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Experimental study of absorption and gain by two-level atoms
in a time-delayed non-Markovian optical field
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We have measured the absorption from a weak time-delayed probe field by a two-level atomic system

[Na 3s, ~z(F =2,mr=2)~3p, ~z(F =3,m„=3)] saturated by a phase-difFusing pump field. The pump

and probe, derived from the same artificially-noise-modulated phase-diffusing laser beam, are frequency

degenerate and. resonant with the atomic transition. The probe is a time-delayed replica of the pump.
Our results, carried out in a regime where the field bandwidth and the Rabi frequency are comparable,
provide confirmation of recent theoretical predictions [K. Gheri, M. A. M. Marte, and P. Zoller, J. Opt.
Soc. Am. 8 5, 1559 (1991)] for the atomic response to the non-Markovian composite of a pump and

time-delayed probe, valid for arbitrary bandwidths and intensities. Amplification of the probe field is ob-

served for delays comparable to the lifetime of the upper level and again for very long delays, if the

bandwidth is less than the decay rate of the upper state.

PACS number(s): 42.50.Ar

I. INTRODUCTION

The atomic response to Markovian stochastic optical
fields is now largely well understood. Methods exist to
calculate the first-order moments of the atomic density-
matrix elements for a wide variety of field statistics, in-
cluding phase-diff'using fields [1—5], phase-difFusing fields
with colored noise [2,6,9], chaotic fields [5—9], real
Gaussian fields [8,9], and phase jump fields [3,10,11].
These methods are valid for arbitrary fields strengths and
band widths and properly account for all orders of
electric-field correlations. It is generally straightforward
to extend these methods to include products of density
elements, useful for calculating observables such as the
variance of fluorescence intensity or the intensity of
four-wave-mixing signals [3,4, 13,14]. In these works,
colored noise models, which incorporate a memory into
the process and are non-Markovian, can be reduced to
Markovian processes by an extension of the number of di-
mensions in the problem [2].

In what follows we consider a two-level atom interact-
ing with a single broadband laser pulse of length ~,
Rabi-frequency Q, and correlation time ~, . If a cw laser
is employed, ~ is replaced with the lifetime of the upper
state ~ '. There are three primary regimes of interest in
the atomic response to broadband fields which we refer to
as (i) weak-field regime Qr, «1 and 0 r, r &(1, (ii) de-
pletion regime Qr, «1 and 0 w, rz 1, and (iii) strong-
field regime Q~, «1 and Q ~,~~ ~1. This paper deals
with the response of two-level atoms to time-delayed
non-MarkoUian fields in the strong-field regime.

To understand the meaning of these conditions it is
helpful to consider the broadband laser pulse as a train of
narrow noise pulses of width ~, . The change in the angle
of the Bloch vector after each noise pulse is then Q~, .
Since each noise pulse is uncorrelated with the next, sub-
sequent pulses perturb the Bloch vector in the fashion of

a random walk and the net displacement of the vector
grows as the square root of the number (N=~ Ir, ) of
noise pulses. Hence, the second condition for the weak-
field regime rewritten as Q~, +r /~, ((1 implies there is
no population depletion of the lower state during the
laser pulse ~ . The condition Qw, && 1 indicates no popu-
lation transfer occurs for each narrow noise pulse. Since
we are considering broadband fields (r, &(r ) the second
condition for weak Gelds guarantees the first. In the
weak-field regime, a perturbative solution of the atomic
density matrix su%ces, and the expression for signal in-
tensity generally reduces to integrals over the Geld corre-
lation functions, which are, in principle, known. In the
depletion regime, population transfer can accumulate
only over many successive noise pulses. Since the atomic
response is small over a time scale given by w„atomic
variables can be decorrelated from field variables, simpli-
fying the derivation of ensemble-averaged stochastic
Bloch equations. A system of rate equations results. In
strong fields, significant population transfer can occur in
each fluctuation of the field. For strong Gelds, the atomic
density elements obey a set of stochastic differentia1 equa-
tions that must be averaged without any decorrelation
approximations.

