
PHYSICAL REVIEW A VOLUME 47, NUMBER 1 JANUARY 1993

Self-consistent calculations of atomic properties
using self-interaction-free exchange-only Kohn-Sham potentials

Yan Li and J. B. Krieger
Department of Physics, Brooklyn College, City University ofNew York, Brooklyn, New York 11210

G. J. Iafrate
U.S Arm. y Research 0+ce, Research Triangle Park, North Carolina 27709-2211

(Received 1 May 1992)

The spin-unrestricted optimized-effective-potential (OEP) method and an approximation to it due to
the authors (KLI) have been applied to atoms from Li (Z =3) to Ba (Z =56) plus Au (Z =79) and Hg
(Z =80) within the exchange-only scheme. Calculations were performed for the term with the lowest

energy in the ground-state configuration. For a few transition elements, terms in the low-lying excited-
energy-state configuration are also self-consistently calculated. We have compared our OEP and KLI
results with each other and with those obtained from the spin-unrestricted Hartree-Fock (SUHF)
method and the local-spin-density exchange-only (LSDX) approximation. As the spin-restricted OEP,
the spin-unrestricted OEP yields nearly identical results as the corresponding SUHF. The relative
difference of the total energy from that of the SUHF is only 40 ppm for 'Li and monotonically decreases
as Z increases to less than 2 ppm for Hg. The highest occupied energy eigenvalues of each spin projec-
tion, c, , and the various expectation values for the operators r, r ', and 6(r) are all very similar to the
SUHF theory. For most of the atoms, even the spin density mimics the SUHF value quite well.
Differences appear to be larger for some transition- and noble-metal atoms. Nevertheless, even in these
cases, the total energy and the total electron density of the OEP calculations are still very similar to the
corresponding SUHF values. For atoms with the highest occupied energy eigenvalues having the same
spatial quantum numbers for both spin projections, the spin splitting, c, ~

—c ~, corresponding to the
difference between the highest occupied eigenvalues of the minority ($) and majority (f) spin states, is
also studied. It is found that the OEP and SUHF spin splittings are nearly identical for atoms with the
highest occupied eigenstate being a p state. Noticeable differences (of the OEP and HF spin splitting)
occur for a few transition elements having an empty (n —1)d& subshell. However, such larger
differences are steadily diminished as the (n —1)d $ subshell is progressively filled. As an approximate
Kohn-Sham (KS) potential, the KLI method shows itself to be a much improved one compared to the
LSDX. The exchange potential constructed from this method retains many of the essential properties of
the exact OEP that the LSDX approximation lacks and thus always yields better densities, lower total
energies, and more accurate eigenvalues for the highest occupied energy state of each spin projection
than the LSDX approximation. In particular, the total energies overestimate the OEP results by only 9
ppm for Li, with the overestimate decreasing for increasing atomic number Z to less than 1 ppm for
Z & 50. In addition, for atoms other than transition elements or noble metals, the c are within 0.4%
of the corresponding OEP results with slightly larger differences for the other atoms. In all cases, the
KLI results for the expectation values r, r ' and the density at the origin are very close to the exact KS
results and are a significant improvement over those provided by the LSDX approximation.

PACS number(s): 31.10.+z, 31.20.Sy, 31.90.+s, 31.20.Di

I. INTRODUCTION

The central problem of implementing the Kohn-Sham
(KS) [1] formalism in calculating the ground-state prop-
erties of a many-electron system is to find an accurate ap-
proximation to the exchange-correlation potential,
V„, (r) (where cr denotes spin orientation), which is the
functional derivative of the exchange-correlation energy
functional E„,[n &, n

& ] with respect to the spin density,
n (r), since the KS theory, though exact in principle,
does not provide a prescription for the exact V„, (r) ex-
cept in the limit of slowly varying density.

Although still unknown, it has nevertheless been
shown that the exact V„, (r) is characterized by some

essential properties. It should be self-interaction free [2]
(an electron should not interact with itself via the
Coulomb potential); it should have the correct asymptot-
ic structure [assumes the expression of the local-spin-
density (LSD) approximation in the uniform-density limit
[1,3] and for systems with a finite number of electrons~—1/r as r approaches infinity]; it should yield an ener-

gy eigenvalue for the highest occupied single-particle
state that is exactly equal to the negative of the removal
energy [4]; it should exhibit an integer discontinuity [5,6],
i.e., when the number of electrons of a system having
discrete energy spectrum with filled subshells changes
from N to N+5 (with 5 being an infinitesimal), the
V„, (r) will shift from V„, (r) by a constant for finite r

The currently widely used local-spin-density approxi-
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mation, V„", (r), although quite successful in explaining
a variety of physical phenomena, fails to qualify as an ac-
curate approximation to the V„, (r) for any real systems
like atoms, molecules, and solids, since it possesses none
of the properties mentioned above.

The self-interaction corrected LSD (SICLSD) [2], al-
though possessing many of these important properties,
does not lie within the KS framework, since it requires
different potentials for each orbital. In addition, because
of the fact that multipotentials are employed in the calcu-
lation, the SICLSD wave functions are not orthogonal
unless ofF-diagonal Lagrange multipliers are introduced.
In this case, however, the amount of time required in the
computation will be significantly increased.

In an exchange-only KS theory, in which the exchange
energy functional assumes the same form as that of
Hartree-Fock (HF) theory:

with the p; being the KS orbitals, the V„(r) can actual-

ly be found numerically by employing the optimized-
efFective-potential (OEP) method [7—9]. One of the ad-
vantages of the KS formalism over that of HF is obvious-
ly that the former requires only one potential (or two for
a spin-polarized system); therefore, all the orbitals are au-
tomatically orthogonal. The HF method, like the
SICLSD, employs mu)tipotentials, so for most electron
systems, it is necessary to introduce off-diagonal
Lagrange multipliers in order to have a set of orthogonal
orbitals.

Nevertheless, the method of using the OEP to obtain
V„(r) is not without problems. Since in solving the OEP
integral equation, one has to invert a matrix of consider-
able order to achieve reasonable accuracy, a large
amount of computer time is consumed. Our experience
shows that in a single-term atomic calculation, it actually
takes an even longer time to solve the OEP equation than
to solve the HF equation, with the accuracy of the nu-
rnerical OEP solutions being best described as moderate:
Virial theorem satisfied to 5 —6 digits as compared to the
8 —9 digits for the HF solution. For systems like mole-
cules, one will encounter considerable difficulties when
employing the OEP, because no method has yet been
developed to invert the OEP equation for a nonspherical-
ly symmetric system. For these systems, it appears that
the most practical approach to proceed is to find an ap-
proximate V„(r) which retains the essential properties of
the OEP and is easy to use.

In recent work [10—13], the authors proposed an ap-
proximate method of solving the OEP integral equation.
An accurate V„, (r) can be obtained without having to
solve the integral equation. Rather, only a set of linear
equations of the order equal to the number of nondegen-
erate orbitals need to be solved. Application to selected
atoms [the ten atoms with complete subshells (Be to Xe)
and the alkali metals] [10—12] and negative ions (the al-
kali metals, halogens, and those with incomplete 2p and

3p subshells) [13] in the exchange-only approximation
shows that this method (we will denote it as the KLI
method hereafter), yields results that are nearly identical
to those of the OEP. The total energies thus obtained are
always closer to those of the HF or OEP method than
any other density-functional approximations, including
the method proposed recently by Harbola and Sahni [14].
For solids with large energy gaps, the band gaps obtained
from using this method [15] rectify the familiar large er-
rors of the LSD results [16,17] and agree fairly well with
the experimental results [18,19]. Moreover, the exchange
potential from this construction maintains nearly all the
important properties of the exact OEP: It is self-
interaction free, reduces to LSD in the uniform density
limit, approaches —I lr as r +~, yie—lds eigenvalues of
the highest occupied state that satisfies Koopmans's
theorem [20], and exhibits the property of integer discon-
tinuity [12].

Here, we will extend our work to atoms with incom-
plete subshells using the spin-unrestricted KLI construc-
tion. To make a comparison, we will also present the re-
sults obtained from using the spin-unrestricted OEP, HF
(SUHF), and LSDX formalisms. Our calculations are for
atoms from Z =3 to Z =56 plus two selected atoms with
Z ) 56: Au(Z =79), which completes the set of noble-
metal group, and Hg(Z =80), which is an atom with
complete subshells. [The HF, OEP, and KLI methods
give identical results for He(Z =2) and are not
displayed]. Calculations are performed for the term with
the lowest energy in the ground-state configuration. For
a few transition elements, terms in the low-lying excited-
energy-state configurations are also self-consistently com-
puted.

Our OEP results are obtained from a modified code of
Talman [21]. The total energies reported here are all
deeper or equally as low as those previously published
[8,22,23]. The condition [24] that e =E, where E "is
the expectation value of the single-particle HF Hamil-
tonian corresponding to the highest-energy occupied
state, is always more accurately satisfied. In fact, in most
cases, the E and E "are different by only a few tenths of
a millirydberg. The Virial theorem is satisfied to at least
five significant digits, and the Virial theorem related iden-
tity for the exchange energy E„[nt,ni] and the KS ex-
change potential V„(r) due to Levy and Perdew [25] is
satisfied to four or more digits. Thus, we believe these
are more accurate OEP calculations than those previous-
ly published.

