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Detection of a weak external signal via the switch-on-time statistics
of a semiconductor laser
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We calculate the passage-time statistics of a gain-switched single-mode semiconductor laser with
a weak, detuned injected signal. Results are given in terms of a relevant scaling parameter. We
find that a weak injected signal can be detected by measurements of the mean passage time or its
variance whenever its frequency is close to the one of the semiconductor lasers in the on state. In
this case, the external signal is resonant with the laser field at the time when amplification becomes
possible, and hence it triggers the switch-on more eKciently. The detection bandwidth is of the
order of 50 GHz for the case considered.
PACS number(s): 42.55.Px, 42.60.Gd, 42.50.Ar, 05.40.+j

E. INTRODUCTION

Following the proposal by Vemuri and Roy [1] it was
demonstrated [2] that the switch-on time of a Q-switched
class-A laser can be largely reduced when a weak exter-
nal signal is injected in the laser. This result implies
that measurements of the switch-on time provide an in-
teresting technique, with high-resolution bandwidth, for
the detection of weak signals. The idea of the technique
is closely related to other studies of light amplification
aimed to get insight into the nature of fundamental laser
noise [3]. More recently it has also been shown that by
introducing a frequency shift to the light in each round
trip in the cavity, the steady-state output of the laser
can be controlled by the strength of a weak injected sig-
nal [4]. In this situation the weak signal is detected by
a steady-state measurement, while in Refs. [1] and [2]
the detection is based on measurements of the transient
dynamics.

The transient dynamics considered in Refs. [1] and [2]
was characterized by a passage-time (PT) calculation in
[5]. The PT is defined as the time at which the laser
output power reaches for the first time a reference value
after the laser is switched on. It can be identified with
the switch-on time. The statistics of the PT in an ensem-
ble of different switch-on events were calculated in [5] by
a method [6, 7] which does not rely on a Fokker-Planck
equation. This method made it possible to obtain ex-
plicit analytical results for the PT statistics for any value
of the frequency of the injected signal and to estimate the
bandwidth resolution for the detection of the signal. It
was also shown in [5] that the variance of the PT dis-
tribution was much more sensitive than the mean PT to
the presence of the injected signal. An alternative to the

PT method in [5] is the calculation of the mean output
power of the laser as a function of time [8]. Information
on a characteristic switch-on time is obtained when this
relation is inverted to obtain time as a function of mean
output power. However, this inversion cannot be car-
ried out analytically when the injected signal is not on
resonance. In addition, the calculation in Ref. [8] gives
no information on the dispersion of values of switch-on
times for difFerent switch-on events. Another interesting
theoretical study [9] is the analysis of the effect of the
phase fluctuations of the injected signal on the switch-on
time.

All the above-mentioned studies [1,2, 5, 8, 9] of switch-
on times in the presence of an injected signal consider a
class-A laser, which is a laser that can be described by a
single equation for the electric field after adiabatic elimi-
nation of the atomic variables. In this paper we consider
this technique of detection of weak signals for lasers in
which such adiabatic elimination is not possible. In this
context we present here the calculation of PT statistics
for the gain switching of a single-mode semiconductor
laser with an injected signal. Semiconductor lasers are
known to have a relatively large intrinsic noise level that
may make doubtful its suitability for the detection of
weak signals. However, it is worth considering this possi-
bility due to their great practical advantages. A further
motivation of this calculation is of general fundamental
interest and it is the analysis of the role played by the
linewidth enhancement factor o. of semiconductor lasers
[10]. The n factor introduces special features in the fre-
quency dynamics which have not been explored in detail
during the transient regime in the presence of an injected
signal. We will analyze the combined effect of the n fac-
tor and frequency mismatch between the injected signal
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and oscillation frequency of the laser in the transient dy-
namics.

We show in this paper that for a single-mode semicon-
ductor laser the mean PT, and to a much larger extent,
its variance are considerably reduced by a weak injected
signal. These results corroborate previous work for class-
A lasers [5]. The main difFerences with the analysis of
class-A lasers appear in the frequency dynamics through
the scaling variable which gives the relevant combination
of the different parameters in the model: the detection of
the weak signal is possible within a bandwidth of several
gigahertz centered around the steady-state frequency of
the laser. We recall that the optimum detection for a
class-A laser [5] does not occur for the case of frequency
resonance between the external signal and the steady-
state laser field of the solitary laser. In our case, the o,
dependence of the cw frequency offers a possibility for the
determination of the value of n through a PT measure-
ment. In our calculation we will follow the same general
ideas as in [5] and [ll]. In [ll] the PT statistics were cal-
culated in the absence of an external field. Therefore an
equation for the laser intensity decoupled from the field
phase could be used. In [5] a class-A laser in which the
dynamics of the field is decoupled from the dynamics of
atomic variables was considered. Here we study the joint
eKect of the external field and carrier number in the dy-
namics of the electric field, which implies some crucial
modifications of the calculation in [11].