The atomic response to non-Markovian fields is much
less well understood. This is primarily because the com-
plete hierarchy of conditional probabilities must be
known in order to describe a non-Markovian process. In
contrast, for a Markovian process only the lowest-order
conditional probability and probability density are re-
quired since all others can be constructed from them
[12,13]. As mentioned, some non-Markovian processes
can be made Markovian by extension to higher dimen-
sions. In particular, if the governing differential equa-
tions of the system can be rewritten as an expanded but
ftnite system of first-order diff'erential equations that de-
pend on a finite number of independent, 5-function corre-
lated stochastic variables (i.e. , Langevin equations), then
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the system can be reduced to a Markov process [12,13].
To illustrate the problem for time-delayed driving fields,
consider a process that depends on a stochastic variable
e( t) and its time-delayed replica E( t —~). One might be
led to consider a Taylor expansion of e(t —~) about t,

e(t —~) = g (
—~)" d "e(t)

o n! dt"

and define the new variables v„(t)
=dv„,(t)ldt, . . . , vo(t) =de(t) ldt Thi. s reduces the
original systems to an infinite system of first-order equa-
tions. Hence, the system is fundamentally non-
Markovian and resistant to solution by standard
methods.

The problem of atomic response to multiple time-
delayed non-Markovian fields has been attacked in ear-
nest in the last decade. Early studies focused on weak
fields where both O~, && 1 and 0 ~,~ && 1 [15—22]. Un-
der weak-field conditions, the atomic system can be
thought of as undergoing free precession during the delay
time ~ between a noise pulse from the first laser field and
its correlated twin on the second laser field. The total
effect is then a sum over all of the correlated noise pulse
pairs. Expressions for observables reduce to integrals
over the composite field correlations, which depend on
the delay. Experiments and calculations in this regime
have demonstrated these techniques to be practical for
the measurement of fast transverse [16—19) and longitu-
dinal [20] relaxation rates as well as inhomogeneous de-
phasing rates [22].

Some experiments in the weak-field regime have been
reported with cw lasers [16,42]. In the work of Elliott
et al. [42], phase-diff'using statistics were imposed on a
frequency stabilized laser (as in this work) and the effects
of field correlations were studied in a two-photon transi-
tion in sodium. The emission linewidth was measured as
a function of the time delay between the counterpro-
pagating fields. The line shapes could, again, be related
to integrals over the field correlations (fourth order in the
case of a two-photon transition) due to the weak exciting
fields.

In the depletion regime one or more of the fields is
strong, 0 ~,~ —1, and significant depletion of the lower
state can occur over the laser-pulse duration ~ . Howev-
er, the condition Q~, &&1 still holds so the depletion
must be accumulated over many noise pulses. In this re-
gime there can be significant diffusion of the Bloch vector
over the delay interval and so the assumption of free pre-
cession fails. This leads to a degradation of the popula-
tion grating [23,24] and reduction of signal with increas-
ing ~. The effect of the time delay on the field correlation
function (E(t)E (t') ) is to add peaks located at +r. If
no limit is set on ~ this prevents decorrelation of the
atomic variables and field variables. In the work of
Tchenio et al. [25,26], and independently Friedberg and
Hartmann [29], it was shown that the averaged atomic
density elements can be expanded in a hierarchy of cou-
plings between the field and atomic variables. Under the
conditions for the depletion regime, this series can be
resummed giving the system evolution in terms of propa-

gators. The method has also been applied to the product
of density-matrix elements [27], required for the calcula-
tion of coherent transient signals.

If the delay between the fields is small, 0 v.,~&&1, the
decorrelation of atomic variables and driving field again
becomes valid and rate equations for atomic variables are
obtained. Despite the severe restriction on ~ it has been
shown by Tchenio et al. that, in the limit 0 ~,~ = ~ for
one field with the other field weak, coherent transient sig-
nals as a function of ~ contain a direct dependence on ~,
[28]. In a detailed study, Finkelstein and Berman have
extended these results to include finite field strength,
pulses with unequal and equal amplitudes, and homo-
geneous and in homogeneous broadening mechanisms
[30]. In addition to a dependence on r„ they find that
the coherent transient signals depend on a time scale
given by r, /(0 r, r )' which can be much less than ~, .
This effect has been found to be much more prominent in
three-level systems [31].

