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We use a continuous-mode quantization scheme to derive relations between the output- and input-field
operators for traveling-wave propagation along attenuating and amplifying optical fibers. These rela-
tions provide complete information on the temporal and longitudinal spatial developments of the signal
field. They are used here to obtain the effects of propagation on the first and second moments of the
photocount in direct detection and of the signal field measured in balanced homodyne detection. Some
of the results are similar to those obtained for attenuation or amplification of standing waves in cavities,
and, for example, the survival of any input squeezing still limits the maximum gain to twofold. There
are, however, additional propagation effects for the traveling-wave system. Thus, in direct detection, it
is necessary to take account of the changes in gain profile with propagation distance, and in homodyne
detection there are fundamental quantum-mechanical restrictions on the minimum field uncertainties
that can be achieved in measurements at separated space-time points. These uncertainty properties are
derived in detail and illustrated by the example of a squeezed input signal.

PACS number(s): 42.50.Lc, 42.50.Dv, 42.81.Dp

I. INTRODUCTION

There is much current interest in the generation of
light beams whose measured noise levels lie below those
allowed by the semiclassical theory of photodetection [1].
Such nonclassical light may have important applications
in low-noise measurement and communication systems,
where the effects of optical processing on the nonclassical
properties can only be understood within the framework
of quantum optics. Thus in optical communications with
nonclassical input light, it is necessary to use the quan-
tum theory to determine the effects of propagation along
lossy or amplifying fibers on the initially reduced noise.

The quantum theory of light has traditionally been for-
mulated in terms of the discrete standing-wave modes of
the electromagnetic field confined within an optical cavi-
ty [2]. This quantization scheme is, however, awkward to
apply to traveling-wave propagation along an optical
fiber, where the beam properties vary with distance, in
addition to the time dependences associated with the in-
formation carried by the beam. The cavity-quantization
theory can easily handle only the time dependence of an
optical field, and it also suffers from the lack of any readi-
ly identifiable cavity in most traveling-wave systems,
where the optical energy Rows from sources to detectors
with no significant reAection or recycling. These
difhculties have stimulated the development of cavity-free
continuous-mode quantization schemes [3—5] that are
better suited to the treatment of traveling-wave problems.

Optical fibers are made from dispersive materials with

frequency-dependent refractive indices il(co). There has
been much recent work on the quantization of the elec-
tromagnetic field in such media and on the resulting
dielectric effects on the quantum properties of light
[5—12]. The form of the positive-frequency part of the
electric-field operator appropriate to propagation along
an optical fiber of effective cross-sectional area A is

oo %coE+(z, t) =i dco
o 4~roc 3 il(co)

1/2

a (co)

il(co )zX exp —icy t—
C

where the creation and destruction operators of the one-
dimensional continuum of modes of frequency co satisfy
the usual commutator

[8( )c,oa "(co')]=5(co—co') . (1.2)

The purpose of the present paper is the application of
these quantization methods, particularly in the form de-
scribed by Blow et al. [5], to the quantum optics of
traveling-wave attenuators and amplifiers (brief prelimi-
nary accounts of the work are given in Refs. [13] and
[14]). Previous work has treated the traveling-wave
phase-sensitive degenerate parametric amplifier [3,15,16],
and there is also existing theoretical and experimental
work on phase-insensitive amplifiers, for example, rare-
earth-doped fiber amplifiers [17] and Raman amplifiers
[18]. Our aim here is to give more comprehensive treat-
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a(t)= 1

2'
1/2

f des a(co)exp( icut) .— (1.3)

These satisfy the commutation relation

[a(t),a (t') ] =fit t') . —

The Bow of energy, in the narrow-band approximation, is
proportional to the Aux of the light beam, measured in
photons per unit time. This quantity is represented by
the flux operator [5]

f(t)=a (t)a(t)

f dao f dao'a (co)8(co')exp[i(co —cg')t] .
277

( l.5)

The continuous-mode formalism can handle light
beams whose cruxes have arbitrary time dependences, in-
cluding for example pulse trains and beams of constant
mean intensity. The beam in the latter case has a
frequency-dependent correlation function of the form

ments of traveling-wave phase-insensitive attenuation and
amplification. We pay particular attention to the field
properties that can be measured by direct and by homo-
dyne detection. In the latter case we derive uncertainty
relations for the homodyne noise in measurements made
at different propagation distances, and we show how the
minimum noise conditions can be realized for a
squeezed-light input signal. The effect of propagation
along a gain-compensated low-loss fiber on the noise level
of initially squeezed light is determined.

It is usually the case that the signal bandwidth B is
much smaller than its central frequency coo. Further-
more, for weakly amplifying fibers, the variation of the
refractive index i)(co) across the signal or detection band-
width is often quite small. In this regime it is a valid ap-
proximation to put the square-root factor in the field
operator (1.1) equal to its constant value at co=coo and to
extend the range of integration down to —~. These
narrow-bandwidth approximations are made in all of the
calculations that follow. It is also sometimes permissible
to ignore the frequency dependence of ii(co) in the ex-
ponent in (1.1), and the properties of the electric field in
this case are determined by those of the full-range
Fourier transformed operators

II. TRAVELING-WAVE ATTENUATION

A. Beam-splitter model

The scattering centers that cause the attenuation of a
light beam in an optical fiber can be modeled [3] by beam
splitters of the kind represented in Fig. 1. The output
mode operators are given by

&,„,(ai) =t (ai)&;„(ai)+r(ai)b(ai),

ct, (co)= r (co)a;„(co)+t (co)b (co),
(2.1)

where r(co) and t(co) are the complex reflection and
transmission coefficients of the beam splitter at angular
frequency co. The transformation from input to output
operators is unitary if

/r(co)i + it(co)[ =1,
r "(co)t (co)+r (co)t*(co)=0, (2.2)

and independent boson input operators then produce in-
dependent boson output operators. The practical realiza-
tion of a frequency-dependent beam splitter is outlined in
Appendix A.