II. FORMALISM

A. The optimized-effective-potential method

Although the original derivation of the OEP formalism
was published nearly 40 years ago [7] and the first numer-
ical calculations were performed more than a decade ago
[8], the OEP method, we believe, is still far less familiar
to most workers in the field than is the HF or LSD. So,
for clarity of the presentation, we briefly review the OEP
method, extended here to the spin-unrestricted case.

Consider an expression for the total energy of an elec-
tron system with external potential u,„, (r) as a function-
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al of a set of orbitals [P; ] (where cr denotes the spin
orientation and i represents the remaining quantum num-
bers):

0 r, r' V„, r' r'= r

H (r, r')= g P,
* (r)G, (r, r')P, (r'),

(8)

E=E[P; ]=T[P, )+E [n]+E„,fg, )

+g f dru, „, (r)n (r),

where

7'[y,.]= g &y,.l

—
—,'v'ly, .&,

d, n(r')n(r)
r —r'l

(2)

(9)
Q (r)= —g f dr'P, *. (r)G; (r, r')u„„. (r')P; (r') .

In this work, since we restrict ourselves in the
exchange-only case and treat the exchange exactly,
V„, = V„ is the exact KS exchange-only potential [26].
The solution of the OEP equation is then the solution of
the integral equation (8) with E„being given by the HF
expression, i.e., Eq. (1).

where the eft'ective potentials V are determined by ap-
plying the variational principle to E[P; ], i.e.,

Here

5E 5E= g f dr'+c. c. =0 .
5y*. (r ) 5V. r

(4)

5P; (r') = —G, (r', r)P, (r),5V r

d* (r')b (r)

and E„,[P, ] is an approximate expression for the
exchange-correlation energy. It can be LSD or SICLSD,
or exchange-only HF, E„"[P; ] of Eq. (1), etc. The OEP
method corresponds to finding the minimum value of
E[P; ] with the [P; J being obtained from a pair of local
potentials (for two spin orientations):

h OEP
y

—
(

1 V2+ VOEP )y

B. An accurate approximate approach to OEP:
The KLI method

As described in the Introduction, the major problem
with the OEP method is the difficulty one encounters in
numerically solving Eq. (8). Even for simple systems like
atoms, great effort [27] needs to be taken to ensure that
the solution satisfies, to a certain degree of accuracy,
some of the exact relations that the OEP obeys. For
complex systems like molecules, where the potential lacks
spherical symmetry, no systematic method has yet been
devised to solve Eq. (8). In the work of KLI [10—12], the
OEP integral equation is analyzed and a simple approxi-
mation is made which reduces the complexity of the orig-
inal OEP equation significantly and at the same time
keeps many of the essential properties of OEP un-
changed. In fact, for a spin-polarized system, an analytic
expression similar to the Slater construction for the V„, ,
i.e., is obtained:

(where the prime in the sum indicates that only states
with s~ Ws; are summed). So

(h —c,; )G; (r, r')=5(r —r') P, (r)P; (r')—.

If we define h; by

n,. (r)[u„„(r)+(V„„. —u„„)]
V„, (r)= g n r

or in a difterent form

n, (r)
V„, (r)= V„, (r)+ g (V„„—u„„),

n r

(10)

(10')

then

=h;; (r),
5P,* (r)

(6)
where

n, (r)u„„(r)
V„, (r)= g n r

h; = —
—,
' V + uH (r)+ u,„, (r)+u„„(r),

where

u„„(r)=5E„,[P, ]

io

iver

(7)

If we take E„,=E„",then the u„„. (r) are the usual
effective spin-unrestricted HF single-particle potentials.
Substituting Eqs. (5), (6), and (7) into (4), the following in-
tegral equation for the exchange-correlation potentials,

which is essentially the exact Slater potential [28] when
E[P; )=EH„[P; ] Here n; (r.) is the orbital density,
n; (r)=lP; (r)l, and n (r)= g;n; (r). V„„and u„„.
are the expectation values of V„,

'
(r) and u„„(r) with

respect to orbital i o..
The solution of Eq. (10) or (10') is unique up to an ad-

ditive constant as is the case for Eq. (8), which can be
determined when one requires that V„, (r) goes to zero
as r approaches infinity. Then, V„=U„, and

(12)

is obtained
is always satisfied [10], which is an exact relationship of
the OEP solution [24]. Here s is the highest occupied
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(i =1,2, . . . , m —1), (13)

where

(A );=—6;—(M );,
with

(14)

n (r)n, (r)
(M ).;=—f dr (i,j=1,2, . . . , m —1) . (15)

n r

The difference of this V„, (r) from the Slater approxi-
mation is entirely due to the second term in Eq. (10') [or,
comparing Eq. (10) with Eq. (11), the difference is that
each u „„. (r ) is shifted by a constant: V„„—U„„].It is
this term which enables the KLI V„(r) to preserve the
property of integer discontinuity. The Slater contribu-
tion, on the other hand, ensures that this potential goes
to —1/r as r ~ ~ . The condition of V„, =v„
yields the LSD expression for V„, (r) in the uniform-
density limit t12].

III. RESULTS AND DISCUSSION

We have performed the spin-unrestricted HF, OEP,
KLI, and LSDX calculations for atoms from Z =3 to
Z =56 plus Au(Z =79) and Hg (Z =80). Some results
for the ten atoms with complete subshells (Be to Xe) as
well as for the alkali metals (Li, Na, and K) have previ-
ously been reported by the authors [10—12]. To make
our comparisons complete, however, we will include
these results in the tables as well.

A. Total energy

single-particle energy eigenvalue. The other V„„may
be determined by inverting a matrix of the order of the
number of nondegenerate orbitals, i.e.,

m 1 —1 5
Vxc&

=
xcic + & ( a )ij ( Vxcja xcjo.

J

atomic units as obtained from SUHF, OEP, and KLI
methods. For a better illustration, we plot the fractional
overestimates (for only the ground-state configuration) of
the various density functional theory (DFT) calculations
from the SUHF values (in ppm) in Fig. 1. The LSDX re-
sult is also included in this figure for comparison. It is
seen that the curve of the relative errors of the LSDX al-
ways lie above that of KLI which only slightly overesti-
mates the OEP results. This indicates that in all cases,
the inequality EHF & EOFp & EKLI & ELsDX is always true.
No te that whereas the conditions EHF EQEP & EKLI
EHF &EOEp &ELsDX are guaranteed by the variational
PrinciPle, the fact that the inequality EzL, & Ezsox is al-
ways satisfied indicates that the KLI wave functions are
indeed a better approximation to those of the SUHF or
OEP than the LSDX solutions. A more careful study of
Fig. 1 or Table I shows that the two minima of EHF and
EoEp are in fact extremely close: The EoEp are different
from EH„by just 40 ppm for Be and the differences de-
crease to slightly more than 2 ppm for Ba (for Au and
Hg, the difference is less than 1.7 ppm). The difference of
EKLr and EHF is only about a third larger, i.e., it drops
from about 50 ppm for Be to be about 3 ppm for Ba. The
EKL, results are in error compared to the EoEp by only
about 10 ppm for Be, down to less than 1 pprn. for Ba.
For Au and Hg, the errors reduce to less than 0.5 ppm.
The ELsDX, on the other hand, differs from EHF by near-
ly 550 ppm for Li, 336 ppm for Be, and 6.5 ppm for Ba.
It has errors relative to OEP that are at least a factor of 5
larger than those of KLI. In addition, from Fig. 1, it is
seen that even the shape of the OEP and KLI total ener-

gy versus atomic number is more like each other than
that of LSDX.

Finally, we note that for the atom Zr, an element in the
second transition group, the exchange-only calculation
predicts a ground-state configuration that is different
from that currently known I29]. Instead of 4d 5s ( F),
term 4d Ss'('F) yields a lower total energy.

The expectation value of a many-electron Hamiltonian
with respect to a single Slater determinant (for an open-
shell atom, it may require a linear combination of several
Slater determinants in order that the total wave function
be an eigenfunction of the total orbital and angular
momentum operators I. and 5 ), i.e., the total energy,
yields its absolute minimum when the set of single-
particle wave functions of the Slater determinants are ob-
tained from solving the HF equations. On the other
hand, another minimum value, which lies above that of
HF, is obtained from a Slater determinant (or a linear
combination of Slater determinants) constructed from a
subset of single-particle wave functions constrained to be
solutions from a pair of Schrodinger equations with spin-
dependent potentials, by employing the OEP method.

It follows that the Slater determinant constructed from
any other KS approximations, like KLI or LSDX, will
lead to total energy values that are upper bounds to the
OEP result. Here we would like to investigate how close
this upper bound is to the OEP results when the KLI ap-
proximation is applied.