No general methods are known for calculating the
response of atoms to time delayed non-Markovian fields
in the strong-field regime. However, Monte Carlo tech-
niques have proven a powerful method for numerical
simulation of atomic response to non-Markovian fields
[32]. In this method, a large sample of stochastic realiza-
tions of the atomic density-matrix elements are obtained
by time-step integration of their governing differential
equations over stochastic realizations of the input field.
Observables are constructed from the resulting realiza-
tions of the stochastic density elements and averaged.
The time delay is accounted for in the construction of the
stochastic realizations of the input field.

Recently, Gheri, Marte, and Zoller [33] (hereafter re-
ferred to as GMZ) have proposed a method to calculate
the atomic response to time-delayed optical fields that is
valid for arbitrary values of the Rabi frequency and field
bandwidth ~, ', but requires the time-delayed field (probe)
to be weak relative to the strong field (pump). The theory
considers the perturbative effects of the probe using a
propagator method, where the propagator is derived
from the optical Bloch equations under the action of the
stochastic pump alone. The method was applied to the
case of probe absorption due to atoms saturated by the
strong pump. This configuration is very similar to the
case of absorption with monochromatic fields, considered
by Mollow [34], and experimentally verified by Wu et al.
[35]. As is well known, amplification of the probe field
was predicted and observed in these works. Later, Leza-
ma et al. demonstrated lasing in a similar configuration,
which was attributed to inversion in the dressed-state
basis even though there was no inversion in the atomic
states [36]. For the pump on resonance, Mollow [34] pre-
dicted amplification of the probe field for pump-probe de-
tunings 6 that satisfy ~ /4A & 5 (0, where ~ is the ra-
diative decay rate for the upper state. In particular, no
gain is expected for degenerate pump and probe. In the
work of GMZ, gain is predicted in the strong-field regime
for degenerate fields (5=0) provided there is a time delay
between the phase-diffusing pump and probe of either
~-0.8~ ' or ~ ~ 5~ ', the latter case describing uncorre-
lated fields. Both phase noise and a relative delay are re-
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quired in order to observe gain. In strong fields, the field
bandwidth 2b satisfies 2b -0 and the pump must satu-
rate the transition. Currently, the method of GMZ is the
only one valid for the calculation of atomic response to
non-Markovian fields in this regime. Gain is not predict-
ed for the broadband limit corresponding to the weak-
field regime. Gain is predicted for the depletion regime,
but the overall absorption is too small for it to be readily
observable.

Our experiment is designed to provide a rigorous test
of the work of GMZ. We have used the method of Elliott
and Smith [37], utilizing a system of extra-cavity electro-
optics to impose phase-diffusing statistics on the output
of a single-mode, frequency stabilized ring dye laser. Ab-
sorption of a probe laser, time-delayed relative to a sa-
turating pump, has been measured as a function of both
the timed delay ~ and the laser bandwidth 2b.

In the next section we discuss the method used to
modify the results of GMZ for the effects of Doppler
broadening and variation of the Rabi frequency over the
atoms in the interaction region. In Sec. III the method of
the experiment is discussed and finally, the results and
conclusions are presented in Sec. IV. A simple physical
explanation of the existence of gain is also presented.

II. REVIEW OF THE THEORY

In this section we will review the problem considered
by GMZ and discuss corrections for Doppler broadening
and laser field profiles. A two-level system is assumed.
The atoms are assumed to be driven by an electric field of
the form

E(t,x)=g(t)e '
+ting(t ~)e — ' +c.c.

with the complex amplitude

Pt) 1

g e
—iy(t)

(y(t) jr(t+~) ) =2b5(v), (2)

which indicates a white-noise or 6-correlated process. In
what follows, A=@go/A' is a Rabi frequency associated
with the pump, with p the usual dipole moment, and
O'=XQ is the Rabi frequency of the probe. GMZ have
calculated the absorption of the probe field

8"= —i e'~" '5a t +c.c. ,
. 0'*

which describes the work done by the probe on the in-
duced polarization [34], and where 5a+(t) are the off-
diagonal atomic density-matrix elements, perturbed by
the action of the probe, that multiply the phase factors