The time-dependent operators for the beam-splitter in-
put and output modes defined in accordance with (1.3)
are not in general simply related on account of the fre-
quency dependence of the reAection and transmission
coefficients. However, it is not difFicult to show with the
use of (2.2) that the integrated input and output fluxes are
equal

f dt [&t„,(t)a,„,(t)+a, (t)a, (t) I

= f dt [a~„(t)ct,„(t)+b (t)b(t) j . (2.3)

A
as

For the special case of steady-state light beams, where the
input operators satisfy (1.6), the mean fluxes are related
by

(&.„,(t)&,„,(t) ) + (a, (t)&,(t) )

=(a;„(t)&;„(t))+(bt(t)b(t) ) . (2.4)

The scattering centers in an optical fiber of length z are
modeled [3,16,19] by the line of beam splitters represent-

(a (co)a(co')) =2mf(co)5(co co'), — (1.6)

where f(co) is the beam spectrum, defined as the mean
flux per unit co bandwidth. The total mean flux from (1.5)
has the constant value

f(t)=(f(t)) = fdc' (co)=F,

A
in

A
a

out

in this case.
The calculations that follow assume that the conditions

for the validity of the narrow-bandwidth approximations
are satisfied, but the time dependences of the light beams
are otherwise arbitrary. FIG. 1. Attenuating beam splitter.
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ed in Fig. 2. These are taken to be discrete components
in the initial stages of the calculation, but their number

X =z/Az (2.5)

is later taken to infinity in order to model a continuous
attenuating medium. The input signal-mode operator
a;„(co)has the commutator

The residual phase of the reAection coefficient in the same
limit can be chosen to be m/2.

The thermal input operators and their commutator are
converted to continuous spatial dependences by the re-
placements

b (co)~(bz)' b(co, z') and 5 „~bz5(z' —z"),

[a;„(co),&;„(co')j =5(co—co'), (2.6)
with the result

(2.13)

[b (co),bt(co')]=5 „5(co—co') . (2.7)

similar to (1.2). The input operators b„(co) refer to in-
dependent thermally excited modes, and their commuta-
tor is

[b(co,z'), b (co', z")]=5(co—co')5(z' —z") . (2.14)

These operators are assumed to have the expectation
values

A calculation of the effects of attenuation requires an
expression for the output signal operator in terms of the
input operators. This is readily obtained by iteration of
the expression (2.1) for a single beam splitter. Thus tak-
ing account of the beam propagation phase with wave
vector co/c, the required expression is

a,„,(co)= [t(co)e' ' '] a;„(co)

and

(, b(co, z')) = (b (co,z') ) =0

n (T)= I/[exp(%co/kii T) 1] . —

(b (co,z')b(co', z") ) =n (T)5(co co')5(z—' —z"),
where

(2.15)

(2.16)

(2.17)

N
+r(co) g [t(co)e' '~'] b (co) . (2.8)

The beam splitters are now converted to a continuous
array by taking the limits

N —+ OD, hz~0, and Ir(co)I —+0

such that the imaginary part of the wave vector

~(~)= Ir(~)I'/2hz

(2.9)

(2.10)

remains finite. The usual exponential limit then gives

l«~)l' =[1—Ir(~)l']
= [1—21c(co)z/N] ~exp[ —2Ic(co)z] . (2.11)

k =coil(co)/c . (2.12)

h, z

The frequency-dependent phase of the transmission
coefficients in (2.8) has the effect of changing the real part
of the wave vector from its free-space value co/c. When
the limits (2.9) are taken, this real part, denoted by k, can
be expressed in the usual way in terms of a refractive in-
dex il(co),

Xb(co, z') . (2.18)

It is not difficult to verify with the use of (2.6) and (2.14)
that the output operators have the proper boson commu-
tator,

[a,„,(co),a t„,(co') ]=5(co—co') . (2.19)

It is seen from (2.18) that the effect of the attenuation is
to reduce the input component of the output operator
and to introduce contributions from the noise operators.

The above derivations are concerned only with propa-
gation in the positive z direction. An expression very
similar to (2.18) relates the input and output operators for
propagation in the negative z direction. In particular, the
attenuation produces negative-traveling noise contribu-
tions even in the absence of any input signal in this direc-
tion.

B. Pulse propagation

The excitation bandwidths are assumed to be sufficiently
narrow that the frequency dependence of n ( T) can be ig-
nored.

The above developments in conjunction with the usual
replacement of summation by integration convert the
output operator (2.8) to the form

a,„,(co) = exp[ikz —lc(co)z]a;„(co)

+i V'2lc(co) f dz'exp[ [ik —lc(co)](z —z') j
0

Aa.
ik

b (co)

A
a

out

iL

b (co)

The input-output operator relation (2.18) includes the
well-known classical effect of optical pulse distortion in a
dispersive medium [20]. Consider, for example, an input
Gaussian pulse represented by a coherent state [5] with
complex amplitude

a;„(co)=(2m5 )
'~ exp[i(co —coo)to —(co —coo) /45 ],

FIG. 2. Beam-splitter representation of scattering in an opti-
cal fiber. (2.20)
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and

a;„(t)=(25 /vr)'~ exp[ i—moota+5 (t —to) ] . (2.21)

where k' is the real part of the wave vector at frequency
co a11d

k =ko+(co —coo)ko+ —,(co —coo) ko'+

where

ko =coo'g(too) /c

(2.22)

(2.23)

(2.24)

and k0' measures the dispersion in the group velocity vG.
A simple Fourier transform now leads to the mean out-
put amplitude

(&.„,(t)) = (2~) '"(2&'/5)'"

X exp [
—i coot + ikoz —Koz

The pulse properties at the output from the fiber are ob-
tained with the use of (2.18). Suppose for simplicity that
the imaginary part of the wave vector K(co) has a constant
value K0 across the pulse bandwidth. A Taylor expansion
of the real part of the wave vector around the central fre-
quency of the pulse gives

K(co) =exp[ —2K(co)z] (2.32)

k =cori(coo)/c =corio/c, (2.33)

and (2.32) by

Ko =—K (coo) =exp[ —2K(coo)z]—:exp[ —2Koz], (2.34)

and the output Ilux (2.31) reduces to

is defined to be the attenuation coefficient of the fiber at
frequency co. The first term in (2.31) represents the
dispersed and attenuated input Aux, while the second
term represents a Aux of chaotic light, or noise, provided
by the scattering of light from thermal sources into the
detected beam. This chaotic flux can often be neglected
at optical frequencies where n ( T) is usually very small.

