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Period-doubling route to chaos in a semiconductor laser with weak optical feedback
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We report experimental and theoretical observations of a period-doubling route to chaos in a semicon-
ductor laser with optical feedback. Increasing the feedback produces a quasiperiodic route to chaos,
manifested as a catastrophic increase in the laser linewidth. Under certain conditions, frequency locking
occurs in preference to quasiperiodicity, and then period doubling appears. Both phenomena are ex-
plained as interactions between the external cavity modes and the laser relaxation oscillations.

PACS number(s): 42.50.Tj, 05.45.+b, 42.50.Kb, 42.55.Px

The dynamics of semiconductor lasers subject to
coherent optical feedback have been studied for several
years [1,2]. At low levels of feedback ((0.1% in intensi-
ty) and well above the isolated-laser threshold, increasing
the feedback level initially produces linewidth narrowing,
then an undamping of the relaxation oscillation followed
by excitation of external cavity modes and finally a catas-
trophic increase in the laser linewidth, a phenomenon
which has been called "coherence collapse" [1,2]. In this
article we report experimental and theoretical evidence
that the coherence-collapsed state is actually a chaotic
one, usually obtained via a quasiperiodic route [3], but
also via a period-doubling route under certain conditions.
Moreover, we explain the physical basis for coherence
collapse as the interaction between the external cavity
modes (separated by frequency v,„,) and the relaxation os-
cillation (vz) in the laser. We believe this mechanism (in-
teraction between an external modulation and undamped
relaxation oscillation) to be generally responsible for
type-II laser instabilities.

Our experiments have used GaAs/Al Ga& As laser
diodes (Hitachi model HLP-1400) operating at —830 nm
with a single longitudinal mode. An external cavity was
formed by one laser facet and a high-reAectivity plane
mirror, the fraction of light coupled back being varied us-
ing a half-wave plate placed between a pair of linear po-
larizers, with an intracavity solid etalon of thickness 100
pm, finesse value of 30, and free spectral range —1000
GHZ. The ratio f,„, of the output intensity coupled back
into the lasing mode was obtained by observing the value
of f,„, at very weak feedback (normally (10 ) by not-
ing the maximum feedback-induced shift in the optical
frequency [4]. Optical spectra were measured using three
scanning Fabry-Perot interferometers with free spectral
ranges of 2150, 16.1, and 0.750 GHz and finesses of 300,
100, and 300, respectively. The laser intensity-noise spec-
tra were measured using a fast p-i-n photodiode coupled
to a microwave spectrum analyzer.

Initially the laser was biased in the range (1.5 —1.7) I,h,
the external cavity length as chosen such that the relaxa-
tion oscillation frequency was an integer multiple of the
external cavity mode spacing, and the external feedback

ratio was increased gradually. Figure 1 shows intensity-
noise spectra near the relaxation oscillation resonance for
increasing f,„, with v„=6v,„,: the free-running laser
(with f,„,=0) has damped relaxation oscillation which
becomes undamped with increasing feedback. Strong
features spaced by v„, also emerge, indicating the pres-
ence of multiple external cavity modes. With further in-
crease of f,„„aseries of period-doubling bifurcations
occurs marked by the appearance of peaks separated by
v,„,/2 and v,„,/4. This process is confirmed by observa-
tion of the optical spectra, showing pronounced asym-
metry of sidebands around the lasing mode. The intensi-

ty noise spectrum in the low-frequency domain is simul-
taneously observed to insure that frequency locking
(vR=nv, „„n an integer) is maintained. Eventually the
discrete noise peaks diminish while the noise fIoor rises,
leading to a nearly white intensity-noise spectrum, and a
broadened optical spectrum characteristic of coherence
collapse.

In the more general case when vR is not an integer
multiple of v,„„the relaxation oscillation again becomes
undamped, then external cavity mode beating occurs at
v, „followed by interaction between them, and culminat-
ing once again in a coherence-collapsed state. This
scenario occurs far more frequently than the period-
doubling route to chaos, which requires careful monitor-
ing of the optical spectra and control of the laser current,
temperature, and external cavity length to maintain the
relationship vR = n v,„,. Small changes in the pump
current (-0.2%%uo) or external cavity length ( ——,

' wave-

length) will degrade frequency locking and hence the
pure period-doubling route to chaos is not observed: it is
possible to obtain a mixture of period doubling and quasi-
periodicity. However, in either case the mechanism re-
sponsible for the chaotic coherence-collapsed state is the
nonlinear interaction between the relaxation oscillation
and external cavity modes.

Theoretically, the system is described by rate equations
for the carrier population N(t) and complex optical elec-
tric field E(t), the latter equation being decomposed into
separate equations for the intensity I (t) and phase P(t) in
the active region of the laser, with a delayed nonlinear
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feedback term [4—6],
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FICx. 1. Measured power spectra of the intensity with in-
creasing feedback level f,„„when the frequency-locking condi-
tion is satisfied (A to F). The injection current J=1.60J,h, the
external cavity length L,„,=18 cm, the external-cavity-mode
spacing v,„t=0.7 CxHz, and the relaxation oscillation frequency
v~ =4.2 GHz.