1 COt 1 k~'I
e ' in the complete expression for the polariza-
tion induced by the composite field. The brackets indi-

In these expressions, I, is a small expansion parameter,
g(t) is the Gaussian fiuctuating phase, and ~ is the time
delay. GMZ also consider a detuning 5 between the
pump and probe. In this work we take 6=0. The phase
is assumed to follow pure phase-diffusing statistics giving
an autocorrelation function for the instantaneous fre-
quency

cate an average over the Auctuating phase. The matrix
element 6a+(t) depends on 0 and the detuning from the
atomic transition frequency 6= coo —co, giving
W'= W'(A, b, ). When the atoms fill a spatial volume of
finite extent, 0 becomes a function of position. The ab-
sorption is proportional to the probe intensity so the
average over different Rabi frequencies is accomplished
by multiplying W'(Q(x), b, ) by the Gaussian intensity
profile of the probe and averaging over the area

f 8"(Q(r), b, )e " 2vrr dr
(w(~))„=

e " 2vrr dr
0

with

4 ln(2)

~probe

aiid

(4)

where again,

4 ln(2)
$2

and 6, is the width of the Doppler distribution of veloci-
ties. These integrals were approximated numerically with
a midpoint rule using values of W'(Q, b, ) obtained by the
methods of GMZ.

III. EXPERIMENT

The method of extra-cavity noise modulation (ECNM)
used to produce the phase-diffusing field at the output of
a cw ring dye laser has been reported in detail [37] and
has been used in a number of experiments designed to
study the nonlinear dependence of atomic response to
phase-diffusing fields [38—42]. Here, we will only discuss
the form of the phase-diffusing field produced with this
system. The ECNM imposes Gaussian phase fluctuations
&p( t ) and corresponding frequency fiuctuations j&( t),
which are described by the autocorrelation function

( jp( t)y( t +w) ) =bge Pl I

Q(r) =Qoexp — r22 ln(2)

pump

where 6 „and 5 „b, refer to the full width at half max-
imum (FWHM) of the intensity profiles of the beams.
Note that A(r) is proportional to the square root of the
pump intensity profile.

The Doppler average is a convolution over the Doppler
velocity profile of the atoms. In this experiment, the
pump laser is tuned to the center of the atomic resonance
so a given velocity group sees a laser detuning of 6=ku,
where v is the velocity component of the atoms in the
direction of the k vector of the pump beam. The averag-
ing over velocity groups reduces to a one-dimensional
average of the form

f ( W'(kv)), e " dU

(( ~'&„&.=
e '" du
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For P~ ~ this becomes pure phase diffusion given by
Eq. (2). In these expressions /3 is the inverse of the corre-
lation time for the frequency Auctuations and the vari-
ance of the frequency fiuctuations is given by b/3. When
P ' is much smaller than any other time scale in the sys-
tem, a good approximation can be obtained by assuming
a pure phase-diffusing field, i.e., 6-correlated frequency
fluctuations. This is the case in this experiment where
P/2vr=100 MHz throughout, and ir/2~, 0/2~, and
b /2m are 10 MHz, & 30 MHZ, and & 10 MHz, respec-
tively. It has been shown [37] that the laser spectrum is
Gaussian with FWHM given by V8b/3ln2 for /3 « b, and
Lorentzian with FWHM =2b for P))b. The latter case
applies here.

A schematic of the experiment is given in Fig. 1. The
3s, &2(F=2, mF =2)~3p3&z(F =3, mF = 3 ) transition in
atomic sodium was chosen for the two-level system. This
transition has a convenient natural linewidth ~/2m=10
MHz, with respect to the experimentally attainable
values of the bandwidth b (up to —10 MHz). Doppler
broadening and collisions were reduced by the use of an
atomic beam apparatus.

After passage through the ECNM system, the laser
beam was split into a weak beam (probe) and strong beam
(pump) with an uncoated beam splitter. The pump beam
was passed through a fixed 3.26 m length of single-mode
optical fiber which served primarily as a spatial filter.
The fiber provided a time delay of 1v '/3. 26 m. Time
delays of —7/8~ ' to 5~ ' were obtained by inserting
varying lengths of fiber in the optical path of the probe.
The use of optical fiber for the time delay provided high-
quality intensity profiles for each beam at the fiber out-
puts. This made data collection tedious, but insured that
signal variations, as the optical path length increased,
were due to a time delay and not to degradation of the
beam profiles and spatial overlap.