The output Aux can be reexpressed in a sin1pler form
when the input signal has a sufficiently narrow bandwidth
that the refractive index and attenuation coefficient can
be set equal to their values at the central frequency co0 of
the signal. Then (2.12) can be approximated by

b, (t to ———koz) I, (2.25) f, t(t) =Kof;„(ttt )+ f dco[1 K(to)],—(2.35)

where

b, 2=5 /(1 —2i5 ko'z) . (2.26)

The pulse therefore travels with the group velocity and
its shape remains Gaussian, but with a duration increased
by the factor

where

f;„(t~ ) = (&;„(t~)&;„(t& ) )

is the input Aux at the retarded time

t~ =—t —(iloz/c) .

(2.36)

(2.37)

(1+45'k,"z')'" . (2.27)

C. Direct detection

Suppose that the output from the attenuating fiber is
fed into a photodetector of quantum efficiency g that runs
from time tp + T0 ~ The mean photocount is given by

(m ) =gf dt f.„,(t), (2.28)

This effect of the group-velocity dispersion in increasing
the pulse width is of course well known [20].

(a;„(co)&;„(co')) =2vrf;„(co)5(co co'), —(2.38)

in accordance with (1.6). The total mean input Aux is
thus time independent with the value

f;„(t)=fde f;„(a))=F;„. (2.39)

The effects of propagation along the fiber on the input
signal in the narrow-band limit clearly correspond to sim-
ple physical expectations.

The output Aux also simplifies for an input beam of
constant mean intensity whose frequency correlation
function has the form

where

f,„,(t) = (f,„,(t) )

and

f.„,(t)—:a.„,(t)a.„,(t)

(2.29)
The output correlation function obtained with the use of
(2.16), (2.18), and (2.38) is

(2.40)

w~ere

is the operator that represents the output photon Aux.
The expectation value (2.29) is obtained with the use of
(2.18) and the Fourier transform, analogous to (1.5),

f,„,( t ) = f d co f d co' ( a;„(co )&;„(co' ) )2'
X exp[ i (co —co')t i (k —k')z—

[K ( CO ) +K ( Ci) ) ]Z ]

+ " f des[1 —K(co)], (2.31)2'

f,„,(co) =K(co)f;„(co)+[n (T)/2n. ][1—K(co)] . (2.41)

The total mean output Aux is

f,„„(t)=fde f,„,(co):F,„, . —(2.42)

The output spectrum depends of course on the frequency
dependences of the input fiux and the attenuation
coefficient. We consider again a narrow-band input, for
example, the "single-mode" coherent state I [a;„]) with

[5]
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cz;„(co)= (2mF;„)' exp(iP;„)5(co—coo),
(2.43)

F,„,=KOF;„+[ n ( T) I2m)f .d co [1—K ( co ) ] . (2.44)

a;„(t)=F „exp( ic—oot +i/;„),

where the total output flux is

The mean photocount is obtained from (2.28) and (2.29)
with the use of (2.35) or (2.44) as appropriate.

The variance in the direct-detection photocount for an
input beam of constant mean intensity is given by [5]

(&m) =(m)+g f dt f dt'I(:f,„,(t)f,„,(t'):) F2„—, }, (2.45)

where the colons denote normal ordering. This can again be expressed in terms of the input and thermal operators with
the use of (2.18). The factorization property

(b (co,z')b (co', z")b(co",z"')b(co'",z""))= (b (co,z')b(co", z'"))(b (co', z")b(co"',z'"'))

+ (b (co,z')b(co"', z"")) (b (co', z")b(co",z'") ) (2.46)

enables the chaotic noise contribution to be evaluated in terms of the expectation value (2.16). The general result is
quite complicated, and we present only the special case of the coherent input specified by (2.43) when the integrand in
(2.45) takes the form

(:f,„,(t}f,„,(t'}:) F,„,=—KOF;„[n ( T)l~]f dco[1 —K (co) ]cos[(coo co)—r]

+ [n ( T) l2~] f dco[1 —K (co)]exp( icor)— (2.47)

where

(2.48)

The above expression clearly vanishes for zero attenuator
temperature T, when (2.45) reduces to

(bm) =(m), (2.49)

the usual shot-noise result expected for the photodetec-
tion of purely coherent light.

D. Balanced homodyne detection

aL(t) =FL exp(i pL i coot), — (2.51)

where FL is the mean flux of the local oscillator light in
units of photons per unit time, and pL is its phase angle.
Then if the local oscillator is much more intense than the
signal, it is a good approximation to replace the local os-
cillator operators in (2.50) by the corresponding c-
numbers, and the measurement operator can be written

0=(FLT0)' ~P(PL, to)

where

(2.52)

The measurement made by a balanced ho modyne
detector that runs from time to to time to+ To is
represented by the operator [5,21]

to+ To0=i f dtIat(t)aL(t) —&L(t)a(t)} (2.50)
'0

corresponding to the difference between the integrated
photocounts in the two detector arms. Here ct(t) can be
the fiber input or output operator, and aL (t) is the local
oscillator operator. The local oscillator is assumed to be
in a coherent state

~ I aL } ) with a very narrow spread of
frequencies, so that its amplitude has the single-mode
form

I

to+ To
E(QL, to) = To ' f dt[ ict (t)exp( icoot +i/—L )

fo
—ia(t)exp(icoot iPL—)] .

(2.53)
The dimensionless electric-field operator defined in this
way represents the property of the signal field that is
measured in balanced homodyne detection.

