3.258 864 897 507 693 0
4.353 532 593 164 151 1

5.661 902482472 183 5
7.134 334 871 7802160
8.770 829 761 088 247 5
9.635 900 970 59

10.563 804 749 86
11.626 001 91004
12.753 251 596 76
13.945 564 729 99
15.223 262 779 97
16.565 870 805 53
17.973 406 168 26
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give the correct values for Bo and B, , they can only differ
beginning with the constant B2 term.

The residual energy EcAs(N, Z) E—HF(N, Z) —b,B,Z
was then least-squares fitted to sixth-degree polynomials
in (Z+p) ' for Z =4 to Z = 144.

EcAs(N, Z) EH—„(N,Z ) bB,—(N)Z

bBq(N) bB4(N)
=bB2(N)+ +

2
+

(Z+p) (Z+p)

The optimum p and coefficients of the polynomials for
N =4 to X =18 are given in Table I1. These coefficients
along with b,B, in Table I and EH„(N, Z) in Table III
determine the CAS energy Ec~s(N, Z). Since the poly-
nomial leads to a maximum error of 2 microhartrees in
some cases, we thought it prudent to also present the
EcAs(N, Z) in Table IV. The EHF and Ec~s values that
have already been tabulated in Ref. [1] are not reported.

The quantity b,E,'(N, Z ), the modified-correlation-
energy increment, which is directly related to the experi-
mental data and forms the focus of this study, is defined
as
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b.E,'(N, Z) =E,'(N, Z) E,'(N —1,Z) . —

bE(N, Z), bEcAs(N, Z), and bEH„(N, Z), the corre-
sponding energy increments for the exact solution, CAS,
and HF models, are defined:

bE(N, Z) = —I(N, Z)

=E(N, Z) E(N ——1,Z),
b EHF(N, Z ) = IH„(N, Z )—

=EH„(N, Z) EHF(N 1,—Z), —

bEcAs ( N, Z ) = Ic~s (N, Z )—
=EcAs(N, Z ) EcAs(N 1,—Z ) . —

I(N, Z) is the ionization potential. Thus the relation be-
tween bE,'(N, Z), E(N, Z), and Ec„s(N,Z) may be stated
as

N
E(N, Z) =EcAs(N, Z)+ g b E,'(n, Z ) .

1l =2

It is noted here that the above relation dictates that in or-
der to determine E,'(N, Z) and E(N, Z) it is essential to
have accurate knowledge of b E,'(n, Z ) for n =2 N. For-
two electrons b,E,'(2, Z) can be obtained very accurately
[14]. Also, recent work on three electron ions [15] has
demonstrated that b,E,'(3,Z) can also be calculated to
very high precision. In Table V, the two electron ener-
gies computed for Z ~ 21 are presented.

ATOMIC ENERGIES, IONIZATION ENERGIES,
AND RELATIVISTIC CORRECTIONS

The nonrelativistic ionization energy I(N, Z) can be
estimated from the experimental atomic ionization poten-
tials. Each ionization energy is deperturbed individually
for nuclear motion, Dirac and Breit relativistic effects,
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TABLE V. Total energy and correlation energy of two-
electron atomic ions. All values are in hartrees. Refer to [1] for
Z ~20.

10

Z

21
22
23
24
25
26
27
28

Sc
T1
V
Cr
Mn
Fe
Co
Ni

—E(2)

428.032 254
470.407 273
514.782 290
561.157 306
609.532 320
659.907 333
712.282 346
766.657 357

—E,(2)

0.046 200
0.046 221
0.046 240
0.046 258
0.046 274
0.046 289
0.046 303
0.046 316

I
4)
L

s
Cd

E

0
cd

S
L
L0
O

8(

finite nuclear radius, and quantum-electrodynamical
corrections, viz. , the Lamb shift. The correction for nu-
clear motion was estimated simply by multiplying each
experimental ionization energy by a factor of

R „/R z = 1+m, /Mz, 3
0.00 0.1 0 0 ~ 20 0 ~ 30

where Rz is the Rydberg constant for nuclear charge, Z,
m, is the electron mass, and the nuclear mass Mz was
obtained for the most common isotope of each Z by sub-
tracting Zm, from the atomic masses 3 given in Ref.
[16]. This approximation neglects the effects of mass po-
larization and the fact that parts of the relativistic and
QED correction [17] scale differently with reduced mass.

