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We expound the generalized covariance condition in quantization. This condition is combined with
the other standard conditions to determine the quantum-mechanical operator of a quadratic Hamiltoni-
an H,, represented by a quadratic function of momenta with a nonsingular coefficient matrix depending
on coordinates, and the operator of an arbitrary quadratic quantity F, belonging to a system whose
Hamiltonian is of the H, type. It is shown that the operator of F, depends also on H, and that A,orF,
cannot contain a curvature term. We also present a modified ordering method with certain conditions
under which the operator of a quadratic quantity can be found by replacing some linear functions of mo-
menta with their operators. Finally, a path-integration formula is formed and shown to yield the expres-
sion of A , that we derive by the canonical quantization method.

PACS number(s): 03.65.—w, 03.70.+k

I. INTRODUCTION

As is well known, there exist ambiguities in passing
from a complicated classical Hamiltonian and other
quantities to their quantum-mechanical operators. Add-
ing the covariance condition to be expounded in the
present paper to the other standard conditions will weak-
en the ambiguities and enlarge the class of quantities for
which the operators can be determined uniquely. We will
study a special but important Hamiltonian H,, a quadra-
tic Hamiltonian represented by a quadratic function of
momenta with a nonsingular coefficient matrix g de-
pending on coordinates, as well as an arbitrary quadratic
quantity F, for a system whose Hamiltonian is of the H,
type. No trouble can be caused by adding to H, and F, a
pure coordinate part and a linear function of momenta.
DeWitt [1] derived the operator H, of H, by forming a
path-integration formula and first found, we believe, a
curvature term AR in addition to the part proportional to
the Laplace-Beltrami operator, where A is a numerical
constant and R is the scalar curvature of the Riemannian
configuration space with the metric g;;!. The method
was revised by Cheng [2] and Sniatycki [3] to give
A=#2/6. Other methods were also developed and yield
different results (see, for example, Ref. [4—8]). In fact, it
is also easy to construct another path-integration fg\rmula
so that the curvature term does not appear in H, [9].
Obviously, the problem could not be simpler for an arbi-
trary F,. The ambiguities in determining A , and ﬁ also
add to the difficulties of the quantization of constrained
systems [10]. It would be interesting to try and search for
the operators of the quadratic quantities H, and F, for
systems mentioned above by using only some of the most
obvious arguments including the covariance condition. If
a definite answer can be found in such a way and affirmed
to be a standard one, then it can, in addition to its origi-
nal meaning, also be regarded as one of the criteria for
testing a quantization method. We will argue that by re-
moving some obstacles and taking into account the stan-
dard conditions comprehensively, the canonical quantiza-
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tion method will be capable of determining the op:rators
of H, and F,.

Up to the present, the canonical quantization approach
lacks a correct rule for H, that has a complicated
coefficient matrix (g**'), and the usual procedures often
contradict some standard conditions. Consider a particle
moving on a unit spherical surface with the Hamiltonian

1
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sin20’®

where pg,p,, stand for the canonical momenta conjugate
to the angles 6 and ¢, respectively. Denoting by pg,p,
the operators of py and p, under the volume element
sinf d 6 d ¢, one has
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We now ask whether the operators of p% and p? @ Which
will be denoted by (pg)Q and (pq,)Q, are equal to the
square of the operators of py and p,:

=) (p2)o=(p,)?

If both of these relations are valid and if the additive
principle also holds (by additive principle we mean that
the operator of the sum of uantltles F and G is equal to
the sum of the operators % and G), then we obtain a
wrong operator for ,. The additive principle must hold.
Consequently, at least one of the two relations is wrong.
Such a conclusion seems to be unimaginable in the view
of the usual quantization procedure for some deep
reasons. First, it is believed according to the usual pro-
cedure, that the operator of classical quantity can always
be determined without reference to the Hamiltonian of
the system under consideration. Such an idea may also
contradict the additive principle. Second, in the usual
procedure the generalized covariance condition is often
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ignored and violated.

Naturally the physical contents of the quantum theory
should be independent of the choice of coordinates, and
this requirement gives a certain restriction to the quanti-
zation method and leads to the generalized covariance
condition which will be expounded in Sec. II. When
working with a given coordinate (g) and correctly carry-
ing out the quantization, it is not necessary to consider
the problem of coordinate transformation. However,
when H, has a complicated coefficient matrix, one must
treat the generalized covariance condition and other stan-
dard conditions carefully in order to identify the correct
expression of A , and other operators. We will show that
by using the covariance condition and the additive princi-
ple as well as some general considerations based on the
correspondence principle and the Hermiticity of the
operator of a physical quantity, one can uniquely deter-
mine the operators of H, and F,.