Photodiodes monitored portions of each beam at the
outputs of the fibers, and the corresponding signals were

processed and fed back to acousto-optic modulators
(AOM), which actively stabilized the intensity of the
beams. One AOM derived its error signal from the pump
beam and also provided the lower end of the frequency
fluctuations in the ECNM system. A separate AOM was
used for the probe beam alone. Intensity stabilization
was necessary to eliminate noise due to fluctuations in
coupling into the fibers and also low-frequency intensity
noise on the dye laser, which was at the 5% level. Stabili-
zation also insured a constant laser power over the long
period of data collection. Low-frequency intensity fiuc-
tuations served to wash out Rabi oscillations in the atom-
ic response similar in effect to a variation of Rabi fre-
quencies across the interaction region due to overlapping
beam profiles. To reduce the latter effect, the waist (0.044
cm) of the probe beam at the interaction region was a fac-
tor of 5.16 smaller than the waist (0.227 cm) of the pump.
By the methods of the previous section, the resulting in-
tensity variation was predicted to have only a small
effect. The peak intensity of the probe beam was mea-
sured to be about 1.5% that of the pump.

The probe beam was further split on a beam splitter
with 30% reAecting surfaces into the actual probe beam
and a stronger reference beam. Alignment was such that
the reference beam traveled parallel to the probe, but did
not pass through the atom beam. Signal extraction was
accomplished by subtraction of the relative intensities on
a photodiode subtraction circuit suggested by Hobbs [43]
that uses active feedback to balance the photocurrents
produced by the reference and probe beams. The extra
noise cancellation of this circuit (- —35 db over the
detector bandwidth of -200 kHz) was necessary since
the maximum absorption was a factor of —10 smaller
than the probe intensity.

A detail of the interaction chamber is given in Fig. 2.
The single largest source of noise in the experiment was
due to pump light scattered directly into the spatial mode
defined by the probe, giving rise to interference effects on
the probe detector. This worsened when there was
significant overlap of the pump and probe beams on ele-
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FICx. 1. Schematic of the experiment. AOM denotes an
acousto-optic modulator and EOM denotes an electro-optic
modulator. RF, LO, and IF denote the radio-frequency, local
oscillator, and intermediate ports of a mixer.

FIG. 2. Schematic of the interaction region. The reference
beam travels parallel to the probe but does not intersect the
atom beam.
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ments in the optical train, such as the entrance windows
on the vacuum chamber, and required the pump and
probe to converge at an angle of about 20 mrad. The
plane of the beams was orthogonal to the propagation
direction of the atomic beam. Upstream from the in-
teraction region, the ground state of the atoms was
prepared with a counterpropagating (to reduce scattered
light) cr+ polarized optical pumping beam [44]. The
pumping was done with an I'I sideband, which, by use
of an offset locking technique, also served to lock the dye
laser to the transition and control the detuning [41]. The
atom beam was chopped at 130 Hz with a chopping
wheel placed between the optical pumping and interac-
tion regions. This provided for direct phase-sensitive
detection of the absorption signal. The Earth's magnetic
field was nulled to & 10 mG with a system of Helmholtz
coils and a magnetic field of 0.5 G was applied in the
direction of the k vector of the pump beam to preserve
alignment of the magnetic sublevels. Efficiency of the op-
tical pumping was demonstrated by the reduction of the
3s, &z(F=2)~3p3&~(F=2) weak-field absorption signal
to a value less than the contribution of the wings of the
3s, zz(F =2)~3p 3/p (F= 3 ) transition.

The atomic beam emanated from an oven held to about
284'C and had a collimation ratio of about 160:1. The
transverse Doppler broadening was measured to be
0.95~. From weak-field absorption measurements
( —1%) we estimate -6X 10 atoms were under observa-
tion in the prepared ground state.

Data collection consisted of detecting the absorption
signal with a lock-in amplifier set to a 10-s integration
time. The value with the phase noise on was divided by
the value with the noise off, compensating for drifts in the
oven temperature and atom beam density over the mea-
surement interval. This significantly reduced scatter but
introduced a small systematic error since the laser with
phase noise off is not purely monochromatic. Data
points were taken for the time delays of —7/8~ ' to
5~ ' in steps of 0.25K '. The value for b was obtained
from heterodyne scans of the noise modulated laser with
portions of the unmodulated laser used for a local oscilla-
tor. The power in the pump beam was monitored with a
calibrated thermopile detector (with an estimated accura-
cy of about 5%) and used to calculate the Rabi frequen-
cy. Amplification of the probe beam resulted in a 180
phase shift of the absorption signal relative to the atom
beam chopping frequency and was observed simply as a
negative reading from the lock-in amplifier.