The other corrections to the ionization energies, on the

7 (0)

L

Cd

6

FIG. 2. The CAS correlation contribution to the ionization
energy for 4-electron atomic ions, —4E,'(4, Z) vs 1/Z.

other hand, were estimated from a CAS
multiconfiguration Dirac Fock (CAS DF) calculation on
the complex, including finite nucleus, Breit correction,
and Lamb shift, using the GRASp program developed in
Grant's laboratory [8]. All the configurations contribut-
ing to the ground J level were included from all possible
jj-coupled CAS configurations in a multiconfiguration
Dirac-Fock calculation that optimized the orbitals as

70

0
4I

0
O

Q 3

O

1

O.OO 0 ~ 10 0.20 0 ~ 30 0.40

II
L

60
(

U)

e~ 55I
0

50
L
L0
O

45

4o

FIG. 1. The CAS correlation contribution to the ionization
energy for 3-electron atomic ions, —hE,'(3,Z) vs 1/Z. Data (in
mhartrees) are the experimental values from Refs. [6,9] (+),
theoretical data from Refs. [6,9] (0), CI data of Ref. [11]
(~ ),and our CI (8 ). The circled (0) data are used for the
fitting, Eq. (16), represented by the solid line.

35
0.00 0.1 0 0.20

FIG. 3. The CAS correlation contribution to the ionization
energy for 5-electron atomic ions, —b,E,'(5, Z ) vs 1/Z.
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where a and b are in femtometers. A is in ' C atomic
mass units, and po is chosen so the total charge is Z [18].
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TABLE VIII. AE,' determined from CI calculations. All values are in mhartrees. Computed from

Eq. (15).

Z

5
6
7
8
9

10
18
36
50
72

100
144

AE,'(3)

3.831
4.350
4.717
4.993
5.208
5.371
6.049
6.467
6.583
6.667
6.712
6.728

AE,'(4)

3.794
4.337
4.736
5.039
5.283
5.483
6.307
6.857
7.032
7.164
7.242
7.291

b,E,'(5)

37.284
41.596
44.353
46.297
47.757
48.971
53.289
55.808
56.525
57.074
57.418
57.693

hE,'(6)

42.350
44.484
46.315
47.800
49.155
54.034
56.979
57.820
58.465
58.852
59.192

hE,'(7)

43.163
44.498
45.730
47.003
51.348
53.908
54.637
55.194
55.562
55.816

b E,'(8)

60.704
59.929
60.445
62.950
65.132
65.843
66.366
66.699
66.966

hE,'(9)

59.868
59.301
58.510
59.809
60.310
60.694
60.959
61.174

AE,'(10)

64.121
55.812
55.888
56.173
56.406
56.522
56.639

The electron-electron potential was r,
The Breit interaction was then included by first-order

perturbation theory using the frequency-dependent
transverse-photon-interaction Hamiltonian. The QED
effects were estimated as the sum of vacuum polarization
and self-energy. The vacuum-polarization contribution is
estimated as the expectation value of the lowest-order,
bare-nucleus vacuum-polarization potential [19]. A
crude estimate of the self-energy is made by expressing
the subshell radial functions as linear combinations of hy-
drogenic orbitals for which self-energies are relatively ac-
curately known [20].

Table VI gives the resulting corrections to the ioniza-
tion energy from the CAS DF energy ECAs D„,

KE„)(N&Z)=[Ec~s D„(N&Z) Ec~s(N&Z—)]
—[Ec»,s DF(N 1,Z) —Ec~—s(N —1,Z)],

(13)
70

for atomic ions with 3 to 18 electrons. The numerical
values of the total corrections for 3 to 10 electrons are
slightly different from those presented in [1] because the
recent version of the GRAsp program has a revised QED
correction. The nuclear-charge distribution is computed
from the mass number, which varies somewhat irregular-
ly with Z. It is not possible to fit a smooth polynomial of
Z to the total correction. The CAS energies E&As were
obtained from the same program using the same
configuration list just by setting the speed of light to a
large value, using a point nucleus, and omitting the Breit
and QED corrections.