Table I lists the negative values of the total energy in

2
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FIG. 1. Fractional overestimates of the OEP, KLI, and
LSDX total ground-state energies over that of the SUHF
theory.
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TABLE I. Total energy of atoms in spin-unrestricted SUHF, OEP, and KLI calculations. Besides
ground state, some low-lying excited terms for a fee transition- and noble-metal atoms are also present-
ed. Negative values of the energy in atomic units are listed.

z Atom Configuration Term SUHF OEP KLI

5
6
7
8
9

10

11
12

13
14
15
16
17
18

19
20

Li
Be

8
C
N
0
F

Ne

Na
Mg

Al
Si
P
S
Cl
Ar

K
Ca

2s'
2$

2p
2p
2p
2p
2p
2p

3s'
3s

3p
3p
3p
3p
3p
3p

4s'
4s

S
's

2p

3p
"s
3p
2p
's

S
's

2p
3p
4s
3p
2p
ls

S
's

7.432 75
14.573 02

24.529 31
37.690 00
54.404 55
74.813 63
99.410 84

128.5471

161.8590
199.6146

241.8768
288.8545
340.7193
397.5063
459.4826
526.8175

599.1649
676.7582

7.432 50
14.572 43

24.528 34
37.688 91
54.403 40
74.812 08
99.409 22

128.5454

161.8566
199.6116

241.8733
288.8507
340.7150
397.5016
459.4776
526.8122

599.1591
676.7519

7.432 43
14.572 28

24.528 13
37.688 65
54.403 04
74.811 67
99.408 75

128.5448

161.8559
199.6107

241.8723
288.8495
340.7137
397.5002
459.4760
526.8105

599.1571
676.7497

21
22
23
24

25
26

27
28
29

30

Sc
Ti
V
Cr

Mn
Fe

Co
Ni
Cu

Zn

3d'4s'
3d 4s
3d 4s
3d'4s'
3d 4s
3d'4s'

s2

3d'4s '

3d 4s
3d 4$
3d' 4s'
3d'4s'
3d 104$

D
3F
4F
'S
'D
6s
5D
5F
4F
F
S
D
's

759.7359
848.4066
942.8856

1043.3568
1043.3121
1149.8698
1262.4500
1262.3800
1381.4186
1506.8732
1638.9642
1638.9509
1777.8481

759.7277
848.3974
942.8760

1043.3457
1043.3024
1149.8600
1262.4380
1262.3686
1381.4056
1506.8598
1638.9523
1638.9374
1777.8344

759.7249
848.3942
942.8729

1043.3422
1043.2993
1149.8569
1262.4344
1262.3644
1381.4018
1506.8560
1638.9481
1638.9338
1777.8307

31
32
33
34
35
36

Ga
Ge
As
Se
Br
Kr

4p 1

4p 2

4p 3

4p4
4p5
4p6

2p
3p

3p
2p
's

1923.2612
2075.3603
2234.2399
2399.8691
2572.4418
2752.0550

1923.2487
2075.3483
2234.2281
2399.8573
2572.4300
2752.0430

1923.2454
2075.3453
2234.2251
2399.8543
2572.4269
2752.0398

37
38

39
40

41

43

Rb
Sr

Y
Zr

Mo

Tc

Ru
Rh

5s'
5s

4d '5s
4d 5s'
4d'Ss'
4d 5s'
4d 5s
4d'5s'

4d'5s
4d 5$'
4d 5s'
4d'5s '

2S
's

D
5F
F

6D
4F
7s

's
6D
5F
4F

2938.3576
3131.5457

3331.6846
3539.0117
3538.9966
3753.6006
3753.5550
3975.5530

4204.7949
4204.7845
4441.5409
4685.8822

2938.3455
3131.5334

3331.6710
3538.9970
3538.9823
3753.5855
3753.5403
3975.5371

4204.7793
4204.7683
4441.5245
4685.8656

2938.3421
3131.5299

3331.6670
3538.9925
3538.9778
3753.5807
3753.5355
3975.5320

4204.7741
4204.7629
4441.5190
4685.8600
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TABLE I (Continued).

Z

46

47
48

Atom

Pd

Ag
Cd

Configuration

4d "5s'
4d'5s'
4d'5s'
4d' 5s'
4d' 5s

Term

lg
D

3g
2g
's

SUHF

4937.9210
4937.8936
4937.7845
5197.6989
5465.1331

OEP

4937.9060
4937.8766
4937.7664
5197.6815
5465.1144

KLI

4937.9016
4937.8710
4937.7605
5197.6758
5465.1084

49
50
51
52
53
54

In
Sn
Sb
Te
I

Xe

1

5p 2

5p
4

5p5
6

2p
3p
4S
3p
2p
's

5740.1694
6022.9325
6313.4870
6611.7856
6917.9814
7232.1384

5740. 1514
6022.9149
6313.4697
6611.7683
6917.9642
7232.1210

5740.1455
6022.9092
6313.4639
6611.7625
6917.9582
7232.1150

55
56

Cs
Ba

6s'
S2

2g
's

7553.9338
7883.5438

7553.9165
7883.5266

7553.9103
7883.5201

79
80

Au
Hg

5d' 6s'
5d' 6s'

S
lg

17 865.4006
18 408.9915

17 865.3703
18 408.9605

17 865.3616
18 408.9514

B. Highest occupied eigenvalues corresponding
to each spin orientation

The KS energy eigenvalues have no physical interpre-
tations except for the highest occupied one, which, ac-
cording to Perdew et al. [4], exactly equals the negative
of the removal energy of the electron system. In a spin-
polarized exchange-only KS theory, i.e., the OEP formal-
ism, it has been proved [24] that the E of each spin pro-
jection exactly equals the corresponding expectation
value of the HF single-particle Hamiltonian, i.e.,
Koopmans's theorem applies for these states. The KLI
construction, although merely an approximation to the
KS theory, exactly satisfies this property as well [10—12].
In this work, since we are restricted to the exchange-only
case, it is important to examine how accurate the KLI
c, are in approximating the two exact c. values of HF
and OEP.

In Table II, we present the negative values of c . In
this table, the atoms are grouped according to their
outershell electron configuration. Both c

&
and E

&
are

tabulated. In all cases, the state with up spin is always
assumed to be filled first. For atoms with complete sub-
shells, spins are indistinct, so only one c is shown.

For OEP, instead of c, we list the c values. Al-
though, as previously discussed, these two values should
be the same in theory, this is not necessarily exactly the
case in a numerical calculation. Our experience shows
that without great caution, the two may be significantly
different. generally speaking, the c " will be a better
and more reliable approximation to the theoretically ex-
act E value than those directly calculated [12]. The
latter depends very sensitively on the accurate solution of
the OEP potential both in shape and magnitude. In ap-
plying the condition that V„~—1/r as r ~ oo, one may
introduce error if the cutoff point is applied before V,
reaches the asymptotic region, i.e., the region in which
the highest-energy occupied state dominates the density.
The E ", on the other hand, depends only on the wave

function, thus is only indirectly affected by the change of
the potential. In this work, nearly 80% of the reported
calculations achieved agreement between the c, and
c " to within less than 0.1 mRy. Another 15% lies be-
tween 0.1 to a few millirydbergs. Larger errors, which
run from 30 to 70 mRy, occur for the 4s 1 or Ss 1 state of
a few transition elements: Cr( S), Y( D), Zr( F),
Nb( D), and Mo( S). The reason for this may be attri-
buted to the fact that in these atoms, the extended
(n —1)d state is competing with the ns state for the dom-
ination of the density in the outer region. In these cases,
the c., and c.d are very close to each other. Thus, it is
difTicult to determine which of the two states is actually
the dominant one and where it becomes so. In fact, two
different choices of mesh spacing for Sc( D) yield E

values that are significantly different: 0.4068 and 0.4382
Ry, respectively. Nevertheless, for both mesh choices, all
the other properties, the total energy and other expecta-
tion values like E " and (r") (n = —1, —2, 1, 2), are the
same to all the digits reported. Other c values having
larger errors may similarly be improved and become
closer to E

" if more care is taken. Nevertheless, we do
not anticipate any significant changes for the c " values.

A glance at Table II immediately shows that the results
of SUHF, OEP, and KLI are very close to each other.
As is well known, the LSDX c. are in error by about
40%, which is due primarily to the fact that its exchange
potential approaches zero much too rapidly and therefore
underestimates the magnitude of c, so we do not list
the LSDX c values and in the following we will in gen-
eral not consider them further.

In the OEP calculations, larger differences of c. from
those of HF, the c ", come from some of the transition-
and noble-metal elements, which can be as large as 8.1

mRy absolutely [for 3d & of Cu( S)] or 1.6%%uo relatively
[for Ss 1' of Zr( E)]. For all other atoms, the differences
are never more than 3.4 mRy (for 2s 1 of 0) or 0.6%%uo (4p T

of Ga). In many cases, the two are different by merely a
few tenths of a millirydberg.
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TABLE II. Highest occupied energy eigenvalues, I,

' —c ), of each spin projection in various
exchange-only approximations. Atoms with complete subshells have the same c ~ and c, ~, so only one
value is listed. The state with up spin is always assumed to be filled first. For OEP, instead of c, the
corresponding expectation value of the HF single-particle Hamiltonian, e, is given. Theoretically

HF
[24], E =e, but may not be exactly so numerically. The e is in general a better estimate for the
exact e (see Ref. [12] and this text). Occasionally in the OEP and KLI columns, values are marked
by an asterisk, which represents the case that the order of the state yielding the highest-energy eigenval-
ue corresponding to a spin projection is changed as compared to the SUHF theory. The state directly
below the ones with an asterisk has the highest E;,c ~ in these calculations. For OEP and KLI, the
value with an asterisk is the E; the value in parentheses is obtained by shifting all the directly calcu-

HF
lated c; such that c. is aligned with c, . Values are in rydbergs.