The mean difference photocount in balanced homo-
dyne detection of the output from the attenuating fiber is

(m ) =g(O ) =g(FL To)' (P,„,(QL, to)), (2.54)

~o'9H '90Z
(2.56)

merely compensate the time taken for the signal to travel
through the fiber.

The balanced homodyne detection photocount vari-
ance is given by [5]

(bm) =g(1 g}FLTO+g FLTO(—[bE,„,(QL, to)] ) .
(2.57)

The output-field variance is related to the input-field vari-
ance by means of (1.3) and (2.18), and inaking use of the
noise operator properties (2.14) and (2.16), we find

4LR 0L

where g is again the detector quantum efficiency. The
output-field expectation value is related to the input-field
expectation value by means of (1.3) and (2.18). We as-
sume that the input signal has a narrow bandwidth cen-
tered on the same frequency as the local oscillator so that
any deviations of the refractive index and attenuation
coefficient from their values go and Ko at frequency coo

are insignificant. The output-field expectation value is
then given by

«.„,(y„t, ) ) =(K,}'"(E,„(y„,t„)), (2.55)

where the retarded local oscillator phase and detection
period, defined by
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( [ bE,„,(gl, tp)] ) = Kp( [bE;„(Pl~,tpz )] ) +2[2n (T)+1]f dco[1 —K(co)]sin [(cop —co)Tpl2]/m(cop c—o) Tp . (2.58)

The magnitude of the added noise term depends on the
profile K (co ) of the attenuation, but a simple result
emerges when the integration time is sufficiently long and
the dispersion in the attenuation coefficient is sufficiently
small that the inequality

1 dK(co)
To )&

Ko dc'

(4L tp ) (Kp ) Ei (4'LR tpR ) (2.62)

when (2.55) and (2.60) take the forms

small throughout the detection bandwidth.
The effects of attenuation on the homodyne electric-

field operator of (2.53) can be written in compact forms in
terms of the operator

is satisfied. The final factors in the integrand of (2.58)
then have the effect of a delta function, and the result
reduces to

(bE,„,) =Kp(bE;„) + [2n (T)+1](1—Kp), (2.60)

and

(bF) =[2n(T)+1](1 Kp) .—

(2.63)

(2.64)

where the field variances are written in abbreviated nota-
tion. The added noise represented by the second term on
the right takes its minimum value for zero temperature,
when the result can be written [19]

(bE,„,) —1=Kp[(bE,„)~—1] . (2.61)

It follows that the noise tends to the value 1, characteris-
tic of coherent light, under conditions of severe attenua-
tion when Kp « 1. It is easily shown from (2.58) that this
conclusion holds generally provided that K(co) is very

This last result has exactly the form of the standard
fiuctuation-dissipation theorem [22], where the factor
1 —Ko represents the dissipation in the attenuator.

The above calculations refer to homodyne measure-
ments made at a given distance z along an attenuating op-
tical fiber. We now consider the compatibility between
measurements made at different distances z and z' with
different local oscillator phase angles PL and PL, and
with integration periods To that commence at different
times to and t o. The required homodyne field commuta-
tion relation, obtained with the use of (1.3) and (2.18), is

[E& i(JUL tp z) E i(PL, tp z )]= J dco exp[ —ic(co) z —z'~ ]sin[PL —
$1,

—k (z —z')+ (co cop)(tp tp )]
7TTo

X sin [(co cop) Tp /2]/—(co —cop) (2.65)

where the field operators are given by (2.53) with their notation expanded to show the propagation distance.
The commutator can be set into a more explicit form only if ic(co) and i)(co) are assigned specific functional forms.

We consider here only the simplest case in which these functions have constant values ~o and go, corresponding to
negligible dispersion over a frequency range of order 1/To around coo. The wave vector can then be approximated by
(2.33), and the sine that contains it can be expanded in terms that contain the contribution proportional to (co —cop) and
the frequency-independent remainder. The integration in (2.65) can then be performed using standard results [23), and
the commutator becomes

[E,„,(PL, tp, z),E,„,(ctrl, tp, z')]= — exP[ Kplz z'I]»n[PL, 4L, copilp(z
To

X [Tp —
~tp tp —

imp(z
—z') l—c~ ]e(Tp —

~tp t p
—

imp(z
—z—')Ic~ ),

where e is the usual unit step function. The uncertainty relation that follows from (2.66) is

( [bE,„,(PL, tp, z)] ) ( [bE,„,(P t Lz'p)] ) exp[ —2icp~z —z'~ ]sin [QL
—

PL
—copi)p(z —z')/c]8,

where the overlap 0 is

6—= [1—~t, t,' —i),(z —z')/c~/T ]'—e[T,—~t, —t; —i),(z —z')/c~] .

(2.66)

(2.67)

(2.68)

This function determines the fractional overlap between the sections of the propagating signal that are sampled by the
detection windows at coordinates z and z . In the absence of any overlap, the uncertainty relation (2.67) provides no re-
striction on the field variances at the two positions. The maximum value of the uncertainty product occurs for com-
plete overlap, where

tp = t p+(iz)'p—z )/c, (2.69)

and both detection processes observe exactly the same section of the signal beam; the function defined in (2.68) is equal
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to unity in this case.
An example that realizes the minimum uncertainty product is provided by a squeezed vacuum state input in the limit

of an integration time To that is much longer than the correlation times of the light. The input-field variance is then
[21,24]

& [hE;„(Pt,to)] ) =exp(2s)cos PL
——+exp( —2s)sin (2.70)

where s and 0 are the usual parameters that describe the amplitude and phase of the squeezing. Minimum variance
product is achieved by making one of the measurements at z =0, so that one of the output fields in the uncertainty rela-
tion (2.67) becomes the same as the input field. Then choosing

0=2$L

it follows that

& [AE,„,(PL, t0, 0)] ) =
& [bE;„(PL,to)] ) =exp( —2s) .

