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Energy distribution of secondary electrons in electron-impact ionization of hydrogenic
and heliumlike ions
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The energy di6'erential cross sections for electron-impact ionization of H- and He-like ions have been
calculated using a distorted-wave Born exchange approximation. The calculated results are well fitted to
a two-parameter Gaussian function. These results from the fitting, which reproduce the calculated cross
sections with an average error of about 4%, are in good agreement with experimental results.

PACS number(s): 34.80.—i

I. INTRODUCTION

In the study of astrophysical plasmas such as the solar
corona and laboratory plasmas such as those used in
fusion research, knowledge of ionization balance curves
giving the relative abundance of the different ionization
stages of each element as a function of temperature is
very important. There is much information available
concerning the total cross section of electron-impact ion-
ization of ions both experimentally and theoretically
[1—4]. However, there is little information about the en-
ergy differential cross section of ionization, which indi-
cates the energy distribution of secondary electrons dur-
ing ionization, and which may be even more important in
understanding the evolution and structure of high-
temperature plasmas. In order to supply data for under-
standing and modeling the processes of high-temperature
plasmas, we made many calculations of the energy
differential cross sections of electron-impact ionization
for H-like and He-like ions. In principle, other ion
species and their isoelectronic series can be calculated in
the same procedure, but in practice a large scale and de-
tailed calculation of such cross sections is quite expensive
computationally. Thus a simple fit to the theoretically
calculated results by an analytic formula is desirable.
Among many fitting procedures, Lotz plot [5] are fre-
quently used to fit the total cross sections. Kim [6] ana-
lyzed the secondary-electron energy distribution by Platz-
man plot in which the ratio of measured cross section to
the Rutherford cross section is plotted as a function of
the energy loss of the impact electron. Clark, Abdallah,
and Mann, Jr. [7] used nine parameters to fit the scaled
hydrogenic total cross section and then obtained the total
cross section for a complex ion by using screening param-
eters. They also fitted differential cross sections and the
fitting procedure can reproduce all values for the
Coulomb-Born exchange (CBX) differential cross sections
with a maximum error of 20% and average error of 5%.
They found that the fit form can be applied to more ela-
borate calculations such as distorted-wave approxima-
tion. In this paper we find that the energy differential
cross sections calculated by distorted-wave Born ex-
change (DWBE) approximation can be well fitted by a
gaussian function with two adjustable parameters. The

dependence of the two parameters on the nuclear charge
of the target ion and on the energy of the incident elec-
tron, that is, the scaling laws of the parameters, are also
given.

In Sec. II, we briefly describe the theory framework
and numerical procedures. Section III presents the cal-
culated results of energy differential cross sections along
with the prescription of fitting procedures and the scaling
law of the adjustable parameters. Discussions on the
DWBE approximation and comparison with other calcu-
lations are made in Sec. IV, and a detailed check on our
fitting procedure is also given in this section. Section V
provides a brief summary.

II. DISTORTED-WAVE BORN EXCHANGE
APPROXIMATION

The energy differential cross section of electron-impact
ionization cr can be given by [g]
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where l;, l„and If are the orbital angular momenta of
the incident, ejected, and scattered electrons, L is the
conserved total angular momentum of the whole system,
and
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where f and g are the direct and exchange scattering am-
plitudes, respectively, and a is a phase factor. In this pa-
per, the "maximum interference" approximation of
Peterkop [9] was used (a= l). The scattering amplitudes
can be written as
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19 TABLE III. Parameter b for He-like sequence.

15
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FIG. 4. The dependence of the parameter b on 1/Z for
di6'erent u in H-like sequences.

ters for He-like series in the form of tables instead of
figures (see Tables II and III).

IV. DISCUSSION

where E, and E, are ejected and incident energies and I is
the ionization potential. The values of I are listed in
Table I. The quantity x is the ratio of ejected electron en-
ergy to assignable energy in the final state, and it has a
range between 0 and 1. Since the energy differential cross
section o has the symmetry o(1—x)=o(x), only the
range of x from 0 to 0.5 is considered in our calculations.
The open circles in Figs. 1 and 2 represent the calculated
cross sections. We found these points can be well fitted
to a Gaussian function with two parameters, i.e., the
differential cross sections can be given in the form

( )
Q b(x —0.5)dA

dE,
(8)

TABLE II. Scaled parameter uI a (in units of ~a0) for He-
like sequence.

Ions He Li+ B'+ 0 + Ar' + Fe + Pb' +

Q =1.125
u =1.500
Q =2.250
u =3.000
u =5.000
u =7.500
Q =10.000

0.355 2.246
1.056 2.100
1.233 1.654
1.050 1.268
0.566 0.662
0.282 0.329
0.164 0.189

3 ~ 848 4.239
3.118 3.409
2.110 2.251
1.479 1.545
0.663 0.676
0.308 0.311
0.172 0.173

4.631
3.671
2.368
1.603
0.688
0.314
0.174

4.725 4.954
3.739 3.944
2.400 2.541
1.618 1.717
0.693 0.744
0.315 0.339
0.174 0.188

The solid lines in Figs. 1 and 2 are our fits with Eq. (8).
The two parameters a and b of the Gaussian function

are related to the size and shape of the energy differential
cross sections. Figures 3 and 4 give the dependence of
the two parameters on 1/Z for different u in H-like se-
quences. It should be noted that the reduced parameter
uI a is introduced instead of a in order to suppress the
large change of a due the change in Z. Using Eq. (8) and
along with the parameters, we can reproduce the DWBE
differential cross sections with a maximum error of 10%
and average error of 4%.