Z Atom Configuration Term State SUHF OEP KLI

Atoms with last filled subshell an s subshell

4
12
20
38
56

30
48
80

Be
Mg
Ca
Sr
Ba

Zn
Cd
Hg

2$2

3$
4s
Ss
6s

3d' 4
4d "Ss'
561' 6

'S
's
's
's
'S

lS
's
's

2s
3s
4s
5s
6s

4s
Ss
6s

0.6185
0.5061
0.3911
0.3569
0.3151

0.5850
0.5297
0.5221

0.6185
0.5060
0.3913
0.3573
0.3155

0.5855
0.5310
0.5240

0.6177
0.5048
0.3901
0.3564
0.3148

0.5837
0.5301
0.5240

10
18
36
54

Ne
Ar
Kr
Xe

2p
3p
4p6

6

Noble-gas atoms
lS 2p
'S 3p
'S 4p
'S 5p

Alkalis

1.7008
1.1820
1.0484
0.9146

1.7014
1.1816
1.0468
0.9129

1.6988
1.1786
1.0440
0.9109

19

37

55

35

53

Li

Na

Rb

Cs

Br

2s'

3s'

4s'

Ss'

6s'

4p 5

Sp5

S

2S

S

S

2S

2p

2p

2p

2p

2$ t
1s&
3$ T

2p&
4s T

3p J,

4s T

4p&
6s T

Spj,

Halogens
2p T

2p J,

3p T

3p&
4p T

4p&
SpT
5p j,

0.3927
4.9374
0.3644
3.0341
0.2953
1.9070
0.2762
1.6183
0.2478
1.3653

1.5396
1.3475
1.0584
0.9467
0.9550
0.8550
0.8414
0.7554

0.3926
4.9377
0.3642
3.0354
0.2954
1.9069
0.2766
1.6171
0.2483
1.3638

1.5401
1.3469
1.0577
0.9460
0.9533
0.8532
0.8396
0.7537

0.3924
4.9343
0.3640
3.0311
0.2954
1.9011
0.2768
1.6123
0.2486
1.3602

1.5387
1.3449
1.0SSO
0.9436
0.9506
0.8509
0.8376
0.7521

13

N

0

Si

2p

2p

2p

3p

3p

Atoms with incomplete p
P 2pT

2sg
P 2pT

2sg
4S 2p T

2s&
P 2pT

2p $

P 3pT
3sg

P 3pT
3s J,

subshell
0.6219
0.8909
0.8711
1 ~ 1647
1.1418
1.4516
1.3572
1.0187
0.4200
0.7264
0.5947
0.9236

0.6194
0.8909
0.8705
1.1645
1.1423
1.4515
1.3579
1.0153
0.4189
0.7266
0.5933
0.9237

0.6191
0.8906
0.8698
1.1638
1.1409
1.4500
1.3573
1.0138
0.4171
0.7255
0.5915
0.9224
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TABLE II. (Continued).

15

16

31

32

33

34

50

51

52

Atom

As

Se

Sn

Sb

Te

Configuration

3p

3p

4p 1

4p 2

4p 3

4 4

Sp
1

5p 2

5p 3

Term

4S

2p

3p

3p

3p

4S

3p

State

3p T

3s&

3p T

3p&
4p T

4s&

4p T

4sg
4p T

4sg
4p T

4p $

Sp T

5sg
Sp T

5sg
SpT
5sg
Sp T

Sp&

SUHF

0.7842
1.1123
0.9275
0.7281
0.4176
0.7890
0.5758
0.9572
0.7404
1.1121
0.8543
0.6708
0.3954
0.6901
0.5315
0.8202
0.6715
0.9378
0.7620
0.6022

OEP

0.7831
1.1124
0.9267
0.7273
0.4150
0.7899
0.5734
0.9577
0.7382
1.1123
0.8525
0.6688
0.3932
0.6914
0.5295
0.8211
0.6694
0.9386
0.7602
0.6004

KLI

0.7810
1.1108
0.9243
0.7253
0.4116
0.7892
0.5706
0.9573
0.7355
1.1119
0.8498
0.6669
0.3904
0.6914
0.5272
0.8215
0.6673
0.9392
0.7580
0.5992

First Transition Elements
21

22

23

24

25

26

27

Se

V

Cr

Mn

Fe

Co

3d '4s

3d 4s

3d 4s

3d'4s '

3d 4s

3d'4s'

3d 4s

3d 4s'

3d 4s

3d'4s'

S

5F

4F

F

4s T

(3d T)
4sg
4s T

4sg
4s T

4sg
4s T

3p&
4s T

4s)
4s T

4s)
4s T

4s)
4s T

(3d T)
3d&
4s T

4sg
4s T

4sg

0.4331

0.4079
0.4647
0.4203
0.4941
0.4317
0.4441
3.6797
0.5220
0.4424
0.5469
0.4521
0.5543
0.4843
0.4579

0.6239
0.5617
0.5111
0.5693
0.5371

0.4354

0.4066
0.4669
0.4191
0.4963
0.4307
0.4483
3.6726
0.5243
0.4415
0.5492
0.4512
0.5550
0.4845
0.4605

0.6178
0.5624
0.5113
0.5699
0.5374

0.4381
(0.4182)
0.4049
0.4709
0.4161
0.5005
0.4272
0.4551
3.6972
0.5282
0.4378
0.5532
0.4472
0.5558
0.4835
0.4667

0.6388
0.5614
0.5108
0.5684
0.5366

Second Transition Elements
39

40

41

ZI

4d'Ss'

4d Ss'

4d 25s 2

4d Ss'

4d'Ss

2D

F

F

6D

4F

SsT
(4d T)

Ss&
SsT

(4d T)
4p J,

Ss T

(4d T)
Ss)
SsT

(4d T)
4p 1,

Ss T

5s&

0.4103

0.3752
0.4125

2.6375
0.4475

0.3848
0.4321

2.9005
0.4795
0.3930

0.4144*
(0.3545)
0.3740
0.4189
{0.3613)
2.6350
0.4517

0.3836
0.4378

2.8980
0.4835
0.3920

0.4168*
{0.3380)
0.3740
0.4256*

(0.3512)
2.6489
0.4555

0.3825
0.4446*
(0.4316)
2.9116
0.4878
0.3903
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TABLE II. (Continued).

42

44

45

46

47

79

Atom

Mo

Tc

Ru

Rh

pd

CU

Ag

Au

Configuration

4d'Ss '

d'Ss'

4d 5s'

4d Ss'

4d Ss'

4d' Ss
4d'Ss'

4d'Ss'

3d' 4s'

3d 4s

4d' Ss'

Sd' 6s'

Term

S

6S

5F

4F

's
D

F

Noble-Metal
S

S

S

State

5s f
4p $

5sf
Ss&
Ss)
4d&
Ssf
4d&
5s)
4d&
4d
Ssf
4d $

5s)
5s)

Atoms
4s f

(3d T)
3d&
4sf
4sg
5s)
4d&
6s)
5d&

SUHF

0.4461
3.1459
0.5318
0.4061
0.4457
0.5176
0.4437
0.6871
0.4427
0.8140
0.6720
0.4423
0.9308
0.5290
0.4873

0.4793

0.9866
0.5771
0.5623
0.4420
1.0729
0.4439
1.0386

OEP

0.4512
3.1433
0.535S
0.4055
0.4501
0.5172
0.4474
0.6843
0.4458
0.8104
0.6702
0.4449
0.9266
0.5308
0.4883

0.4810

0.9785
0.5776
0.5628
0.4443
1.0684
0.4469
1.0329

KLI

0.4582
3.1570
0.5403
0.4031
0.4563
0.5274
0.4534
0.6909
0.4513
0.8151
0.6725
0.4500
0.9302
0.5306
0.4877

0.4880

0.9968
0.5760
0.5614
0.4490
1.0714
0.4527
1.0370

In the KLI approximation, similar to the OEP formal-
ism, larger discrepancies mainly come from some of the
transition- or noble-metal atoms. We have the largest ab-
solute difference between the KLI c and c " of 17.5
mRy for the 3p 1 state of Cr( S) and the largest relative
disagreement of 3.2%%uo for the 4sf state of Zr( F). The
differences for other atoms are bounded by 6 mRy or
1.4%%uo for the 4p 1 state of Ga, with many of them having
errors of only a few tenths of a millirydberg. In general,
the agreement between the KLI c. and c " are just
slightly poorer than those of the OEP c. and c. ".

In comparing the KLI c with the OEP c, , again
relative poorer agreement occurs for atoms in the transi-
tion or noble-metal group. We have a 24.6-mRy
difference for the 3p $ state of Cr( S) and a 1.9% error
for the 3d $ of Cu( S) between the KLI and OEP s
values. The c, for all other atoms are in closer agree-
ment, being within 0.4% of the OEP results with an aver-
age difference of only about 0.2%%uo.