The nonrelativistic stationary-point-nucleus ionization
energy I(N, Z ) was estimated by employing the relation

I(N, Z ) =I,„,(N, Z )(R /Rz )+EE„i(N,Z ) (14)

after converting the literature values, I,„~, in cm ', to
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FICr. 6. The CAS correlation contribution to the ionization
energy for 8-electron atomic ions, —AE,'(8, Z) vs 1/Z.

FIG. 7. The CAS correlation contribution to the ionization
energy for 9-electron atomic ions, —AE,'(9,Z) vs 1/Z.
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tribution to the ionization energy is then simply calculat-
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—bE,'(N, Z ) =I(N, Z )+bEc~s(N, Z )

and will be discussed later in this study. This assumes ad-
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FIG. 14. The CAS correlation contribution to the ionization
energy for 16-electron atomic ions, —AE,'(16,Z) vs 1/Z.

mination of b,E,' will be of the order of a (Z —N) . This
may become significant for Z —X) 13.

AB INITIO CALCULATIONS

It is also possible to estimate the CAS correlation con-
tribution to the ionization energy by direct ab initio
configuration-interaction (CI) computations. The pack-
age ATQMcI from Sasaki's laboratory [21] has been used

for these purposes. The results obtained here were ob-
tained using Slater-type orbitals (STO's). Recently Rizzo,
Clementi, and Sekiya [22] have calculated correlation en-
ergies of atomic ions with 2, 3, 4, and 10 electrons with
large basis sets of Gaussian-type orbitals. The emphasis
of our work is on the accurate computation of the extra
correlation energy, viz. , the CAS ionization-potential (IP)
correlation energy b,E,'(N, Z), for 3 to 10 electrons.
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FIG. 22. The correlation contribution to the ionization ener-
gy for 7-electron atomic ions, —AE, (7,Z) vs 1/Z.

linear fit, viz. , ( HZ+8 ) to connect the corresponding ex-
ponents of Z =10 and Z =144 basis sets. The basis sets
developed and used for the CI calculations in this work
are presented in Table VII.

The CI calculations proceeded in two steps. First, a
SDCI calculation was performed to obtain frozen natural
orbitals. Then a suitable reference space consisting of

single, double, and a few other excitations from the
(2s, 2p) shell to the (3s, 3p, 31) shell was constructed.
Perturbation-theory selection of configurations was per-
formed for a subsequent multireference (MR) SDCI cal-
culation of the total correlation energy. The CAS IP
correlation contributions have been calculated employing
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FIG. 26. The correlation contribution to the ionization ener-

gy for 11-electron atomic ions, —AE, (11,Z) vs 1/Z.

AE&(NqZ ) = [Ect(N&Z) ECAs(N&Z )]
—[Ec,(N —1,Z) —Ec~s(N —1,Z)]

and are listed in Table VIII.

BETTER ESTIMATES OF EMPIRICAL
CORRELATION ENERGIES

For the 2-electron ions, the CAS IP correlation energy
is determined theoretically [1]. The experimental CAS IP
correlation-energy data obtained from Eq. (12) have been
plotted in Fies. 1 —16 for 3- to 18-electron ions. For Sup
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gy for 12-electron atomic ions, —EE,(12,Z ) vs 1/Z.
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to 10, we have relied heavily on the results of Ivanova
and Safronova [23] for the Z= ~ limit. For the 3- to
10-electron ions, the ionization-potential data from [6b]

was used in [1]. In the revised figures in this paper, we
have included newer tabulations [9] for Z= 11—16 and
19—28 with the result that the agreement between the
literature tabulations and the present approach is im-
proved. However, the ionization potentials for (N=7,

FIG. 30. The correlation contribution to the ionization ener-
gy for 15-electron atomic ions, —AE, {15,Z) vs 1/Z.