IV. RESULTS AND DISCUSSION

In Fig. 3 we show results of probe absorption as a func-
tion of the time delay r (in units of v '). The data are the
crosses and the solid line is a theoretical prediction of
GMZ using the experimental parameters. Typically, five
data points were taken for each delay. The best fit oc-
curred with a value of the Rabi frequency of 0=2.62~
and b =0.78~ which was well within the uncertainty for
the Rabi frequency determined from measured pump
power, and b determined from heterodyne scans. The
theory was calculated with corrections for Doppler
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FIG. 3. Absorption vs time delay between the pump and
probe. The horizontal axis is in units of lifetime of the upper
states. The vertical axis is given as 8"( b =0.775K ) /
8"(b=0.06~). The value b =0.06m accounts for the estimated
residual linewidth of the unmodulated laser (see text). The Rabi
frequency is 2.62m. The theory has been modified to include
effects of Doppler broadening of 0.95~ and a ratio of pump to
probe beam waist of 5.16. Data are shown as crosses.

averaging using the measured Doppler width of 0.95~
and spatial intensity averaging using a pump-probe beam
waist ratio of 5.16. At each delay, the measured absorp-
tion was divided by the absorption measured with the
phase noise off. To account for this in the calculations,
the absorption profile was divided by an absorption
profile calculated for the estimated residual laser band-
width of 2b =0.06~. This served to normalize the calcu-
lations in the same way the data were collected and set an
overall scale factor. The profile calculated for the 60 kHz
unmodulated laser linewidth varies slightly more than the
scatter in our data. For a larger correction one should
take into account the finite correlation time of the fre-
quency fluctuations in the unmodulated dye laser. The
Doppler and intensity averaging also affected the shape
of the profile only slightly, but reduced the overall ampli-
tude of the oscillation by about 30%.

The agreement between the predictions of GMZ and
our data is quite good, with most groups of points falling
on the calculated curve. Amplification of the probe beam
is observed for delays 0.25&m &1.25. It is evident in
Fig. 3 that the period of oscillation —39 ns is closely as-
sociated with the time period of a Rabi oscillation. This
has a simple physical explanation if we consider tran-
sients induced in the population difference (and coher-
ence) between the two states, initiated by the phase noise
on the pump. These transients oscillate at the Rabi fre-
quency and damp out on the time scale of
Amplification of the probe field occurs if the time-delayed
fluctuations of the probe beam are timed to arrive just as
the population has been momentarily inverted due to
their twin fluctuations on the pump. We would like to
emphasize that the atom is not undergoing free preces-
sion between correlated fluctuations on the pump and
probe, but is being driven by the noisy pump. In the cal-
culations, the transients are incorporated into the sto-
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more excursions into regions of absorption occur, and the
net average becomes positive, resulting in net absorption.
The actual picture is somewhat more complicated be-
cause the absorption spectrum itself shifts asymmetrically
as the pump frequency (detuning) undergoes an excursion
to one side of the atomic transition.

In Fig. 4, the data for b =0.8~ and ~=1K ' fall well
below the predicted curve. This discrepancy is consistent
with the slight mismatch of minima in Fig. 3, discussed

above. In Fig. 6 we show the same data taken at ~= 1~
plotted against calculations using ~=0.8K, the position
of the predicted minimum. The agreement is much
better.

V. CONCLUSIONS

We have measured the absorption of a weak time-
delayed phase-diffusing probe laser due to two-level
atoms driven by a strong pump laser derived from the
same noisy source. Our results are in excellent agreement
with the predictions of Gheri, Marte, and Zoller [33] for
atomic response to non-Markovian, time-delayed driving
fields. We have observed amplification of the probe for
time delays on the order of an atomic lifetime, which we
attribute to transients in the population inversion in-
duced by the noisy pump, and again for large time delays,
which we attribute to fluctuations in the pump-probe de-
tuning.
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