We also make an observation on the peculiar behavior
of the OEP and KLI calculations for a few transition-
and noble-metal atoms. Occasionally, in Table II, a value
is marked with an asterisk and below it another value is
added in parentheses. These represent the cases where
there is a reversal of the order of the state yielding the
highest occupied energy eigenvalue for a given spin pro-
jection (in this work all occur in the up-spin direction) as
compared to that of the SUHF. In the OEP calculation
there are only two such cases, Y( D) and Zr( F), where
unlike the SUHF, the eigenvalue of 4d 1 lies above that of

Ss $. In KLI, there are a couple of more cases. This may
be understood as follows: Eigenvalues other than the
highest occupied one have no physical interpretations in
the KS formalism. Compared to the SUHF, all eigenval-
ues of the inner shells are raised. In all cases, where there
is a reversal, the corresponding SUHF values for the two
last subshells (states) are not very much separated. Thus,
the raising of the eigenvalue for this inner subshell state
may be larger than the difference of the two SUHF eigen-
values, resulting in the reversal of the order for the eigen-
values of the two states. In addition, notice that the re-
versal always happens to the ns and (n —1)d state. Be-
cause of the high degeneracy of the d state, it is dif5cult
to describe precisely the s -d interaction via a single po-
tential. For KLI, where further approximation is made
and the s-d interaction is still less well described, one
finds more cases of reversal.

However, since in exchange-only calculations, only the
expectation values of the single-particle HF Hamiltonian,
c,;, have the physical interpretation of being the nega-
tive removal ener without relaxation [12] (the state
with the highest e;, c " is still the same as those of the
SUHF), and because the identity E; =E; " holds only for
the state having the highest e, , c, (m' may or may not
be the same as m), we thus conclude that for those atoms
which have the reverse order (m'Wm), the direct KS
solutions for c. ~ will merely give the second removal en-
ergy (without relaxation) and miss the first one, the E

In view of this, in Table II, we still list the E " values for
the OEP calculations (with an asterisk); values in
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parentheses are obtained by shifting all the directly calcu-
lated c, ; such that the c is aligned with c . Similar
alignments have been made for the KLI results. In spite
of the fact that there has been a reversal, if we reexamine
the total energies in Table I and continue to study the re-
sults in the next section, we will see that it actually does
not prevent us from obtaining accurate results by using
the OEP or KLI.

We point out here that this peculiar behavior (of rever-
sal) also occurs in the LSDX calculations and in fact
there are more such cases. Actually, there is still another
peculiar behavior which occurs only in the LSDX calcu-
lation that in a few cases, the order of the LSDX c.

&
and

~ is switched. Take Fe( F) for example: Whereas the
SUHF, OEP, and KLI all predict that the highest spin up
state c4, &

lies above the highest spin down state of c.3$$,
with a difference around 0.6 Ry, the LSDX yields a c3gj
which is 0.23 Ry above the c4, &. The correct description
for these atoms by the KLI method is yet another evi-
dence showing itself to be a much improved and accurate
KS approximation as compared to the LSDX.

Finally, we study spin splitting of the highest occupied
energy eigenvalues for atoms with c

&
and c

&
having

the same spatial quantum numbers. The spin splitting,
E &,

—c.
&

is the difference between the highest occupied
eigenvalues of minority ( 1, ) and majority ( 1'} spin states.
For SUHF, OEP, and KLI, it can be deduced from Table
II. For convenience, we present them along with the
LSDX result in Table III.

Clearly, for p states, the SUHF, OEP, and KLI yield

spin splittings that are very close to each other. The
differences between the OEP and SUHF results are less
than 0.2 mRy (or less than 0.11%), except for atoms 0
and F which have a difference of 4.1 mRy (or about
1.2%) and 1.1 mRy (0.57%), respectively. The KLI re-
sults are never different from the OEP values by more
than 1.0 mRy (or less than 0.6%). On the other hand,
compared to the OEP, the LSDX values are significantly
in error. The differences between the LSDX values and
those of the OEP (or SUHF, or KLI) are more than 30
mRy and account for only 78% or less of the latter.

For ns states, where there is always an incomplete
(n —1)d subshell, the resemblances of the SUHF, OEP,
and KLI values become less apparent. The differences
are particularly larger for atoms with no (n —1)d elec-
trons in the minority spin projection ( l ), where a typical
difference of a few millirydbergs may occur which
represents a few tens percent relatively and is yet another
noticeable difference between the two exact exchange-
only theories in treating electrons with the s-d interac-
tion. For these atoms, the LSDX results may accidental-
ly turn out to be closer to the SUHF values than those of
the OEP as for atoms Y( D ), Zr( F), and Nb( F) or
closer to the OEP values than those of KLI as for a few
more atoms. As the (n —l)d 1 state is progressively
filled, however, the SUHF, OEP, and KLI values once
again become similar as is seen from the results for atoms
Fe( F},Co( F), Ni( F), and Cu( F), and also Tc( S) and
Pd( F) in Table III.

Spin splitting stems from the difference of the exchange

TABLE III. Spin splitting, c ~
—c ~, of the highest occupied energy eigenvalues between the minor-

ity ($) and majority (f ) spin states. In all cases, c ~ and c ~ have the same quantum numbers except
for the opposite spin projections. Values are given in Rydbergs.

8
9

16
17
34
35
52
53

21
22
23
24
25
26
27
28
29
39
40
41
43
46

Atom

0
F
S

Cl
Se
Br
Te
I

Sc
T1
V
Cr
Mn
Fe
Co
Ni
CU
Y
Zr
Nb
Tc
Pd

Configuration

2p
2p
3p
3p

4p 5

5p4
5p5

3d '4s'
3d 4$
3d 4s
3d44s'
3d'4s'

d64$2

3d 4s
3d 4s
3d 4s
4d'5s'
4d25$ 2

4d 5s
4d'5s'
4d'5s'

Term

~npl
3p
2p
3p
2p
3p
2p
3p
2p

&nsg
2D
3F
4F
5D

S
5D
4F
3F
2D
2D

F
4F
S
F

SUHF

&np)

0.3385
0.1921
0.1994
0.1117
0.1835
0.1000
0.1598
0.0860

&nsy

0.0252
0.0444
0.0624
0.0796
0.0948
0.0700
0.0506
0.0322
0.0148
0.0351
0.0627
0.0865
0.1257
0.0417

OEP

0.3426
0.1932
0.1994
0.1117
0.1837
0.1001
0.1598
0.0859

0.0288
0.0478
0.0656
0.0828
0.0980
0.0705
0.0511
0.0325
0.0148
0.0404
0.0681
0.0915
0.1300
0.0425

KLI

0.3435
0.1938
0.1990
0.1114
0.1829
0.0997
0.1588
0.0855

0.0332
0.0548
0.0733
0.0904
0.1060
0.0723
0.0506
0.0318
0.0146
0.0428
0.0730
0.0975
0.1372
0.0429

LSDX

0.2662
0.1390
0.1505
0.0758
0.1303
0.0637
0.1095
0.0527

0.0316
0.0540
0.0722
0.0882
0.1026
0.0719
0.0489
0.0300
0.0141
0.0383
0.0652
0.0860
0.1172
0.0341
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well the electron densi y is appit is a roximated in the ow-
h' h ofrom the nucleus which is odensity region far from

significance
'

e in chemical bonding.
t the OEP ( r ) results areFrom Table IV, it is seen that t e

f the SUHF. The largest discrepancyverycloseto those o t e
is onl 1% for rC ( S). The majority are within a ew

f h ther. For most atoms, thetenths o pf a ercent o eac o
KLI values are accurate to within a ew

f h SUHF and OEP results. Less accurate are
with s and d electrons in the last two she

For these elements, an error up to o may
s the KLI results are an order of magni-nearly all cases, t e

tude more accurate than those of the LSDX.

2. (r ) value

The fact t at, . r;h z, . l/ . appears in the Hamiltonian and
'

n value of the energy are all verythe calculated expectatio
UHF OEP, KLI, or isclose to each other when U

ed su ests that the values of ( r shou simi-employe, sugg
This is recisely what welarly be close to each other. is is p

se the OEP results never deviate from t efind. In this case, t e
m for Li). In the worstSUHF values by more than 52 ppm or i . n

case, the KLI has an error of only 0.08% for Be) in com-
either SUHF or OEP. The LSDX, generallyparison with eit er

result in a 1.7% error (forman times less accurate, can result in a . o e

Z(1/ ) to tll itll
t the SUHF, OEP and KLI results

'
1 at the origin (nucleus) is r

for (1/r ) are nearly identical demonstrates t a a

the interior of the atom, wit t e
a Hartree potential that is too small. —2)

ing a a
Com arisons for other moments s like (r ) and rompa

here) show similar patterns: the(which a e ot displayed
OEP and SUHF results are nearly identical, an t e

1 a better approximation to theresults are in genera a e er
SUHF or OEP than those of LSDX.
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TABLE IV. Expectation values of the single-particle operators, r, r ', 5(r), and m(0), for atoms (Z=3 —56, 79, 8Q) as obtaine
from various exchange-only approximations. Calculations are performed for the ground-state configuration and in a few cases for
terms in the low-lying excited-energy-state configuration. Spin-unrestricted technique is employed in all cases where there are incom-
plete subshells. All values quoted are in atomic units.