In Sec. III we will construct the quantization method
and rule for H, and F,. It will be shown that the opera-
tor of H, or F, cannot contain a curvature term and that
the operator of F, depends also on H,. In Sec. IV we
will present a special ordering method with which one
can find the operator of a quadratic quantity by replacing
some linear functions of momenta with their operators.
In Sec. V we will form a path-integration formula which
yields the operator expression of H, obtained by the
canonical quantization method. The final section is for
concluding remarks.

II. GENERALIZED COVARIANCE CONDITION
IN QUANTIZATION

In this section we will first define a few notations and
phraseologies and then expound the generalized covari-
ance condition. Consider a classical system which is de-
scribed by the generalized coordinates (¢,,q,,-..,q),
canonical momenta (p,,p,,...,p,), and Hamiltonian
H(q,p,t). We assume that each coordinate g, is still a
continuous variable in quantum mechanics. Under the
coordinate transformation

9 —9:(q1,925 - - -5 q551) 2.1
the new momenta and Hamiltonian are
3G dgy
PI=3 —Pk=23 7Pk > 2.2)
k 94, % dg;
H'(q'.p",t)y=H(¢,p,)— 3 qrpx + 3 4/p/
k 1
9q/(q,t)
:H(q:P: t)+ 2 ‘Ia_t“PI’ . (23)
1

One sees from (2.2) that the classical canonical momen-
ta constitute a covariant vector. Next, on expanding
H (q,p,?) in powers of the momenta and denoting by H,
the nth-power part, one gets from (2.3),

H,(q',p',t)=H,(q,p,t) (n7#1) (2.4)
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which show that each H, for n1 is a scalar and H, is
also a scalar with respect to the time-independent coordi-
nate transformation.

In quantum-mechanical theory a weight factor W(qg,t)
may be introduced rather arbitrarily to express the inner
product of wave functions at time ¢ as

(@4, P5)= [ Wig,tMdq, ...dq,®%(q,0)®p(g,1) .

The meaning of wave functions, the operator expressions
of quantities, and the form of the Schrdédinger equation
are influenced by Wi(q,t). The inner product is deter-
mined by states and is independent of W (q,?) and of the
choice of coordinates. Let ﬁ,,ﬁ (g,p,t) be the momentum
operator and Hamiltonian operator under coordinate (q)
and weight factor W(q,t) and let ® ,(g,t),®5(q,?) be the
wave functions of states 4 and B, respectively. For
another weight factor which is identically equal to 1, we
write the above quantities as p, "), HV(¢,p'", 1), o' V(g,1),
and ®)(g,t). The produce dq,dgq, - - - dg, will often be
written as (dg) for simplicity. The dependence of the
various quantities on the weight factor can be determined
with the help of the inner product and matrix element
formulas, and one has

(g, 1)=Wi(g,t)"?®V(g,1), (2.6)
Pi=Wi(g,t) V"W (q,0)/*, 2.7
B(q,p,0)=W(g,0)" 2BV (q,p "V, ) W(q,0)\/? , 2.8)
where
Al _ .z O
= —iti— . 2.9
D i 34, (2.9)

When the weight factor is identically equal to 1, the
Schrodinger equation of course takes the form

aq)( 1)( q,t)
at

from which, and from (2.6)—(2.8), one gets

i AV W(q,t)P(q,1)

V'Wiq,t) ot
This shows how the time evaluation of the wave function
is described by the Hamiltonian operator H under a
time-dependent weight factor.

It is self-evident that when a function F(q,p) is used to
represent a physical quantity, then the same physical
quantity should be represented in the coordinate (q’) by
F'(q’',p') such that

i =A"qgp"", 0N (g,1) ,

(2.10)

=H(q,p,0)®(q,1) .

F'(q'(q),p'(q,p))=F(q,p) .