The field variance obtained from (2.60) and (2.70) at an arbitrary position z is

& [bE,„,(QL, to, z')] ) =exp( —2voz')[ exp(2s)sin (pL —pt —cooiloz'/c)

+exp( —2s)cos (PL —
PL

—cooi)oz'/c) ]+ 1 —exp( —2i~oz'),

(2.71)

(2.72)

(2.73)

where the temperature T has been set equal to zero in the
interests of reducing the noise as much as possible. If the
squeezing amplitude s is now allowed to become infinite,
the product of the variances (2.72) and (2.73) is

& [~E-t(NL to 0)] & & [~E-t(NL '0 z')] &

a,„,(co) =t (co)a;„(co)+r(co)b (co),

a, (co)=r (cg)&;„(co)+ t (co)b(~),
(3.1)

I

ed for consistency of the model.
With these modifications, the beam-splitter output and

input mode operators are related by

=exp( —2xoz')sin (QL
—pt —cooiloz'/c), (2.74)

where the complex coupling coe%cients now satisfy
in agreement with the minimum value permitted by the
uncertainty relation (2.67), the overlap function being
essentially equal to unity for the steady-state light beam
considered in this example.

More generally, the presence of the overlap function in
(2.67) refiects the well-known requirement that measure-
ments at two space-time points can interfere only if one
measurement can communicate with the other, that is, if
the two points lie on the same light line [25]. A further
impediment to communication between the two measure-
ment points is provided by attenuation, and the associat-
ed decaying exponential in the uncertainty relation (2.67)
further restricts the interference to points whose spatial
separation is of the order of the characteristic attenuation
distance or less.

III. TRAVELING-WAVE AMPLIFICATION

it(co)i —ir(co)i =1 (3.2)

f dt [at„,(t)d,„,(t) —a, (t)a, (t)]

= f dt [(at„(t)a;„(t) bt(t)b(t) j . —(3.3)

This expression represents energy conservation at the
beam splitter, with the negative contributions corre-
sponding to inverted oscillators [26]. In the special case
of steady-state light beams, the mean Auxes are related by

in contrast to the conventional beam-splitter properties in
(2.2). The relation (3.2) ensures that the independent in-
put mode operators produce independent output mode
operators. The time-dependent mode operators are
defined by (1.3) as before and it is not difficult to show
that the integrated input and output cruxes satisfy

A. Beam-splitter model

Optical signals can be continuously amplified as they
propagate along a fiber, for example, by stimulated Ra-
man scattering or by interaction with an inverted atomic
population. The process can be modeled by a line of
beam splitters similar to that shown in Fig. 1 but with
modified input-output relations. The amplifying property
of the beam splitter is achieved by inverting the harmonic
oscillator associated with the thermally excited b(co) in-
put mode and assigning a negative temperature to the
thermal excitation. The harmonic oscillator associated
with the scattered a', (co) output mode must also be invert-

& a.„,(t)a.„,(t) ) —
& a, (t)a, (t) )

=
& a t (t)a,„(t)) —

& b (t)b(t) ) . (3.4)

g(cu)= ~r(co)~ /2b, z, (3.5)

similar to (2.10), but with the use of (3.2)

The line of beam splitters shown in Fig. 2, now as-
sumed to have the amplifying properties described above,
is converted to a continuous array by steps similar to
those used for the attenuating fiber in (2.9), (2.11), and
(2.13). The imaginary part of the wave vector is defined
by



47 QUANTUM OPTICS OF TRAVELING-WAVE ATTENUATORS AND. . . 3353

I &(~) '"=[1+l~(~) I']~

= [1+2g (co)z/N] ~exp[2g (co)z], (3.6)

which represents optical gain, in contrast to the attenua-
tion expressed by (2.11). The output operator obtained
by iteration of (3.1) is thus [13,17]

d,„,(co)= exp[ikz +g (co)z]a;„(co)

+ i&2g (co)J dz'exp I [ik +g (co)](z —z')
I0

of the thermal function (2.17) for negative temperatures.
The thermal factor in (3.9) applies directly to Raman or
nondegenerate parametric amplification where n ( I Tl )

denotes the population of the material excitation or idler
photon, respectively, that contributes to the amplification
process. For amplification by an inverted atomic popula-
tion with X„and XI atoms in the upper and lower levels,
respectively, the population factor that occurs in stan-
dard theory [28,29] is

Xb (co,z') . (3.7) (3.12)

G (co) =exp[2g (co)z], (3.8)

while the second term on the right-hand side represents
the noise added by the amplifier. The forms of these
terms are such that the output commutator retains its
value given by (2.19).

B. Direct detection

The basic calculation of the mean photocount in direct
detection described by (2.28) to (2.31) can be applied to
the output from an amplifying fiber by substitution of the
output operator from (3.7) to (2.31). The results are simi-
lar in outline to those for an attenuating fiber, but there
are important differences in detail. Thus for an input
beam of constant mean intensity, where (2.28) to (2.40)
are valid, the output spectrum analogous to (2.41) is

The real part k of the wave vector is still given by (2.12),
where the refractive index i)(co) now includes the effects
of the gain process. The thermal mode correlation func-
tion is given by (2.16) but with the mean photon number
of (2.17) evaluated at

I Tl, since the temperature T itself is
now negative.

The relation (3.7) between input and output operators
has a form that agrees precisely with the relation derived
by Caves [27] in his general theory of linear amplifiers.
In accordance with this theory, the square modulus of
the prefactor of a;„(co) is taken to be the gain coefficient,
given by

where the ratio of populations is described by a
Boltzmann factor with negative temperature,

N„ /Ni =exp( A'co lkii I Tl ) . (3.13)

Thus perfect inversion with N& =0 corresponds to
I Tl =0

with minimum noise fiux in (3.9), while imperfect inver-
sion produces a nonzero n ( I Tl ) with an enhanced noise
Aux.

The mean photocount is readily obtained from (2.28)
for the single-mode coherent input described by (2.43),
when the mean output fiux obtained from (2.42), with the
gain coefficient (3.8) at co=coo denoted by Go, is

F,„,= GOF;„+ I [n (I TI)+1]/2irI f dco[G(co) —1] .