Z =27 and 28), (N =8, Z =26), and (N=9, Z =27) still
show erratic behavior so that our value lies outside the
error bounds estimated in the literature tabulation. The
apparent uncertainty in our present approach is less than
+1 mhartree (+0.03 eV) in Figs. 1 —8 and these excep-
tional points are so far oP scale that they do not appear at
all in these figures.

For the ions with N = 11 through N = 18 no estimate
of the Z= ~ limit is available. For N=11 —18, the tabu-

50 100

40I
0
E

30
CO

07

47

I
L

L
4g

E

80

60

0
CfI
I0
O

10—

+

0 ~
0

0

Q

CI
L

00

40

20

~+
0 +k

0

0
0.00 0.05 0.1 0

0
0.00 0.05 0.1 0

FIG. 29. The correlation contribution to the ionization ener-

gy for 14-electron atomic ions, —EE,(14,Z) vs 1/Z.
FICx. 31. The correlation contribution to the ionization ener-

gy for 16-electron atomic ions, —AE, (16,Z) vs 1/Z.



3668 SUBHAS J. CHAKRAVORTY et aI. 47

5

bE,'(N, Z)= g C;(N) IZ'
i=0

(17)

are given. It may be noted again that for two electrons,
rather than using the experimental values of the CAS IP
correlation-energy increments, the theoretically calculat-
ed energies [1,14] have been used. Also for three elec-
trons, the theoretical data from King [15] have been
used. The CAS IP correlation-energy fits in Eq. (13) pro-

lations listed in [9] were used for all Z except Z=18,
which came from [6b]. In [1], it was noted that some of
the IP data in Moore's tables [6b] are based on Edlen's
extrapolations [24]. In the newer tabulations [9] many
entries are also based on theoretical calculations and ex-
trapolations. Actually, only the first few ionization po-
tentials for each atom are available to define an "experi-
mental" CAS IP correlation curve independent of previ-
ous data smoothing and extrapolations already in the
literature. For N ~ 10, the CI data have provided a sten-
cil for the shape of the CAS IP correlation curve. How-
ever, for N = 13—18 the extrapolations to higher-Z atom-
ic ions are based on similarity to the isovalent N =5 —10
data and need to be carefully explored before any em-
phasis is placed on their validity. The value for Z= ~
was simply chosen so that the polynomial fit for low Z
would show as little structure as possible and would cor-
respond to roughly the same percentage increase from
low Z as found for the isovalent ion with N ~ 11. This
high-Z estimate should not be regarded as accurate.
Even so, only the N =14 and 15 results lie systematically
outside the error bounds on the previous literature
values.

En Table IX, the coefficients for the equation that fit
the CAS IP correlation energy in the form

vide a convenient way to calculate the total correlation
energy for the atomic ion from the relation

N

E, (N, Z)=ECAs(N, Z) EH—„(N,Z)+ g bE,'(n, Z) .
n =2

(18)

The results for the total correlation energy for atomic
ions is presented in Table X. These may be combined
with the EH„(N, Z) values to yield the nonrelativistic es-
timates for the total energy E(N, Z) and are given in
Table XI.

PREDICTED IONIZATION ENERGY

Another interesting set of results that can be calculated
is the estimated experimental ionization potentials I pt
for the respective atomic ions. These estimates are ob-
tained using the relations in Eqs. (14) and (15). These
values were converted to eV using (11) with the conver-
sion factor 27.211608 eV/hartree to yield the IP data
presented in Table XII.

Table XIII shows the difference between the literature
values used for I,„,and our estimation of the ionization
potentials given in Table XII. This table also gives the
estimated uncertainty of the literature values. As noted
earlier, few of the entries in the literature tabulations are
based purely on analysis of experimental data. Most have
been derived by semiempirical fitting and/or extrapola-
tion procedures similar in spirit to the one used here. If
enough of the coefficients in a series of decreasing powers
of Z, beginning with Z, are to be determined from ex-
periment, then at least six accurate experimental ioniza-
tion potentials are required for each N. These are gen-
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erally not available and some other way of estimating the
coeKcients must be used. We have relied more heavily
than the previous literature on theoretical calculations to
remove the dependence of the results on positive powers
of Z by subtracting a computed energy with the same
coefficients for positive powers. Consequently, only a rel-
atively constant function need be extrapolated and fewer
data points are needed. There does not seem to be a dis-
cernable dependence on a positive power of Z in our
figures. For N~ 12, with the four exceptions mentioned
earlier, our results lie within the previous error limits.
For this range of N, the present results should be an im-
provement over the literature values up to Z=28. For
higher Z, there still could be a problem with the
relativity-correlation coupling that is not included in our
extrapolating polynomials.