Z
3

Atom Method

Li( S) SUHF
OEP
KLI

LSDX

&»')

6.2080
6.2145
6.1974
6.4685

&» ')
1.9052
1.9051
1.9060
1.8731

&5(r) )

13.8148
13.8148
13.8254
13.4736

m (0)
0.2247
0.2249
0.2386
0.2016

Z Atom

16 S( P)

Method

SUHF
OEP
KLI

LSDX

&»')

1.8267
1.8269
1.8281
1.8847

&» ')
3.6988
3.6988
3.6988
3.6892

&6(r))
2669.45
2669.46
2664. 16
2653.24

m (0)
—0.0088
—0.0265
—0.0600
—0.1142

4 Be('S)

5 B( P)

6 C{ P)

SUHF
QEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

4.3297
4.3316
4.3255
4.4809

3.1674
3.1690
3.1724
3.3918

2.2966
2.2967
2.2969
2.4543

2.1022
2.1022
2.1039
2.0766

2.2760
2.2759
2.2770
2.2534

2.4484
2.4484
2.4488
2.4284

35.3877
35.3877
35.4426
34.7001

71.9141 0.0171
71.9161 0.0190
71.9605 —0.0533
70.7746 —0.0214

127.420 0.0772
127.421 0.0780
127.382 —0.1556
125.687 —0.0345

17 Cl( P)

18 Ar('S)

19 K{ S)

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

1.6264
1.6265
1.6273
1.6744

1.4464
1.4465
1.4467
1.4889

2.6936
2.6939
2.6785
2.6087

3.7867
3.7867
3.7868
3.7776

3.8736
3.8736
3.8738
3.8648

3.9417
3.9417
3.9421
3.9340

3219.18
3219.19
3212.99
3200.61

3839.78
3839.78
3832.60
3818.69

4538.66
4538.67
4530.49
4514.86

0.0338
0.0238

—0.0103
—0.0436

0.8534
0.8598
0.9428
0.9977

7 N("S)

8 0( P)

9 F(~P)

10 Ne('S)

Na('S)

12 Mg('S)

13 Al( P)

14 Si( P)

15 P( S)

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

1.7252
1.7253
1.7240
1.8461

1.4029
1.4032
1.4039
1.5108

1.1386
1.1386
1 ~ 1385
1.2211

0.9372
0.9372
0.9367
1.0036

2.4673
2.4708
2.4574
2.4506

2.4676
2.4693
2.4610
2.4575

2.5756
2.5772
2.5798
2.6668

2.3037
2.3042
2.3068
2.3788

2.0173
2.0174
2.0188
2.0856

2.6196
2.6196
2.6194
2.6011

2.7823
2.7823
2.7817
2.7646

2.9465
2.9465
2.9455
2.9298

3.1113
3.1113
3.1100
3.0952

3.2210
3.2209
3.2197
3.2074

3.3267
3.3267
3.3258
3.3147

3.4231
3.4231
3.4225
3.4118

3.5174
3.5174
3.5172
3.5069

3.6099
3.6099
3.6098
3.5998

205.866
205.869
205.636
203.403

311.611
311.618
311.102
308.248

448.309
448.313
447.349
443.867

619.922
619.930
618.310
614.230

833.759
833.768
831.656
826.626

1093.72
1093.73
1091.15
1085.12

1402.85
1402.87
1399.71
1392.60

1765.61
1765.62
1761~ 85
1753.57

2186.30
2186.30
2181.85
2172.32

0.1875
0.1897

—0.3338
—0.0519

0.1954
0.1942

—0.3159
—0.0325

0.1333
Q. 1357

—0.2142
—0.0234

0.6474
0.6449
0.7237
0.7331

—0.1091
—0.1085
—0.1260
—0.1427

—0.1547
—0.1610
—0.1841
—0.2221

—0.1394
—0.1576
—0.2128—0.2811

21 Sc(2D )

22 Ti( F)

23 V( F)

24 Cr( S)

25 Mn( S)

26 Fe('D )

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
QEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

2.8283
2.8282
2.8174
2.7503

2.5334
2.5258
2.5075
2.4788

2.2838
2.2792
2.2581
2.2367

2.0721
2.0693
2.0502
2.0317

1.5691
1.5529
1.5226
1.6059

1.8902
1.8883
1.8720
1.8561

1.7325
1.7313
1.7167
1.7041

1.5869
1.5832
1.5595
1 ~ 5543

1.3648
1.3569
1.3237
1.3972

4.0080
4.0080
4.0086
4.0010

4.0814
4.0815
4.0817
4.0741

4.1554
4.1555
4.1556
4.1480

4.2293
4.2293
4.2292
4.2218

4.3109
4.3110
4.3103
4.3018

4.3028
4.3029
4.3026
4.2954

4.3764
4.3764
4.3759
4.3688

4.4482
4.4483
4.4476
4.4408

4.4554
4.4555
4.4547
4.4465

5319.61
5319.64
5310.47
5293.06

6182.31
6182.32
6172.14
6153.05

7133.25
7133.24
7121.87
7101.13

8176.98
8176.98
8164.20
8141.78

9313.73
9313.71
9299.32
9275.23

9313.88
9313.88
9303.54
927,9.41

10 560.1

10 560. 1

10 544.2
10 518.4

11 908.8
11 908.7
11 891.2
11 863.5

11 903.6
11 903.6
11 885.4
11 858.1

—0.0239
—0.0314

0.0181
0.0765

—0.0673
—0.0891
—0.0973

0.1466

—0.1163
—0.1440
—0.3487

0.2057

1.0236
0.9603
0.7095
2.1382

—0.1709
—0.2010
—0.7085

0.2539

—0.2381
—0.2751
—1.1141

0.2913

—0.2065
—0.2204
—1.2243

0.1920

1.9331
1.8416
2.1097
3.2138
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TABLE IV. (Continued).

Z Atom Method m (0) Z Atom Method m (0)

27 CQ( F)

28 Ni( F)

29 Cu( S)

('D)

30 Zn('S)

31 Ga( P)

32 Ge( P)

33 As( S)

Se('P)

35 Br( P}

36 Kr('S)

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

1.4608
1.4584
1.4336
1.4277

1.3504
1.3485
1 ~ 3254
1.3187

1.1074
1.1020
1.0741
1.1148

1.2527
1.2512
1.2302
1.2234

1.1660
1.1648
1.1453
1.1392

1.3218
1.3223
1.3188
1.3448

1.2999
1.2997
1.2990
1.3264

1.2436
1.2432
1.2433
1.2736

1.2130
1.2130
1.2135
1.2377

1.1582
1.1581
1.1588
1.1803

1.0981
1.0980
1.0985
1.1196

4.5203
4.5204
4.5195
4.5128

4.5921
4.5922
4.5912
4.5846

4.6716
4.6717
4.6705
4.6627

4.6638
4.6639
4.6627
4.6565

4.7355
4.7356
4.7343
4.7280

4.7952
4.7952
4.7940
4.7883

4.8540
4.8540
4.8528
4.8476

4.9119
4.9119
4.9108
4.9058

4.9682
4.9683
4.9672
4.9625

5.0240
5.0240
5.0230
5.0185

5.0792
5.0792
5.0783
5.0738

13 367.4
13 367.3
13 348.0
13 318.6

14940.6
14 940.5
14 919.2
14 888.0

16 625.3
16 625.2
16 600.7
165 68.2

16 632.6
16 632.5
16 609.0
16 576.1

18 447.7
18 447.6
18 421.7
18 387.2

20 397.2
20 397.2
20 368.8
20 331.9

22 480. 1

22 480.2
22 449.3
22 410.0

24 701.0
24 701.0
24 667.6
24 625.9

27 064.4
27 064.4
27 028.3
26 983.9

29 574.6
29 574.6
29 535.6
29 488.6

32 235.9
32 235.9
32 194.1
32 144.3

—0.1629
—0.1608
—1.1442

0.1187

—0.1156
—0.1146
—0.8764

0.0637

3.3703
3.2417
4.6454
4.6909

—0.0633
—0.0657
—0.4650

0.0246

—0.3464
—0.3454
—0.3750
—0.4802

—0.5293
—0.5568
—0.5648
—0.7706

—0.5970
—0.6695
—0.6495
—0.9975

—0.2378
—0.3092
—0.2421
—0.4688

—0.0527
—0.0961
—0.0572
—0.1924

39 Y( D)

40 Zr( F)

('F )

41 Nb( D)

(F)

42 Mo( S)

43 Tc( S)

('D)