(3.14)

g (co) =g B(co co +B/2)e( —co+—co +B/2),

when (3.14) reduces to

(3.15)

The detailed form of the frequency integral depends upon
the gain function g (co). The integral can be evaluated in
some important special cases, the simplest being that of a
constant gain profile of angular frequency bandwidth 8
centered on the input frequency m0,

f,„,(co)=G (co)f;„(co)+[(n ( I Tl )+ I )/2ir][G (co) 1] . —
(3.9)

G F + n(ITI)+1B(G 1) (3.16)

IC( )~coG( )acond T~ —T,
if use is made of the property

n (T)=n ( I Tl ) = —n (
I
Tl ) 1

(3.10)

(3.1 1)

The two terms on the right-hand side represent, respec-
tively, the amplified input Aux and the noise added by the
amplification process. Some additional noise is inevitable
since the latter term does not vanish even for zero nega-
tive temperature, when it takes a limiting minimum value
in accordance with the requirements of the general
theory of linear amplifiers [27].

The expression (3.9) for the amplified flux can be ob-
tained from the expression (2.41) for the attenuated fiux
by means of the formal replacements

The analogous results for Lorentzian and gaussian gain
profiles are given in Appendix B.

The variance in the direct detection photocount is ob-
tained from (2.45), with the output photon fiuxes given by
(2.30) and the output photon operators given by the
Fourier transform of (3.7). Because of the occurrence of
b~ in this last expression, normal ordering of the output
operators produces antinormal ordering of the thermal
operators. However, the required expectation values are
straightforwardly calculated by factorizations similar to
(2.46) and use of the basic properties (2.14) and (2.16) of
the thermal operators. The general result is again com-
plicated and we consider only the special case of a
coherent input specified by (2.43), when the integrand in
(2.45) simplifies to
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(:f,„,(t)f,„,(t'):) F—,„,= GOF,„[[n(~T~)+1]/vr] f dco[G(co) —1]cos[(coo—co)r]

+ [[n (~ T~)+1]/2'] f dco[G(co) —1]exp( i—cow) (3.17)

These terins survive even for a perfectly inverted amplifier with
~
T~ =0, and they represent, respectively, the beating of

the amplified coherent input with the noise fiux given by the second term in (3.14) and the beating of this chaotic noise
with itself. The integrals in (3.17) are readily evaluated for the constant gain profile (3.15), with the result

2 2

( f (t)f (t'):) F—= G (G —1)F n(l Tl)+1 2 . Br +(G —1)
«ITI)+1 2 . i Br

r .""
2 2m

(3.18)

The intensity Auctuation spectrum that can be measured by direct detection is determined from the Fourier trans-
form of (3.17) according to

S(co)=(F,„,+g I d~{(:f,„,( 0)f,„,( r):) F,„,]—exp(icor) . (3.19)

The ~ integral is readily evaluated to give

S(co)= QGOF;„+g[ [n ( ~
T()+ 1]/2' I f dco'[G (co') —1]+g GoF;„[n ( ~

T~ )+ 1][G(coo —co)+ G(coo+co) —2]

+g [[n(~T~)+1] /2'] f dco'[G(co') —l][G(co' —co) —1] . (3.20)

The four contributions to the noise spectrum are similar to those found in conventional amplifier theory. Thus the first
two terms, which are independent of the frequency, represent the shot noise in the detection of the amplified signal and
spontaneously emitted light, respectively. The frequency dependence of the spectrum arises from the third and fourth
terms, which as in (3.17) represent, respectively, the excess noise produced by the beating of the amplified signal with
the amplified spontaneous emission, and the beating of the amplified spontaneous emission with itself. These contribu-
tions are illustrated by the example of the constant gain profile (3.15), where

S (co ) = (GOF;„+j(Go —1) n(~T~)+1 B+g2'G (0G
—
0 1)F;„[n(~ T )+1]e(B/2 —co)2'

+$2(GO —1) [[n (~T~ )+1] /2n](B —co)O(B —co) . (3.21)

Analogous results for the Lorentzian and Gaussian gain profiles are given in Appendix B.
In experiments with a sufficiently strong coherent input Aux F;„ it is possible to achieve conditions where the noise

spectrum is dominated by the first and third terms on the right-hand side of (3.20) or (3.21). Measurements of the noise
as a function of the traveling-wave gain in this case can provide values for the thermal excitation factor n (

~
T~ ), a quan-

tity that is difficult to determine for some inverted-population amplifiers [30].

C. Balanced homodyne detection

The effects of amplification on the measured mean and variance in balanced homodyne detection are determined by
calculations that are very similar to those given in Sec. II D for the effects of attenuation. The relation between the
homodyne field operators before and after amplification is now obtained from (2.53) by substitution of the input-output
relation (3.7). The mean and the variance of the difference photocount are still given by (2.54) and (2.57), but (2.55) and
(2.58) are replaced by

(Eo t(4'L to) ~ (Go) (Ein(NLR tOR ) ~ (3.22)

where Go is again the gain coefficient at frequency coo, and

( [bE,„,(PL, to)] ) = Go( [bE;„(/Lid, to~ )] )+2[2n (
~
T~)+1]f dco[G (co) —1]sin [(coo—co)T0/2]/[vr(coo co) To] . —

(3.23)

In the limit of a long integration time, analogous to
(2.59), the variance reduces to

(bE,„,) +1=GO[(bE;„) +1] . (3.25)

(bE „,) =Go(b, E;„) +[2n(~T~)+1](Go—1) . (3.24)

The added noise represented by the second term on the
right-hand side is again minimized for zero temperature,
when the result can be written

Thus, in contrast to the corresponding result (2.61) for at-
tenuation, the noise is always increased by amplification.