That is, a physical quantity is always represented by a
scalar function. Take a single momentum, for example.
If a physical quantity is represented in the coordinate (q)
by p,, then it is represented by the scalar 3,f(’,(¢")p/
where f(f,(g’) constitute a contravariant vector whose
components in the coordinate (q) are (1,0,0, . . .).
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If we let F(q,p,t) be a classical scalar with respect to
general coordinate transformation and F (g,p,t) the
operator of the physical quantity represented by F, then
the matrix element of F must be independent of the
choice of coordinate. Namely, for each pair of states A4
and B and for an arbitrary two kinds of coordinates, one
has

[ Wig,0(dg)d* (q,0)F(q,p,0)® (g, 1)
= [ W'(q",0(dg"\ @'} (q",0)F"(q,p",0)®(g" 1) ,
(2.11)

where ®’,(g',1), ®,(q’,1), and F'(g’,p’,t) are the wave
functions and operator under the new coordinate (g’) and
weight factor W'(q’,t). This relation forms the content
of the covariance condition and imposes a certain restric-
tion on the form of operator F. This condition can also
be stated as follows: Under an invariant volume element
W (dq) (accordingly, the wave functions are scalar func-
tions), the integrand

% (q,0)F(¢,p,0)®(g,1)

and, therefore, ﬁ(q,ﬁ,t)th and ﬁ'(q,ﬁ,t)tbA must be sca-
lar functions.

Let us give a simple application of the condition by
searching for the operator F , of the physical quantity
represented by

Fi(g.p)=T fXq)p: . 2.12)
k

Since the coefficients f*(q) and the weight factor W are
real, the imaginary number (i) can only occur in the
operator F', through [ —i#(d/dq;)]. It follows that F| is
proportional to (—i#i). Under an invariant volume ele-
ment W(dg), the scalar F 1@ can only be formed by cou-
pling 0P /9q, to a vector or multiplying ¢ by a scalar,
and the part containing 39 /9dq; must be

d
g |—ii— |@ .
zk" 9qy,
One therefore has
Plo= fig) |—it-2 |0—ifB(g)®
k 9y

where B (q) is a real scalar function. Taking into account

the Hermiticity of F|, one gets
=1 Mg | i
P agy

:
d
—ifh— . (2.13)
9gy, ] ]

Due to the special structure of this formula, it is valid for
an arbitrary volume element.

III. QUANTIZATION OF H, AND F,

1
+ [Ek‘,fk(q)

In this section we will follow the generalized covari-
ance condition as well as the other standard conditions to
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implement the canonical quantization method and deter-
mine the operator of H, and that of an arbitrary quadra-
tic quantity F,:

H,(g,p)=1 g**(q)prpi (3.1

k, k'

Fy(g.p)=1 3 f*(@)pipi -
k k'

(3.2)

The coefficients g ¥’ constitute a contravariant symmetric
tensor and can also depend on the time and so do f*¥'
The matrix (g**’) is assumed to be nonsingular. We will
denote by g the determinant of the inverse of this matrix
and by |g| the absolute value of g.

For the convenience of applying the covariance condi-
tion and reflecting the relationship between the operator
structure of an arbitrary F, and that of H,, we choose as
W (dgq) the invariant volume element |g|'/%(dg). So an ar-
bitrary wave function @ is a scalar function and so is the
result of operation of ﬁz on it. Since the coefficients
f*¥(q) and the weight factor are real, the imaginary
number (i) can only occur in the operator ﬁz through
[—i#i(d/0q;)]. It follows that F , is proportional to
(—i#)%. F,® contains the derivatives of ® no higher
than second order, and the part containing the second
derivatives must be

(—i#)? Kk’ 32
—_— (@) 7———
2 k,zk'f 7 34x34x

One can therefore write

N (—i#)? ke 9’
Fo=-—2"1 (@)——
2 2 /" 04 9q;

2 Pt
_ 500

+(—if)*By (/)P ,
aqk 0 f

+(—i#)S Ax(q)
k

(3.3)

where A4,(q) and B,(f) are real functions. Due to the
Hermiticity of F,, (3.3) can be rewritten as

a | 3
F =1 —iti— | f*(q) |—in P
AP dgy ! 3gj:
+(—i#)’By(f)P , (3.4)
where
a |’ 3
—ifi—— | =|g|7V? | —iti—— ||g|'/*. 3.5
dgy dgy,

The first part in (3.4) is a scalar function and can be ex-
pressed as

a | 3
1 —iti— | f*¥(q) |—i# P
: 2 l 34, ]f A
(—i#)? . —i#)? .
= 5 piwg T s (ph)
2 k,k’ 2 k, k'

(3.6)

where @, stands for the covariant vector 3/3q, ®; @
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and (f k"');, are the covariant derivatives of the vector ®;
and tensor f**" in the Riemannian space with the metric
g’ In order to conform to the covariance condition
and the additive principle, By(f) must be a scalar func-
tion and depend linearly on f**'. The fact that

, < (—i#)?* also implies that B, consists of terms operat-
ed by two of the differential operators
(8/9¢,,8/9q,, . . .).