The dependence of the two parameters in He-like series
is similar to that in H-like series. We list these parame-

Although the DWBE calculation of differential cross
section can be well fitted with the Gaussian function,
there are two points to be made. The first concerns the
accuracy of the DWBE calculation. In most of the early
calculations, a variety of the Coulomb-Born (CB) approx-
imation and the scaled hydrogenic method have been
used. A recent calculation by Attaourti et al. [13] shows
that the CBX approximation can provide quite good re-
sults for some heliumlike ions. More elaborately
Younger and many others [14,15] have calculated several
isoelectronic series of ions using distorted-wave approxi-
mation and indicated that, in general, the electron-impact
ionization cross sections for ions can be well described by
the DWBE in the range u =1.0—5.0. We repeated some
calculations of the total cross section and compared with
the previous calculations and experimental data. Our re-
sults differ from Younger's calculation by about 2% and
agree with experimental data [16,17] reasonably well.
The second point is that the Gaussian function can gen-
erate the correct total cross sections. To verify this, one
can obtain the parameters by interpolating for any ion
with Z (82 in H-like or He-like series. As an example,
we used linear interpolation and obtained the two param-
eters for N + at u =1.5. Following Eq. (8) we integrat-
ed the Gaussian function over x (E, ) and obtained the to-
tal cross section cr =6.59X 10 crn . This result shows
excellent agreement with Younger's calculation [14],
which gives o.=6.60X10 cm . Since the variations of
parameters are smooth, as shown in Figs. 3 and 4, the un-
certainty due to interpolation should be small.

We have not yet discussed the variation of the two pa-
rameters with incident energy u. In this case, linear in-
terpolation may not always be able to satisfy the accuracy
requirement. Here a three-point Lagrangian interpola-
tion seems suitable. We use this interpolation to calcu-
late the total cross section for Li at several incident en-
ergies. The results and comparison with experimental
data [18,19] are given in Table IV. Our results are con-
sistent with experimental data within the error range.

As a more detailed check, we need to compare the cal-
culated energy differential cross section directly with ex-
perimental results. In general, the Born approximation
method we used in the calculation is more accurate for



1864 D. FANG, W. HU, J. TANG, Y. WANG, AND F. YANG 47

TABLE IV. Total cross section (10 ' cm ) for Li+. 1
0-11

(eV)

100
200
300
400
500
600
750

Present
value

1.61
3.94
4.24
4.02
3.83
3.53
3.19

Peart
et al. [18]

1.52(15)
3.92(6)
4.14(6)
4.10(6)
3.90(6)

3.32(6)

Lineberger
et al. [19]

1.69(12)
4.28(8)
4.50(8)
4.25(8)
3.98(8)
3.62(8)

—l810
O

QJ

E I

O

0
C3

10 &9

dO =Ci +C2(x —0.5)
e

(9)

where C, and C2 are parameters. In comparison with
their fit, we found that the Taylor expansion of Eq. (8) in-
cludes the terms given by them. It seems that the ex-
ponential form is better.

V. CONCLUSION

In this paper, we have calculated the energy differentia
cross section of electron-impact ionization for some ions

ions than for neutral atoms. However, we could not find
experimental energy differential cross sections of
electron-impact ionization for ions. In order to have
some experimental data with which to compare, we per-
formed our fitting procedure for neutral helium atom as
an example, though our main interest is in ions. From in-
terpolation, we obtained the two parameters a and b for
the helium atom at an incident energy of 200 eV:
a =4.91 X 10 (trao/Ry) and b =14.56. Figure 5 gives
the comparison of energy differential cross sections be-
tween our Gaussian curve calculated from above parame-
ters and experimental data. The experimental points are
from Refs. [20—23]. We see that the simple calculation
agrees very well with the experimental data. This sup-
ports our Gaussian function fitting method. We note
that, in Fig. 5, the curve has been multiplied by a factor
of 2. Since the experimental measurements do not distin-
guish between ejected and scattered electrons, our calcu-
lated results should be doubled in order to compare
directly with measured values. After these checking pro-
cedures, we can say with confidence that the differential
cross sections and the total cross sections can be obtained
by parameter interpolation.

Clark, Abdallah, and Mann, Jr. [7] fitted the CBX
differential cross sections with a formula,

10 2O . & I & I i I & I i I i I j I I

0 1 0 20 30 40 50 60 70 80 90

E,(eV)

FIG. 5. The energy differential cross sections for ionization
of heliuin atom by 200 ev electron impact. Theoretical value:

present calculation. Experimental data: X, Shyn et a1.
[20]; o, Opal et al. [21];0, Rudd and Dubois [22];,Grisson
et al. [23].

in H- and He-like sequence and fitted these results by a
Gaussian function. The fit can reproduce the differential
cross sections with an average error of about 4%. The
comparison with experimental results and the total cross
section calculations show that the Gaussian function can
describe the differential cross sections very well.

The scaling of two parameters in the Gaussian function
are also given, in the form of figures (for H-like sequence)
or tables (for He-like sequence). Based on these figures or
tables, one can obtain the needed values by interpolation
and calculate the differential cross section by a very sim-
ple procedure. The total cross sections also can be ob-
tained simply by integrating over the differential cross
sections.
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