The paper is organized as follows. In Sec. II a general
PT calculation based on the rate equations for a semi-
conductor laser is summarized. The implications of this
calculation and a parametric analysis of results is given
in Sec. III. Our calculation is compared with the results
of numerical simulations. Finally, the Appendix contains
some mathematical details of the theoretical analysis.

II. PASSAGE- TIME CALCULATION

Our calculation is based on the usual rate equations for
a single-mode semiconductor laser with an extra term de-
scribing the inHuence of the external field. In the system
of reference where the laser frequency is zero at trans-
parency, these equations read [12]
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where E, = F,e'~"/2 is the complex external field (whose
amplitude and frequency are F, and p2/2, respectively)
with coupling parameter k„g gives the gain rate per
carrier, p is the inverse cavity lifetime, p, is the carrier
recombination rate, C = p, Np is the injection current,
P' is the spontaneous-emission rate per carrier, Np is the
carrier number at transparency, 8 is the nonlinear gain
saturation parameter, and o, is the linewidth enhance-
ment factor [10]. Spontaneous-emission noise is modeled
by a complex Gaussian white noise ((t') with zero mean
and correlation

The calculation of passage times after the laser is gain
switched involves only the first stages of evolution when
the laser intensity is small. In addition, the deterministic
drift in the carrier number N due to the injection current
completely dominates the evolution of N [5, 7, ll] so that
we neglect the saturation of the gain due to the intensity
in (1) and the nonlinear coupling term in (2). In addition,
we change our frame of reference so that the injected field
is real by making

ipg t/2 (4)

It is convenient to write the resulting equations in the
new frame of reference and for dimensionless variables
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Finally, the spontaneous-emission noise ((t) has the cor-
relation given by (3).

Equations (5) and (6) are the starting point for our
calculation of the PT statistics. It is worth remembering
that, due to the approximations involved, these equa-
tions are valid only in the initial stages of evolution. In
this time interval, the evolution of the carrier number is
almost independent of that of the electric field because
the laser intensity is very weak. The semiconductor laser
is initially prepared in the off state associated with the
bias injection current Cg ( Ci~. At t = 0 the laser is
gain switched by changing the injection current to a value
C & Cth and at the time T the laser reaches for the first
time a fixed reference value ~z~ = i, = 0.1. This time is
a ra,ndom magnitude which depends on the spontaneous-
emission events triggering the switch-on. Our strategy

The normalizing factors

p, g(Np —Np) —p

N, t
——Nth = Np+ —,

g

are the steady-state values of the intensity and carrier
number for an injection current C = p, Np above its
threshold value C&h = p, N&h (when gain saturation is
neglected). We have also introduced the dimensionless
parameters
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[5—7,11] to calculate the statistical properties of T is
to determine z(t) for a given sequence of spontaneous-
emission events, that is, a realization of the process ((t).
Next we invert the relation obtaining T(z), which gives
T as a known function of a random variable.

Following [ll], we consider that noticeable laser emis-
sion cannot occur until the carrier number has crossed
its threshold value n~h = 1, which happens at a time t
given by

(i+ x —n(o) l
A

with n(0) known as a function of the bias current
Cb, n(0) = Cb/(p, N, t,). We therefore integrate Eqs. (5)
and (6) with initial conditions n(t) = 1, z(t) = zp. We
find

we have a time-dependent detuning between the injected
signal and the laser Beld. Therefore, the eFicient detec-
tion of the external signal is due to a transient resonance
between the external signal and the laser field, as we dis-
cuss later. Analytical expressions for (h(t)) and E2(t) can
be found (see the Appendix), but it is worth noting that
due to the external signal, the approximations made in a
previous work for the calculation of the PT of a class-B
laser in the absence of an injected signal [ll] yield com-
pletely unphysical results. The reason is that in order to
study the role of the detuning between the laser field and
the external signal, the growth of the carrier number n
cannot be approximated by a linear function, but instead
the full exponential growth must be considered. From the
Appendix we have that, for times of interest and typical
semiconductor laser parameters, Eqs. (16) and (17) are
approximately independent of t, yielding

n(t) =1+) 1 —e-'('-~ .