Since B,(g) vanishes for such a kind of H, that the
Riemannian space with the metric g;;}, is flat, i.e., the
Riemann-Christoffel tensor R}, vanishes and R}, has
the dimension of (3/3q )%, B,(g) can only contain the cur-
vature term in the form

kk'
a :S g -Rkk”
k,k’

with

Ry= ERlilk' , (3.7)
1

where a is a numerical constant, 3 «8 ¥ Ry, is the sca-
lar curvature R of the Riemannian space with the matrix
gk, and R is the unique scalar that depends linearly on
the second derivatives of g“*" and contains the first

derivatives not higher than the second power. Conse-
quently, one has

By(g)=aR (3.8)
or
f.=1 _ iy O ' kk' | _ iy O
2=+ 5 it 34, g i# dar
+a(—i#)R . (3.9)

As for By(f), it can at most contain some covariant
derivative terms of f**' besides a3 ;-f ** Ry, i.e.,

By(fl=a 3 Ry +B > (fkk');k’;k
kk'

k,k’

+ 3 (F*).Gilg)
Kk’
where f is a constant and G, (g) depend on g**" and con-
stitute a covariant vector with the dimension of (3/dq).
In fact, a vector cannot be formed with the first deriva-

tives of g**" so one has
t
=1 —in2 SR —if 9
r 2 kK’ 9g; agy
+(—i#)a 3 ¥Ry
kK’

+H(—i#i)B S ()i - (3.10)
kk'

In order to determine a and S, it is enough to give the

following additional rule based on the very idea in the

canonical quantization approach: For a free particle with

the Hamiltonian

— 1 2 2
hZ_E(px +py +p22) >
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the operator of 12 is
(1Ho=(1,)?, (3.11)

where p,, p,, and p, are the canonical momenta conju-

gate to the Cartesian coordinates x, y, and z, respectively,

and /, is the z component of the angular momentum,
I,=xp,—yp, .

The operator of /, under the polar coordinate (7,6, ¢) and
the volume element

m3%dx dy dz=|g (r,0,9)|'*dr d0d
=m 3% %in0 dr dOde
takes the form

~

L=, =gl

7O |1 11/2e _;p O
lﬁaq; }lgl lﬁacp ,

which is Hermitian. Eq. (3.11) can be regarded as a result
of the following assumption: If —i#(d/dq;) is Hermitian
with respect to the volume element |g|!/ i(dq), then the
operator of pj2 is (p; )2. However, we treat as our addi-
tional rule (3.11) itself and not a stronger assumption.
Applying (3.10) to (lzz)Q one gets

(1) =T2+4p# ,

which shows that =0 for a free particle. Clearly, 3 van-
ishes for an arbitrary system with three degrees of free-
dom because it is independent of the special structure of
H, and F,. Let systems 4 and A’ have three and s’ de-
grees of freedom, respectively, and A’ have a constant
matrix (g'*') and consider a quantity F’' of A’ such that
(f'M) is also a constant matrix. Denote by F, the opera-
tor of F, of system A under the volume element
lgl'"%(dq) and by ﬁ'z the operator of F) under
|g’|'”*(dq’). The operator of F,+ F of the whole system
A + A’ under |g|'"%(dq)|g’|'"*(dq’) is F, + F, and cannot
contain a 3 term, while

2 (fkl+f,k1);l;k¢0 .

k1
That implies =0 for the whole system A + A4’ and
therefore for an arbitrary system with more than three
degrees of freedom. Next assume A’ is an arbitrary sys-
tem with s’ <3. Since s’'+3 > 3, the operator of a quadra-
tic quantity of the whole system 4 + A4’ does not contain
a B term and so the system A’ cannot contain a 3 term.
Consequently, B vanishes for any system and (3.10) be-
comes

£=1 [_mi
k. k'

¥
e | 59
9qy f l

oqy:

+("lﬁ)2a 2 fkk’Rkkl .
k, k'

(3.12)

We shall argue that a=0. Applying (3.9) and (3.12) to
a particle moving on a unit spherical surface with the
Hamiltonian 4, given in the Introduction, one has
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=LD+T2+12)+4ar?
(12 )Q =72+ 2a#%in%0 .