44 RU( F)

45 Rh( F)

46 Pd('S)

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

SUHF
OEP
KLI

LSDX

1.8841
1.8765
1.8699
1.8404

1.5449
1.5318
1.5301
1.5828

1.7671
1.7619
1.7519
1.7297

1.4374
1.4285
1.4210
1.4643

1.6629
1.6597
1.6498
1.6294

1.3420
1.3355
1.3245
1.3647

1.4832
1.4818
1.4737
1.4572

1.2880
1.2828
1.2680
1.3020

1.2294
1.2252
1.2097
1.2358

1.1749
1.1715
1.1558
1.1745

0.9265
0.9268
0.9292
0.9987

5.2212
5.2213
5.2207
5.2167

5.2724
5.2725
5.2717
5.2673

5.2698
5.2698
5.2692
5.2652

5.3212
5.3212
5.3205
5.3161

5.3181
5.3182
5.3176
5.3136

5.3697
5.3698
5.3691
5.3646

5.4142
5.4143
5.4137
5.4097

5.4174
5.4174
5.4168
5.4124

5.4650
5.4650
5.4644
5.4601

5.5123
5.5124
5.5117
5.5075

5.5629
5.5629
5.5623
5.5573

41 189.3
41 189.4
41 138.9
41 080.5

44 499.4
44 499.5
44 445.8
44 384.4

44 504.3
44 504.5
44 450.9
44 389.7

47 987.2
47 987.4
47 930.5
47 866.2

47 992.7
47 992.7
47 936.1

47 872. 1

51 652.8
51 653.0
51 593.0
51 525.8

55 507.4
55 507.6
55 444.3
55 374.5

55 500.6
55 500.8
55 437.2
55 367.1

59 535.0
59 535.2
59 468.2
59 395.3

63 760.7
63 760.9
63 690.3
63 614.5

68 175.5
68 175.6
68 100.3
68 021.8

—0.0072
0.0162
0.3151
0.0979

2.1851
2.2353
3.0056
3.4004

—0.0788
—0.0678

0.4303
0.2138

2.0167
2.0562
2.9229
3.5486

—0.1876
—0.1759

0.3896
0.3197

1.7400
1.7655
2.7824
3.6485

—0.5069
—0.4984

0.1927
0.5069

2.4598
2.4745
3.7417
4.4771

3 ~ 1697
3 ~ 1660
4.5338
5.1685

3.9067
3 ~ 8898
5.2661
5.7794

37 Rb( S) SUHF
OEP
KLI

LSDX

1.8422
1.8409
1.8298
1.7712

5.1264
5.1264
5.1257
5.1216

35 057.6
35 057.7
35 012.9
34 960.3

1.5642
1.5920
1.6816
1.8534

SUHF
OEP
KLI

LSDX

1.1237
1 ~ 1210
1.1055
1.1183

5.5595
5.5595
5.5588
5.5547

68 182.1
68 182.3
68 108.1
68 029.2

4.6668
4.6438
5.9657
6.3365

38 Sr('S) SUHF
OEP
KLI

LSDX

2.0016
2.0006
1.9923
1.9294

5.1729
5.1729
5.1723
5.1685

38 042.8
38 043.0
37 995.1
37 939.7

('F) SUHF
OEP
KLI

LSDX

1.2519
1.2499
1.2348
1.2227

5.5557
5.5557
5.5551
5.5514

68 192.1
68 192.3
68 119.0
68 039.8

—0.2806
—0.2703
—0.1326

0.1698
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TABLE IV. (Continued).

Z Atom Method (r') (r ') (5(r)) m (0) Z Atom Method (r ) (r ') (5(r)) m (0)

47 Ag( S) SUHF 1.0750 5.6064
OEP 1.0728 5.606S
KLI 1.0S77 5.6058

LSDX 1.0666 5.6016

48 Cd( 'S) SUHF 1.1325 5.6490
OEP 1.1312 5.6491
KLI 1.1180 5.6484

LSDX 1.1065 5.6448

49 In( P) SUHF 1.2549 5.6898
OEP 1.2544 5.6898
KLI 1.2512 5.6892

LSDX 1.2587 5.6858

50 Sn('P) SUHF 1.2602 5.7301
OEP 1.2594 5.7302
KLI 1.2586 5.7296

LSDX 1.2702 5.7263

72 803.5
72 803.6
72 725.8
72 644.0

77 641.6
77 641.7
77 561.0
77 475.6

82 686.2
82 686.4
82 601.5
82 512.4

87 945.3
87 945.5
87 856.4
87 763.7

5.4310
5.4110
6.6409
6.8568

—0.4822
—0.4913
—0.5116
—0.7117
—0.7338
—0.7939
—0.7748
—1.1464

53 I( P) SUHF 1.1977 5.8481 105 056.3
OEP 1.1973 5.8481 105 056.5
KLI 1.1980 5.8477 104 954.2

LSDX 1.2081 5.8447 104 849.3

54 Xe( 'S) SUHF 1.1602 5.8866 111219 4
OEP 1.1600 5.8866 111219.6
KLI 1.1607 5.8863 111 112.7

LSDX 1.1716 5.8833 111003.7

55 Cs( S) SUHF 1.7776 5.9208 117625.5
OEP 1.7757 5.9208 117625.7
KLI 1.7662 5.9206 117514.0

LSDX 1.7017 5.9178 117400.9

56 Ba( 'S) SUHF 1.9399 5.9547 124 276.9
OEP 1.9384 5.9547 124 277.2
KLI 1.9309 5.9546 124 160.6

LSDX 1.8597 5.9519 124 043.5

—0.0978
—0.1738
—0.0916
—0.3060

2.0146
2.0665
2.1286
2.4047

51 Sb("S)

52 Te( P)

SUHF 1.2356 5.7701
OEP 1.2349 5.7701
KLI 1.2350 5.7696

LSDX 1.2511 5.7664

SUHF 1.2275 5.8093
OEP 1.2272 5.8093
KLI 1.2277 5.8088

LSDX 1.2387 5.8058

93 423.6
93 423.8
93 330.5
93 234.0

99 125.9
99 126.1

99 028.2
98 927.4

—0.8385
—0.9727
—0.8931
—1.4922

—0.3568
—0.4855
—0.3494
—0.7285

79 Au( S) SUHF 0.8132 6.8207 353 747.4
OEP 0.8117 6.8207 353 747.9
KLI 0.8028 6.8193 353 489.4

LSDX 0.8101 6.8173 353 279.6

80 Hg('S) SUHF 0 8578 6 8516 367 542 1

OEP 0.8567 6.8517 367 542.8
KLI 0.8477 6.8503 367 277.8

LSDX 0.8417 6.8486 367 062.5

9.8772
9.9044

11.7373
12.0332

3. (5(r) ) values

As seen from the table, apart from a few exceptions,
the OEP and SUHF (5(r) ) are identical to each other to
all but the last quoted digit. The largest discrepancy is
merely 28 ppm. The KLI results generally agree with
those of the SUHF or OEP to three digits. The errors are
between 0.06%%uo to 0.3%%uo. It is observed that all KLI
(5(r) ) values except for the first three, Li, Be, and B, lie
below either the SUHF or OEP and all the LSDX values
lie still lower, typically being about twice as far from the
SUHF or OEP results than those given by the KLI.

4. m (0): Spin density at the nucleus

The spin density is obtained by taking the difference of
the densities corresponding to each spin projection. Of
particular interest is the spin density value at the nucleus,
m (0). Numerically, this value is difficult to calculate ac-
curately, since it involves the subtraction of two very
large numbers. In a SUHF calculation, Bagus, Liu, and
Schaefer [30] have pointed out that without taking great
care, one may get entirely erroneous results. %'herever
available, our code yields SUHF values that deviate from
theirs by at most one part in the last digit. In fact, in our
SUHF calculations, the Virial relationship corresponding
to E= —T, where E and T denote total energy and total
kinetic energy, respectively, is satisfied to at least eight
digits.

In the last column of Table IV, we list the m (0) values
as obtained from each calculation. Since only the s orbit-
al density contributes to m (0), we expect that m (0)
values for atoms with an unpaired s state should be larger
than those atoms with only unpaired p or d states. The
nonzero m (0) from the latter comes entirely from the po-
larization of the paired s states due to the polarized p or d
states. From the table, we see that in general this is
indeed the case.

First, we compare the OEP results with those of the
SUHF. From the table, we can see that for most atoms,
the OEP values form a good approximation to the SUHF.
In particular, for those atoms with an unpaired s state
like the alkali metals and some in the transition series and
noble-metal group, the two are different by at most 6.2%
[Cr( 5)]. Significant difFerences exist for atoms S(200%%uo)

and Y(329%), both of which, however, have very small
values of m (0).

For alkali metals, the KLI results provide a reasonable
and always a better (over that of LSDX) estimate to m (0)
for both the SUHF and OEP. The largest error is around
10% (for K). For atoms in the transition- and noble-
metal groups with an unpaired s state, the KLI and
LSDX results generally overestimate the m (0) values.
The overestimate of the KLI ranges from about 10%%uo

[Fe('F)] to nearly 60%%uo [Mo( S)] and that of LSDX is al-
ways larger. The only exception is for Cr(~S), in which
case the KLI m (0) underestimates the HF or OEP result
by about 30%, the corresponding LSDX values overes-
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timating the m (0) by more than 100%. For other atoms,
although generally still an improvement over the LSDX,
overall, the results cannot be regarded as reliable. Some
of them even yield m(0) that has an incorrect sign. In
the worst case, it produces an error that is over 4000%
(for Y), even though the separate spin densities n &(0) and
n i(0) are different from the SUHF or OEP results by
only approximately one part in a thousand.