Equation (5) can be solved for times later than t as
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and
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26 p where we have defined zp = pA(1 + io.)/(2e ) and 8 =
a/(2ez). As a consequence, we ean substitute h(t) by h,
a Gaussian variable whose mean value and variance are
given by Eqs. (18) and (19), respectively.

The first passage time T is determined by the condition

(h(t)) = s, —A(t') g~r (16)

with n(t) given by (12).
The function h(t) contains the stoehasticity of the pro-

cess z(t). It plays the role of a time-dependent random
initial condition which is exponentially amplified in time.
The initial value of the field ho is a random variable as-
sociated with the small fluctuations around zero field in
the initial off-state of the laser. Unless Cb is very close
to threshold the effect of hp in the statistical properties
of the passage time is negligible [13],and in the following
we set hp = 0. The random process h(t) is Gaussian with
the mean value and variance given by

I z(T) I2
I
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which yields T as a function of a Gaussian random vari-
able h,
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The statistical properties of T are most easily calculated
through the generating function W(p), which can be de-
termined through the same approximations as in [5] and
[il],

~'(t) = (I h(t) I') —
I (h(t)) I'

t
= 4g n(t') e-'"'('l dt',

where Ai(t) is the real part of A.(t). Equations (16) and
(17) are formally identical to the result obtained for a
class-A laser [5], but in the present case the slow dy-
namics of the carrier number determines a completely
difFerent scenario. For class-A lasers, A(t) is simply a
linear function of time due to the fact that the popula-
tion inversion reaches its asymptotic value almost imme-
diately [5]. On the contrary, in class-B lasers n evolves
much more slowly, the turn-on time occurring before n
has reached its asymptotic value. The evolution of n
yields a corresponding evolution of the index of refrac-
tion and the laser frequency (frequency chirping), hence

l( pe-&rI
& (2~&u) '"

xMI i +11PI
2T~p

(22)

where M(a, 5, z) is the eonfluent hypergeometric function
[i4,i5]

7. =ln p) 1. (24)

is the natural scaling parameter which appears in the
calculation, and
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III. RESULTS

P = P.G(-), (25)

where

The above results for the generating function are sim-
ilar to those obtained for class-A lasers [5]. The mean
and the variance of the PT can be obtained from (22)
as in [5], and they are decreasing functions of the rele-
vant scaling parameter P. It turns out that for typical
semiconductor laser parameters (as those in the caption
of Fig. 1), the mean PT is not very sensitive to P: less
than 5/o decrease in three decades of variation of P. How-
ever, the variance of the PT distribution shows a strong
dependence on p, with a 20%%uo reduction for p = 1.9.
The interesting physical differences between class-A and
class-B lasers appear in this context through the scaling
parameter P. Namely, the dependence of (h) on the de-
tuning of the external signal is very difFerent for class-A
and class-B lasers, reflecting the slow dynamics of the
laser frequency associated with the evolution of n. For
class-A lasers the dependence of P on the detuning is sim-
ply a Lorentzian with respect to the laser frequency in
the "off" state [5]. Instead, for semiconductor lasers we
have that

tion occurs for the resonance between the external signal
and the laser field at the time when amplification be-
comes first possible. For class-A lasers the frequency is
constant during the linear regime, while for class-B lasers
we have a clear example of transient resonance. Finally,
it has to be emphasized that a calculation based on the
common linear approximation for the evolution in time of
n, as that used previously in [ll], yields the completely
unphysical result of optimum detection for infinite de-
tuning of the injected signal. The reason is that, in this
case, n never reaches an asymptotic steady state, so A(t)
diverges for long times.

The frequency selectivity for detection can be deter-
mined by defining the detection bandwidth Ap as the
value of 6 that reduces G(n) to 1/2. In this way we
obtain

Ap2 = +0.69s2pA(l + n2) (28)

1.75

which for the parameters considered yields a detection
bandwidth of 50-GHz full width at half maximum
(FWHM). Instead, an operational definition of the detec-
tion bandwidth as the value of p2 that produces a 50%%uo

s, 4x

pAv 1 +. (1,2

is the value of p when 6 = 0 and G(a) is a function
which carries the dependence on the frequency mismatch
p2. From the Appendix we have that
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For usual laser parameters, 6 (& pA, so

-2—A
G(n) = exp (27)