The condition that /. , conserve the angular momentum
implies

[hy,(12)51=0,
which means

a=0.

With the similar argument that indicates S=0, one can
conclude that a vanishes for any system.
To sum up und/gr the volume element |g|!’%(dq), the

operators A , and F, are
5 t
A,=1 —iti— | g | —i# , (3.13)
2 ,;,:‘ 9y 8 9y
T
’N 3 . d
F,=1 —ifi— | f* | —i# . (3.14)
2oz kE;, 3y gy

Rewriting F , in the form independent of the choice of the
volume element, one has

Ey=13 Igl™ V%, lgl' 2 *p,.|g| !
k, k'

(3.15)

which clearly shows the dependence of F > and H,.

We notice that (3.6) indicates a rule to construct F,®
by the covariant derlvatlve method based on the special
metric tensor g,;'. Another rule for F, can be stated as
follows: In constructing the integral expression for the
matrix element (® ,,F,® ) under the coordinate (gq) and
the volume element |g|!”%(dq), the integrand can be ob-
tained by replacing the vector p,®, and p,. Py in

reflect the Hermiticity of F 1. Namely,

“ D
(@4, F,@5)= [ lg|'Xdg)L 3, lf"(q) —in—2 | @,
k 9g;
RES
+oY | —ii— | |.
gy
(3.17)

IV. A MODIFIED ORDERING METHOD

According to the usual ordering method, it is assumed
that a classical quantity F(q,p), expressed in terms of
momenta and some coefficient functions can be rewritten
by arranging the ordering of the momenta and the
coefficient functions so that the operator F can be ob-
tained by replacing p, with the operator p,. Such a
method is applicable for linear functions of momenta, but
often contradicts the additive principle and covariance
condition for H, and F,. We now present another order-
ing method which can be expressed as follows: If a quad-
ratic function of momenta is written in the form

Fylg.p)=7 2 I, Fy(g)l, 4.1)
with
;=3 Bypy » 4.2)
k
Fy(q)=Fp(q), 4.3)

so that the operators 3, By [ —i#(3/3q; )] are all Hermi-
tian with respect to the volume element |g|!” %(dgq), then
the operator of F, under this volume element can be writ-

oY F,P; with the vector —i#i(3/9¢;)®, and
—i#(3/9q; )Py, respectively. Namely, ten as
(@ ,,F,®p) ﬁzz%g fl, 7ot (4.4)
- 172 '
- f lgl'*(dq)} In fact the operator of I, takes the form
0P, |* . 3D, 3 T
X —i#i ¥ |—in fI,=L3 By |—iti— By |—ii— | | .
k’zkl aqk ] aqk, 1 2 % Ik aqk % 1k aqk
(3.16) Under the Hermiticity condition
Both types of rules can also be applied to a linear func- Y i 3
tion F,(q,p), as given in (2.12). Thus the covariant 2 By |—ifi 3 =2 By |—ifi 3g )
derivative formula for F, ® takes the form k k %k
. (—i#) . one has
Fio=(—i#) 3 ff®, +—— 3 ("), @
k k ﬁIZEBIk —lﬁa—}
In using the second kind of rule, one should combine k 9k
(—i#i(8/9q, )P 4)* Py and D% (—ifi(d/9q; )Pg) to and
]
5 t
13 Fuefl,=13 S B, —ifig = | Fylq) 3 By | —if
L LIk dx P2 9g;
t
., 3d 0
=1 — B,
3 = lﬁaqk EBlkFIIBlk —i# aqk
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The method is thus correct.
Let us illustrate the method with some applications.
First, we write F, in the form

F, =13 Igl 72 lglf**|g
k, k'

| ~12p,

Since the operator
gl =121 —i#(3 /gy )]

is Hermitian with respect to the volume element
lg|'/*(dg), one can regard |g| ~!/?p, as I, and get

ﬁ2=% > ﬁk|g'fkk ﬁk'
kK’

For the second example consider the rigid-body rota-

tion. One can write H, as

é 1

H2 - L’ »

= 21
where L, L,, and L, are the components of the angular
momentum in the body system formed by the principle
axes of the inertia tensor and I, I,, and I; are the mo-
ments of inertia about the body axes. Denoting by
(g91,92,93) and (p,,p,,p;) the Euler angles and the corre-
sponding momenta and defining a matrix (B, ) by

L;= 3 Byps »
%

one has

k' — 5 1
=2 7 BuBpy -
g
The operator of L; can be written as

d a
-;—‘EB”( —lﬁ

—iti— 34,

N
9y ] -
Under the volume element |g|'”?dg,dq,dq;, the opera-
tors 3, By [ —i#i(d/dq;)] can be checked to be Hermi-
tian and the operators of L? and H, are

(LP)o=(L;)?,

L,=3;3 By
%

a,= ) ET,(E D

The same argument is tenable for the angular momentum
components L,, L,, and L, along the spat1a1 axes and the
operators of Lx, 2, and L2 are (L)% (£,), and (£,)?
respectively.