FIG. 2. Calculated intensity time series (first column) and
power spectra (second column) for the period-doubling route to
chaos as v increases ( A to E). The parameter values are
G&=5.2X10' s ', y~ =5.8X10" s ', ~, =3.0X10 s,
Nth =7.56 X 10, %0 =6.45 X 10, E, (photon numbers) = 5 X 10,
R =0.32, &LD =7.5X10 ' s, a=5.3, J=1.30 J,„,and L,„,=18
cm.
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Here the gain rate is G/v[N(t) No]/—[1+I(t)/I, ]'/~,
which has included the effect of intraband relaxations of
charge carriers and polarization. 0, is the linewidth
enhancement factor. y is the resonator loss rate which
is equal to the threshold gain: yz =G,h =G/v(N, h No), —
N0 is the value of N at transparency. J is the pump rate
and ~, is the carrier life time. R,„ is the spontaneous
emission rate. F/(t), F~(T), and I'~(t) represent the
Langevin forces of spontaneous emission noise for the in-
tensity, phase, and carrier population, respectively. ~„, is
the delay time of feedback and cu is the steady-state
laser frequency. /r is defined as /r=[(f, „,)' (1—R )]/
(OLD 'R '

), where R is facet refiectivity, rLD is the
round-trip time of laser resonator, and f,„, is feedback
coefficient of intensity. Through the feedback the phase
and amplitude of the laser field are coupled. Because the
phase diffusion process causes difficulties in constructing
trajectories in the [I,C&, N] phase space, we further trans-
form the phase 4(t) into the instantaneous deviation of
the optical frequency from its steady-state value
co(t) = lim [&P(t) —4&(t —5t)]/ot to construct trajectories

6t 0
in the phase space [I, co, N ] . We then integrate the
delay-differential rate equations (1)—(3) numerically with
the initial values given by the stable ready-state solution.
Corresponding to the experiment case, ~ is chosen as the
major controlling parameter and other factors such as
~,„, and J are varied to observe their influences on the
feedback effects.

Initially, the effects of noise are not included in our cal-

culations (Figs. 2 —4). Figure 2 gives calculated time
series and power spectra for the intensity I(t). The time
series show that the faster relaxation oscillation is initial-
ly modulated by v„„ then v,„,/2, v,gt/4, and ultimately
an irregular signature. The power spectra agree well with
the experimental data presented in Fig. 1. The parameter
values are the same for the theory and experiment except
for the feedback ratio which is a factor of five higher in
the theory. The bandwidth of the spectra is limited by
the linewidth of the cold laser resonator which is about
40 GHz here. The frequency spacing of external cavity
modes in the power spectra is smaller than 2L,„,/c, due
to mode pulling effects. Figure 3 shows a calculated bi-
furcation plot for the frequency-locked condition, show-
ing a clear period-doubling sequence. Taking the peak
values of the time series of I(t) gives the envelope of the
external cavity modulation signature, and taking the local
maxima of this envelope gives the bifurcation points for a
given f,„,. However, as observed in the experiment, the
quasiperiodic route occurs far more often as we vary the
parameters. Frequency-locking showed the same sensi-
tive dependence upon the controlling parameters K, ~„„
and J as in the experiment.

To confirm the chaotic nature of the irregular state, we
calculated the correlation dimension Dz [7] for each of
the data sets in Fig. 2. The resulting data (Fig. 4) con-
verged to a fractal dimension of 2. 1 —2.7, indicating a
chaotic attractor. We have also calculated Dz values for
the system with white driving noise and no feedback;
these values converged to 3 (with computational error +
0.1) as expected for a purely stochastic process. The cal-
culated value for Dz for the coherence-collapsed state
never reached 3 even with large feedback ratios and large
spontaneous emission noise included. We note in passing
that the uncertainties in the calculated Dz values are due
to nonuniform attractor densities caused by the stiffness
of this system which has time constants ranging from
—10 ps to —10 ps. The very large data set required for
accurate determination of the correlation dimension Dz
precludes experimental measurements using currently
available equipment. We have also studied the effects of
adding realistic levels of white noise [8], indicating that
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FIG. 3. Calculated bifurcation picture for the period-
doubling route to chaos as ~ increases. The system parameters
at the points marked A to E are the same as those in the graphs
similarly designed in Fig. 2.
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FIG. 4. Calculated correlation dimension D~ at the points
previously marked 2 to F during the period-doubling route to
chaos.
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noise causes no significant modifications of the essential
features of the period-doubling or quasiperiodic routes to
chaos, although it does obscure the details and make the
correlation dimension more difficult to determine.

In conclusion, we have presented the first experimental
and theoretical demonstration of a period-doubling route
to chaos in a coherence-collapsed semiconductor laser.
This route occurs in preference to the more usual quasi-
periodic route when frequency-locking conditions are
maintained. However, period doubling from v„, is al-
ways present even in a quasiperiodic route. In either

case, the coherence-collapsed semiconductor laser is
shown to be chaotic, and the behavior is due to nonlinear
interaction between the external cavity modes and the re-
laxation oscillation undamped by the optical feedback.
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