1.50
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Since the mean PT and its variance are monotonously de-
creasing functions of P [5], their minima as a function of
p2, which give the optimum frequency mismatch for de-
tection, occur for the values of p2 that maximize G(a).
This maximum is for 6 = 0, which implies pg = np,
i.e. , the cw frequency of the laser. This result is dif-
ferent from that obtained for a detuned class-A laser,
where the aforementioned minima occurred for an exter-
nal signal resonant with the laser field in the "ofF' state,
whose frequency is not the cw frequency of the laser [15].
For a semiconductor laser, the frequency evolves in time
due to the finite relaxation time of the carrier number,
but since amplification is not possible until t = t, when
n = 1 and the frequency of the laser (except for phase
noise) is 27rf = o.p/2, we find that the external signal
more eFiciently triggers the decay of the oK state when
its frequency is in resonance with that of the laser field at
t = t, i.e., as soon as amplification becomes possible. It
happens that, contrary to the case of a class-A laser, this
frequency coincides with the cw-operation frequency of
the semiconductor laser. In both cases optimum detec-

0.08—

0.06—

0.04

FIG. 1. Upper pannel: Comparison between the theoret-
ical results for the mean PT (solid lines) and the result ob-
tained from the numerical integration (symbols). Lower pan-
nel: Same as before, but for the standard deviation of the
PT. Laser parameters used in the numerical integration are
the following: g = 5.6 x 10 s, p = 4 x 10 s
GxlOss ', C = 14x 10's ', P' = l.lxlOs ', and
Np = 6.8 x 10 . For the bias value of the injection current
Ct, we take Cg = 0.905 Ct, h = 3.4 x 10 s, n = 5, and
s, =5x10
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reduction in mean PT or variance yields different results
according to the intensity of the external field. However,
both definitions coincide for weak external signals.

Finally, it should be noted that a variation of o, in
+1 implies a variation of the optimum frequency in
60 GHz, which is larger than the detection bandwidth.
Since the linewidth enhancement factor o, is not generally
known with better accuracy that kl [16], Eq. (38) gives
a possible alternative to better determinations of the n
factor [17].

In order to provide evidence of the suitability of the ap-
proximations used to obtain our results above, we have
performed a numerical integration of Eqs. (5) and (6).
We have performed averages over 5000 trajectories for
several values of pq, and typical values for the different
semiconductor laser parameters. The results are shown
in Fig. 1. It can be seen that the numerical values of
the mean PT [Fig. 1(a)] are in good agreement with the
theoretical result, with less than a 1% difference. The re-
sults for the standard deviations [Fig. 1(b)] show larger
difFerences (less than 10% in all cases). These differences
are mainly due to the fact that the PT distribution has
a slowly decaying tail which is not properly represented
with our accuracy. A clear signature of this fact is that
the discrepancies between theory and numerical integra-

I

tion increase for increasing ~n~, because the larger the ~n~

the larger the PT variance.
In summary, we have seen that measurements of the

mean PT or better its variance in the gain switching of
a single-mode semiconductor laser can detect a weak in-
jected signal whose frequency lies in a bandwidth of = 50
GHz around the cw frequency of the semiconductor laser.
The technique is rather sensitive to the value of the a fac-
tor and it could provide us with an alternative method
to determine n.
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APPENDIX

The statistical properties of h(t) can be calculated from
Eqs. (15) and (16), with n(t) given by (12). For the mean
value we have

—p . (ds exp (1+ in)A
~
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l

�26
1 —e "& .n[(+i s—

o

gZp

p(zo + i9, zo) —p zo + i8, zo e ' ' '"
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where we have defined zp = pA(l + in)/(2e ) and & =
n/(2ez), and p(a, z) denotes the incomplete p function
of a up to z [14]. In order to make further progress, we
expand the incomplete p functions in a power series [18],
yielding

p(zo + iezo) —p (zo + i9, z,o e 'i' ~)

It must be stressed that the linear approximation to
(12) that has been previously used [11] to calculate the
PT statistics of a semiconductor laser in the absence
of injected signal yields completely wrong results in the
present case.

The variance of h(t) can be calculated in a similar way.
From (17) we have that

QQ g g (t t) Zo+$6 +A
zp+i8

n! ZO+ i8+ nn=0
(A2)

so we finally obtain

For usual semiconductor laser parameters, Re(zp +ie +
n) » 1, and then we can neglect the second incomplete p
function in front of the first one. Moreover, since ~zp~ &&

1, we approximate [18]
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where a = + » 1. By exactly the same reasons as in
the former case, we finally obtain
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