The mean and the variance of the homodyne electric-
field operator can again be written in compact forms in
terms of an operator F similar to that defined in (2.62) but
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(bE,„,) &1, (3.27)

and it follows from (3.24) that this condition is satisfied if

2 n(ITI)+2
(bE; ) +2n(ITI)+I

(3.28)

The gain is thus restricted to very modest values, even for
a perfectly squeezed input, with s ~ oo and 0=2/1 —m in
the variance (2.70), and an amplifier with complete popu-
lation inversion, where (3.28) reduces to

Go(2 for (bE;„) =0 and n(~T~)=0. (3.29)

The maximum twofold gain for the preservation of
I

with the attenuation coefficient replaced by the gain
coefficient. The fluctuation-dissipation theorem analo-
gous to (2.64) is

(bF) =[2n(~T~)+1](G —1) . (3.26)

The output signal from the amplifier shows squeezing if

squeezing is a well-known property of the single-mode
cavity amplifier [28,31,32] and the above analysis shows
that the same limitation applies to the traveling-wave
amplifier.

The compatibility between measurements made at
different distances along an amplifying optical fiber with
different local oscillator phases and different times of
commencement for the integration period is treated by
the same methods as used for the attenuating fiber in Sec.
IID. Thus the homodyne field commutation relation is
the same as (2.65) but with the wave vector x(c0) replaced
by —g(co). The commutator (2.66) and the uncertainty
relation (2.67) in the limit of negligible dispersion are
converted to the case of an amplifying fiber by the re-
placement of —ao by go—:g(coo). The remarks that fol-
low (2.68) apply with equal force to the amplifying fiber.
The minimum uncertainty product is again realized by a
squeezed vacuum state input, with variance given by
(2.70). Thus one of the measured variances is given by
(2.72) while the other is given by (3.24) in the form

([bE,„,(gl, to, z')] ) =exp(2goz')[ exp(2s)sin (PL —
PL coogo—z'/c)

+exp( —2s)cos (Pl —
PL

—coogoz'/c) ]+exp(2goz') —1 . (3.30)

The product of (2.72) with (3.30) in the limit of an
infinitely squeezed input state gives the same result as
(2.74) but with —~o replaced by go. The product thus has
the minimum value permitted by the uncertainty relation.

It is seen that the minimum uncertainty product for
both attenuating and amplifying fibers has common fac-
tors of the trigonometric function of local oscillator
phase given in (2.67) and the overlap function given by
(2.68). The remaining exponential factor in each case is
identical to the factor by which the signal intensity is
changed by propagation from one observation point to
the other. The significance of this factor in terms of com-
munication between two measurement points in an at-
tenuating fiber is discussed at the end of Sec. II D. In the
case of an amplifying fiber, the interference between mea-
surements at points that lie on the same light line is in-
creased by the amplification, with a resulting exponential
growth in minimum uncertainty product as the spatial
separation of the two points is increased.

The results of Sec. IID are readily combined with
those of the present section for an optical fiber that
simultaneously has an attenuation wave vector a(co) and
a gain wave vector g (co). The generalization of (2.18) and
(3.7) is

&,„,(co)= exp I [ik +g (co)—a(co) ]z ]8;„(co)

+i I dz'exp[ [ik +g (co)—a(co)](z —z')]
0

X [+2g (co)b+(co, z')+&2m(co)b (co,z')],

I

homodyne field operators is readily calculated as before.
Thus for a narrow-band input signal, the mean-field re-
sults (2.55) and (3.22) are generalized to

while the variance results (2.60) and (3.24) in the limit of
a long integration time are generalized to

(b,E,„,) = Gonzo(EE;„)

60E0 1+ Igo[2n+(~T )+1]
0 ~o

+x-o[2n ( T)+ 1]] . (3.33)

There is particular practical interest in the achieve-
ment of optical transmission lines in which the fiber loss
is exactly compensated by gain, so that g0=&0, and the
input and output means and variances are related by

o)~ ~ (NLz to~)~ (3.34)

(b,E,„,) =(bE;„) +4~oz (go=~o), (3.35)

where the thermal mode temperatures have been set
equal to zero. The added noise thus grows linearly with
the propagation distance. For gain-compensated low-loss
optical fiber with

(3.31) l~o=0. 023 km '
( =0.2 dB/km), (3.36)

where the + ( —) subscripts denote the independent
thermal input modes associated with the amplification
(attenuation). The relation between the input and output

and for a highly squeezed input with essentially zero
noise, the squeezing defined by the inequality (3.27) is lost
after a propagation distance of about 11 km.
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IV. CONCLUSIONS

We have applied the one-dimensional continuous-mode
quantization method of Blow et al. [5] to the problems of
electromagnetic wave propagation in attenuating and am-
plifying optical fibers. With the use of simple beam-
splitter models of the scattering centers and the
amplification processes in the fiber, the formalism em-
braces both the spatial and temporal variations in the
electromagnetic field. The calculations are simplified by
the assumption of a narrow-band input signal, in accor-
dance with the usual conditions of optical transmission
systems. The field operators satisfy the appropriate
quantum-mechanical commutation relations at every
point in the fiber, and in particular they conform to the
general requirements on the input and output operators
of phase-independent amplifiers [27].

In calculations of the effects of attenuation and
amplification on the initial statistical properties of the in-
put signal, it is convenient in the continuous-mode for-
malism to work with measured quantities instead of the
abstract operators of the electromagnetic field. We ac-
cordingly use simple models of direct and balanced
homodyne detection that take account of quantum
efficiency and integration time. For direct detection that
take account of quantum efficiency and integration time.
For direct detection we have calculated the mean and the
variance of the integrated photocount, and also the inten-
sity fluctuation spectrum. The results obtained in this
case are formally similar to those found for a cavity
standing-wave attenuator or amplifier, but the traveling-
wave amplifier displays the additional important feature
of a gain profile that generally narrows in frequency as
the propagation distance is increased.