The remarkably good agreement of the OEP m (0)
value with that of the SUHF is most remarkable, espe-
cially when one examines Table V, in which for selected
atoms we list the spin-density contributions from each s
subshell. It is seen that although the separate contribu-
tions from the OEP calculations are significantly different
from those of the corresponding SUHF, some of them
even having opposite signs, the net sum always tends to
yield an m (0) that accurately approximates the SUHF.
This desirable cancellation process is typical for most
other atoms as well; thus, as a whole, the OEP and SUHF
values for m(0) are very close. However, in KLI and
LSDX calculations, the cancellation process ceases to be
as perfect. As a result, the KLI and LSDX spin densities
at the nucleus are in general not a very accurate approxi-
mation.

In fact, the close resemblance between the OEP and
SUHF results for m (0) continues to be true even for spin
density m(r) away from the nucleus. In Fig. 3, we
display the m (r) values of the SUHF, OEP, KLI, and
LSDX calculations for the atom Tc( S) which has a filled
4df subshell and an empty 4di, subshell. Both 5sf and
Ss $ states are occupied, so there is no unpaired s state.
The spin polarization is mainly due to the unpaired five

4

0.6
N

Q)

A

o.o—

Atom T

(4d) (5s)
SUHF
OEP
KLI
LSDX

—0.6
0.001

~ I

0.01
I

0.1

r(a. u. .)

10

FIG. 3. Comparison of the spin density, m(r) (in a.u.), for the
atom Tc( S) vs r, the distance from the nucleus (in a.u. , loga-
rithmic scale), as obtained from each method.

electrons in the 4d l state as is evidenced from the peaks
in the m (r) curve which coincide with the maxima of the
4d l' state. Clearly, in all regions, including that near the
nucleus, the OEP and SUHF curves are nearly indistin-
guishable, which is a typical result of the OEP calcula-
tions for most of the other atoms as well. On the other
hand, the m (r) of KLI and LSDX, although being a
reasonable approximation to the OEP m (r) in regions
where the 4d f state density is dominant, fails to correctly
mimic the m (r) values in other regions, especially near
the nucleus. This is also a quite typical result of the KLI

TABLE V. Comparison of the contributions to the spin density at the nucleus m {0)from each s or-
bital density for selected atoms in various exchange-only approximations (in a.u. ).

z Atom

7 N( S)

Configuration

1s2s 2p

1s2s

m, (0)

1s
2s

net

SUHF

—0.7432
0.9307
0.1875

OEP

—0.5813
0.7710
0.1897

KLI
—1.0386

0.7048
—0.3338

LSDX

—0.6668
0.6149

—0.0519

19 K( S) 1s2s2p'3s3p 4s

1s2s2p 3s3p'

1s
2s
3s
4s
net

0.0342
0.0409
0.0875
0.6908
0.8534

0.0250
0.0023
0.0027
0.8298
0.8598

0.0373
0.0117

—0.0012
0.8950
0.9428

0.0139
—0.0014
—0.0475

1.0327
0.9977

43 Tc( S) 1s2s2p'3s3p 3d'
4s4p 4d 5s

1s2s2p 3s3p'3d'
4s4p Ss

1s
2s
3s
4s
5s

net

—0.0226
—1.0345

0.3470
—2.5112

2.7144
—0.5069

—0.1675
—1.6023

0.8773
—2.8751

3.2692
—0.4984

—0.0276
—1.1135

0.4219
—2.5937

3 ~ 5056
0.1927

—0.0420
—0.4819
—0.0945
—1.5765

2.7018
0.5069

79 Au(2S) T 1s2s 2p '3s 3p '3d'
4s4p 46 4f
Ss5p 5d 6s

1s2s2p 3s3p 3d
4s4p 46 4f

Ss5p 5d

1s
2s
3$
4s
Ss
6s

net

0.0832
0.0907
0.1333
0.1715
0.5685
8.8300
9.8772

—0.4722
—0.0912
—0.0590
—0.0096
—0.2203
10.7567
9.9044

0.1038
0.0542
0.0390

—0.0120
—0.0861
11.6384
11.7373

0.0303
0.0128
0.0088

—0.0111
—0.0570
12.0494
12.0332
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and LSDX calculations showing that these approxima-
tions will in general only yield reasonable, but not as ac-
curate as the OEP to SUHF, results for spin densities in
the region where the unpaired spin state density is dom-
inant, whereas in other regions where the po1arization is
entirely due to the self-consistent field (SCF) eff'ect on the
wave function, the m (r) may be poorly given and is in
general not reliable.

IV. SUMMARY

In this work, we have reported SGF atomic calcula-
tions (Z =3—56, 79, 80) employing spin-unrestricted OEP
and KLI methods within the exchange-only scheme. For
comparison, the SUHF and LSDX calculations for the
same set of atoms are also performed. Results obtained
from these four different schemes are compared.

As is the case for the spin-restricted OEP calculation,
the spin-unrestricted OEP yields very similar results as
the corresponding SUHF. The total energies deviate
from those of the SUHF by at most 40 ppm and diminish
with increasing atomic number. Except for a few atoms
in the transition series, the OEP and SUHF highest occu-
pied energy eigenvalues corresponding to each spin pro-
jection are nearly identica1. The electron densities are
also close to the SUHF. The expectation values, in par-
ticular for those operators which characterize the interior
region of the atom, i.e., r ' and 5(r), agree with SUHF
to within a few times 10 ppm or better. The (r ) value is
also in close agreement with the SUHF, with the largest
relative difference being only 1%. For most atoms, even
the spin density forms a fair approximation to the SUHF.
Differences appear to be larger for atoms in the transition
group. There are a few cases in the transition series, for
which there is a reversal of the order of the state yielding
the highest-energy eigenvalue. This result may be partly
attributed to the fact that the KS potential always raises
the energy levels (relative to SUHF) for the inner shell
states. If two states have very small energy difference in
the SUHF calculation, such an increase may result in the
reversal of the order. In addition, since in exchange-only
theory, only the expectation values of the single-particle
HF Hamiltonian, E, ", satisfies Koopmans's theorem and
that the identity c,. =c; " is true only for the highest c;,
we thus conclude that the direct OEP calculations may
only give the second removal energy and miss the first
one (the first one can be calculated by taking the expecta-
tion value of the single-particle HF Hamiltonian). Never-
theless, even in this case, the total energy and the elec-
tron density of the OEP are still very similar to the corre-
sponding SUHF values. In studying the spin splitting
effect, it is found that the OEP and SUHF values are
nearly identical for those atoms with the highest occu-
pied states in both spin projections being a p state.
Larger disagreements of the OEP and HF spin splitting
occur for a few transition elements having an empty
(n —1)d 1, subshell which demonstrates another notice-

able difference of the OEP and SUHF formalisms in
describing the s -d interaction. However, as the
(n —1)d $ subshell is progressively filled, the large
difference is steadily diminished.

The KLI exchange potential possesses many of the an-
alytic properties that the exact KS (OEP) solution obeys
and that other approximations lack. It has the capacity
of yielding more accurate KS solutions: it gives total en-
ergies that are always a significant improvement over
those of LSDX; it yields the highest occupied energy ei-
genvalues of each spin that are very close to those of the
OEP or HF; and in most cases, it results in expectation
values of (r ), (r ') (as well as (r) and (r )), and
(|i(r)) that are many times more accurate than those of
LSDX. For atoms with the highest occupied eigenstate a
p state in both spin projections, the KLI spin splitting is
also a very accurate approximation to the SUHF or OEP
result, having errors of less than 0.6%, whereas that of
the LSDX is in error by more than 22%. For atoms with
an empty ( n —1 )1$ subshell, however, the KLI values
are significantly in error compared to those of the OEP.
For these atoms, the LSDX values may accidentally turn
out to be closer, although still having errors larger than
10%. As the (n —1)d subshell is progressively filled, the
KLI values once again become closer to those of the OEP
as are the latter in approaching those of the SUHF. Like
the OEP, there are also cases in the KLI calculations
where there is a reversal of the order of the state which
yields highest eigenvalue corresponding to a spin projec-
tion. From previous analysis, however, this does not
form an obstacle in its application. The total energy, the
electron density, and the removal energies can all still be
very accurately calculated by using the KLI method.
Noticeable failure for this approximation is its inability
to yield accurate estimates for the spin density at the nu-
cleus for many of the atoms with unpaired p or d elec-
trons. However, most of these atoms have very small
m (0) values in exchange-only calculations. In comparing
with experiment, the SUHF results are also significantly
in error since it is the effect of correlation which plays the
most important role for these atoms. In addition, away
from the nucleus, in regions where the unpaired p or d
state density is dominating, the KLI result still forms a
reasonable, and is in general an improved, approximation
to the OEP than is the LSDX.

In view of the fact that the KI.I method is a very accu-
rate approximation to the exact KS, and is much simpler
to employ than the OEP, we expect to find its broad ap-
plication in the future once accurate, possibly orbital
dependent, expressions for the correlation energy func-
tional are developed.
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