For higher N, there is obvious arbitrariness in our
graphs. Even so, our results lie within the error limits of
the previous literature for Z ~28 except for N=14 and
15. For N =15 we differ from the published literature by
a positive power of Z. The sources used in compilations
[9g] for N =15 for higher Z were extrapolations by Ek-
berg and Svensson [25a] and Lotz [25b]. Lotz solved the
problem of determining an extrapolating polynomial
from only two or three pieces of data by assuming that
I(N, Z) diff'ers from I(11,Z+ 11—N) by a linear polyno-
mial 3 +CZ for N = 12—18. It is true that
Bo(N) Bo(N 1—) =Bo(1—1)—Bo(10), so the quadratic
term is the same for all of these ionization energies. Un-
fortunately the relativistic corrections for ionization from
3p or 3s differ significantly in their Z dependence so it is
not valid to use the N = 11 ionization energies as estima-
tors for N =13—18. This is clearly shown in our Table
VI and is the cause of much of the disagreement in Figs.
11—18 between our curve and the tabulated literature ex-
trapolations.

Kelly [26] has produced another tabulation of ioniza-
tion energies that we have not used in constructing our
extrapolations. Many of the entries in Kelly's tables are
taken from the sources we have used, so these entries pro-
vide no new information. For one of the exceptional
values noted above, (N = 8, Z =26), Kelly gives I= 1456
eV in much better agreement with our estimate of
I=1458.7 eV.

DENSITY-FUNCTIONAL MODELS

The correlation-energy data presented in this study is
useful in measuring the performance of various density-
functional models for correlation energy [27—35]. In
particular, the models due to Colle and Salvetti (CS)
[27,28], the models of Perdew and Zunger (PZ) [29] with

gradient corrections [30], the model of Lee, Yang, and
Parr (LYP) [31], the model of Becke (B) [32], the model
of Lie and Clementi (LC) [33], and that of Vosko, Wilk,
and Nusair [34] with self-interaction correction (VWN-
SPP) [35] have been used to compute the density-
functional correlation energies. The density-functional
correlation-energy estimates were calculated within the
restricted Hartree Pock (RHF) model with the GTO
basis of Ref. [36]. The self-consistent-field (SCF) energies
are in agreement with the numerical HF results to within
1 mhartree. The spin densities and total density was cal-
culated from the resulting RHF wave function of desired
L,S symmetry. As before, it is convenient to compare the
correlation contribution to each individual ionization en-
ergy. In Figs. 17—33, the results for the density-
functional models are plotted along with the "experimen-
tal" estimate. From a gross point of view it may be seen
that the performance of the density-functional models
improves with increasing number of electrons. However,
the density-functional models seem to perform poorly for
N ~ 10 whenever there is degeneracy effect or inherent
CAS nature of the zero-order approximation of the
respective state. For the ions computed in the study,
only the 2-, 3-, 7-, 8-, 9-, and 10-electron ions have no de-
generacy effect. This failure has been well documented in
the literature [33,37] and some suitable solutions to over-
come the problem of degeneracy have been recommend-
ed.

CONCLUSION

The correlation energy of ions with up to 18 electrons
is estimated from experimental data and ab initio calcula-
tions. The correlation data for 3 —11 electrons is reliable
enough to facilitate high-Z extrapolations. However, for
12—18 electrons, due to the lack of theoretical estimates
for the high-Z limit and the lack of reliable compilations
of ionization potentials, the present predictions of total
energies require further careful explorations.
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