V. PATH-INTEGRATION FORMULA
FOR DERIVING A,

Without any loss of generality let us consider a system

with the Hamiltonian H, given in (3.1). The Lagrangian -

thus takes the form
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L(g,q,t) % z Mkk (q, )qqu' (5.1)

k, k'

where g, and ¢, are coordinates and velocities and (M)
is the inverse matrix of (g**') and is assumed to be posi-
tive definite. We define 4 (q,t,€) and B (q,t,€) by

A(gt,e)= [ |Ml(g",0]|' g, - - - dg,

X exp ﬁL q-;q qeq t ] (5.2)
B(q,t,e)=fIM(q’,t)I”qu'l ©+ - dg{®(q’,1)
X exp -qz— -q_;—q ] , (5.3)

where € is a small real number, |M (q’,t)| stands for the
determinant of (My,.), and ®(q’,¢) is the wave function
under the weight factor |M (q’,1)|'/2.

L((g+q')/2,(g —q')/€,t)

is obtained from L (q,q4,t) by replacing q; and ¢; with
(g;+q;)/2 and (q; —q, ) /€, respectively.
It is easy to prove that

B(g,t,€) ~
A(g,t,€)

where A, is the operator derived in Sec. III. As men-
tioned in Sec. II, since the weight factor |M (g,t)|'/? de-
pends on the time, the Schrodinger equation takes the
form

d)(q,t)+—i%ﬁz<l>(q,t) for e~0, (5.4)

1M (.01 |M (g, 0] 40(g, )=, 0(g,1)

Consequently, relation (5.4) is equivalent to the following
time-evolution formula of the wave function:

|M(q,0)|V*®(q,t +€)=~|M(q,t |‘/2—9——i(( ’6)) for e~0 .

(5.5)

This is the path-integration formula which yields the
Hamiltonian operator A , derived in Sec. III.

VI. CONCLUDING REMARKS

We have expounded the generalized covariance condi-
tion in quantization and studied the quantization prob-
lem of the quadratic quantities H, and F,. In searching
for the operators of H, and F,, we have used the follow-
ing standard conditions:

(1) The quantum-mechanical operator of a physical
quantity is Hermitian.

(2) The additive principle: The operator of the sum of
the quantities F and G is equal to the sum of the opera-
tors of F and G.

(3) The generalized covariance condition: The matrix
element of the operator for a given quantity and two
given states is independent of the choice of coordinates.

(4) For a free particle with the Hamiltonian
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1
2m
the operator of /2 is equal to (7,)?, where [, =xp, —yp, .

(5) For a particle moving on a fixed spherical surface,
the kinetic-energy operator commutes with the operator
of 12 where I,=p » and stands for the z component of the
angular momentum about the center of the sphere, which
is also the origin of the coordinate system.

Based on these conditions as well as some general con-
siderations, we have determined the operators of H, and
F,. The quantization rule for these quantities has also
been given. For the convenience of some applications we
have developed a modified ordering method. We have
also formed a path-integration formula with which one
can derive the expression of A, given in Sec. IIL. It is
worthwhile emphasizing again that the operator of F, de-
pends also on H, and that a , or F, cannot contain a cur-
vature term.

A special feature of our method to search for the
operators of H, and F, is to use only the easily prehensile

hy=—=—(pi+p}+p}),
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arguments. This has already been seen clearly. The situ-
ation is different for the other methods. For instance,
among the different path-integration formulas used in
Ref. [1,2] and the present paper (Sec. V), it is difficult to
choose unless one tests them with other standard condi-
tions. Similarly, without reference criteria one does not
know whether some more complicated assumptions used
in the literature are convincing. Another feature of our
method is to study H, together with F,. In this way we
have been able to make use of the standard conditions
effectively and clarify how the operator expression of F,
depends on H,.
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