The mode-matching requirements of homodyne detec-
tion with a narrow-band local oscillator have the effect of
restricting the measurement to field components of sharp-
ly defined propagation direction and frequency. We have
calculated the mean and the variance of the homodyne
electric field that is selected by such measurements.
There are again some similarities between the traveling-
wave results and those obtained for lumped or cavity
components, and, for example, the restriction to a max-
imum of twofold amplification for the retention of some
squeezing from an infinitely squeezed input signal
remains in force. However, there are also specific propa-
gation effects in the traveling-wave attenuator or
amplifier, and we have given detailed treatments of the
uncertainty relations that govern measurements of the
homodyne fields at different space-time points. These are
essentially one-dimensional versions of the better-known
uncertainty relations that govern the electric fields at
different points in three dimensions, and the homodyne
field results can be similarly interpreted in terms of the
feasibility of communication between the two measure-
ment points.

The noise in both kinds of detection increases with the
magnitude of the effective temperature in accordance
with the natures of the functions n(T} for attenuation
and n (t T!} for amplification. These functions vanish for
zero positive or negative temperatures, when the noise

takes its smallest allowed values. This ideal limit can be
achieved in practice for Raman amplification, where the
scattering material vibration often has negligible thermal
excitation [18], but the thermal function is usually much
larger than unity for Brillouin amplifiers [29]. In the case
of inverted population amplifiers, where the populations
of the active levels may be difficult to determine indepen-
dently, measurements of the amplifier noise provide a
useful technique for obtaining this information via the de-
duced variation of the thermal function with the gain
I:3o].

Finally, it should be emphasized that although many of
the results have for the sake of simplicity been illustrated
by examples of steady-state coherent inputs, the main
input-output operator relations apply to arbitrary input
signals, within the overall conditions of validity of the
narrow-bandwidth approximations. The results can thus
be used to obtain complete information on the temporal
and spatial development of traveling-wave signals in at-
tenuating and amplifying fibers.
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APPENDIX A: LORENTZIAN BEAM SPLITTER
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FIG. 3. Model for a Lorentzian beam splitter.

Figure 3 shows an example of a composite beam split-
ter that produces a scattered spectrum with a Lorentzian
line shape for appropriate values of the parameters. The
active element is a Fabry-Perot etalon that consists of
two identical mirrors of infinitesimal thickness separated
by a distance d and with complex frequency-independent
reflection and transmission coefficients r and t such that
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lrl +ltl =1 and exp(2ig, )= —exp(2ig„) . (Al)

and

I tl exp(2ig„)
r(to) =—

1 —lrl exp[2i(P„+P)]
(A2)

Then with the origin for the optical phase taken in the
center of the etalon, it is easily shown that the reAection
and transmission coefficients of the composite beam split-
ter are

The full width of the Lorentzian function at half max-
imum height is

S'i =2y .

The integral that determines the noise flux in (3.14) is
difficult in general, but it can be evaluated simply in two
limiting cases.

(i) goz (( l. In this case the gain coefficient (3.8) is ap-
proximately

[ 1 —exp [2i (P„+ P ) ] I I rl exp(i/„i —P)
t(co) = (A3)

1 —lrl exp[2i(P„+P)]

2g ozyG(eo)=1+
(eo —too) +y

(83)

where

P =cod /&2e . (A4)

It is readily verified that these coefficients satisfy the uni-
tarity relations (2.2).

According to (2.10), the attenuation profile of the beam
splitter is determined by the function

(A5)

F,„,=GoF;„+ (Go —1) .
2

(84)

The measured intensity fluctuation spectrum (3.20) is
similarly evaluated without difficulty to give

S(to) = gGoF;„+ (Go —1)

We evaluate the various output quantities only for zero
noise teinperature. The output flux (3.14) is then

eo„=&2e(nor P„)/d —(n =integer),

and for co close to co„

(A6)

Maximum attenuation occurs at frequencies co„given by
2

+2( Go(Go —1)F;„
CO +P

3

+(2(G 1 )2 y
Q) +4/

(85)

I
r (~o) I'= I'/[(co —co„)'+I'],

where

(A7)

(A8)

(ii) goz)) l. In this case of high gain the initial
Lorentzian form (83) of the gain coefficient is distorted to
a Gaussian, whose form can be shown to be [33]

APPENDIX B: TRAVELING-WAVE AMPLIFICATION
WITH LORENTZIAN OR GAUSSIAN GAIN PROFILES

Consider first the effects of a gain profile that produces
a Lorentzian variation of the gain wave vector, with

g(co)=goy /[(co —coo) +y ] . (81)

This Lorentzian scattered spectrum has a full width at
half maximum height (FWHM) of 2I . The scattering as-
sociated with a given mode n of the etalon can be con-
sidered in isolation when the adjacent modes are made
sufficiently narrow and distant by the choice of appropri-
ately small transmission ltl and mirror separation d. A
more versatile composite beam splitter that produces less
than 100%%uo scattering at exact resonance can be con-
structed by the use of different mirrors in the etalon, or
more generally by the insertion of additional optical com-
ponents.

A complete set of modes of the composite frequency-
dependent beam splitter is provided by the sets of plane
waves of continuous frequency co that are incident from
the directions of the four arms of the beam splitter. It is
not difficult to show that the corresponding mode func-
tions have orthonormal properties, provided that the spa-
tial integrations include the propagation paths within the
compound beam splitter itself. The modes therefore form
a proper basis for the quantization of the optical field in
terms of the operators used in (2.1).

G(co)=Goexp[ —2goz(eo ~o) /y ]

The width (FWHM) of the gain coefficient is now

W2 = [ln2/ln(Go)]'~ 2y .

(86)

(87)

The gain profile therefore narrows with increasing values
of the peak gain, although it should be noted that very
large values of Go are needed to achieve a substantial nar-
rowing; for example, the square-root factor in (87) is
equal to 0.25 for Go=6. 5X10 . The output flux (3.14) is
now

Go
+out GO+in +

[n. In( Go ) ]

and the intensity fluctuation spectrum (3.20) is

(88)

Go
S(to) = gGoF;„+

[m. ln(Go)]'

+2g G oF;„exp[ —ln( Go )eo2/y~]

+ , &2 exp[ —in(Go)co /2y ] .
2 [2~in(Go)]'~

(89)

Figure 4 shows the variation with peak gain of the
noise Aux divided by the peak gain. This quantity pro-
vides a primitive noise figure for the performance of the
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