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A model radiating system consisting of two atoms in close proximity is analyzed. This system demon-
strates the influence of spatial coherence on the spectrum of the radiation field. Explicit expressions for
the degree of coherence, the source spectrum, and the spectrum of the radiation field are derived. The
results are discussed in terms of Wolf’s work [Phys. Rev. Lett. 56, 1370 (1986)] on this effect, which can
be considered in terms of a multiple-atom analog of the effects of radiation reaction on a single atom, i.e.,

spontaneous decay and the Lamb shift.

PACS number(s): 42.50.Fx, 32.70.Jz

I. INTRODUCTION

In the past few years there has been a good deal of
research into the effect of the spatial coherence properties
of sources of radiation on the spectra of the field that the
sources emit. It was first demonstrated theoretically [1]
that unless the spectral degree of coherence of a planar
secondary quasihomogeneous source obeys a certain scal-
ing law, the normalized radiation spectrum of the field
produced by such a source will differ from the normalized
source spectrum [2]. This prediction has been subse-
quently verified experimentally by several groups [3-7].
Similar effects have been considered for radiation from
primary sources [8-—10], from illuminated pinholes
(Young’s interference experiment) [11-14], and for
scattering, both from static [15,16] and from dynamic
random media [17-19].

To get a better insight into the physics underlying this
effect, it is desirable to examine the various processes by
which radiation sources can become spatially correlated.
In the investigations carried out so far, three possible
mechanism have been considered: direct electronic ma-
nipulation of the coherence between the signals driving a
pair of sources (e.g., acoustic transducers, radio antennae)
[20-22]; control of spatial coherence of a secondary
source by propagating incoherent light through specially
designed optical systems [3—-7,12—-14]; and scattering of
light from spatially correlated random media [15-19].
Primary sources of radiation have not received as much
attention as other types of source, because of the inherent
difficulty in controlling the spatial coherence of spatial
distributions of optical radiators. The notable exception
is the experiment of Bocko, Douglass, and Knox, who
used acoustical rather than optical waves [21]. In this ex-
periment the correlation of two random acoustical
sources (transducers, driven by the filtered outputs of two
noise generators) was controlled electronically.

It is generally assumed that when atomic vapor radi-
ates, the fluorescence spectrum is proportional to the
spectrum of the fluctuations of the dipole moments of the
individual atoms. This assumption underlies all of atom-
ic spectroscopy. However, because of the effect of spatial
coherence of a source on the spectrum of the emitted ra-
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diation, it is clear that this assumption cannot be true in
general. In fact, under certain circumstances the fluores-
cence spectrum may significantly differ from the spec-
trum of the atomic fluctuations. It is, therefore, impor-
tant to identify the mechanisms which can give rise to
statistical correlations between the fluctuations of two
spatially separated atoms.

One such mechanism has recently been discussed by
Varada and Agarwal [23]. When two atoms are in close
proximity of each other, they will interact via their radia-
tion fields. As we shall see, this interaction gives rise to
three distinct effects: shifting of energy levels, changing
of the lifetimes, and introducing correlations between the
Sluctuations of the polarizations of the atoms. Varada and
Agarwal considered effects of correlations between two
two-level atoms irradiated by a thermal field. They ana-
lyzed this system by numerically solving the master equa-
tion which describes the fluctuations of the two atoms.
However, this model has the drawback that it is inherent-
ly anisotropic. The strength of the coupling between the
two atoms is strongly dependent on the directional orien-
tation of the fluctuations of the dipole moment. There-
fore the vector nature of the dipole moment must be care-
fully considered.

In this paper we present an analysis of a two-atom sys-
tem. We introduce an isotropic atomic model, thereby
avoiding the problems associated with a two-level model.
We perform the calculation in the Heisenberg picture and
obtain explicit formulas for the correlation functions and
the spectra of the atoms and of the field.

II. AN ISOTROPIC MODEL FOR THE ATOM

We will label the individual atoms of the atomic system
under consideration by the subscripts «a, S, etc.
(a,p=1,2,...,N); thus r, is the position vector of the
ath atom. Its dipole moment operator will be denoted by
i, [24]. Boldface characters denote vectors and boldface
characters with overbars denote dyadics. The lowercase
italic letters i, j, k, etc. will enumerate the three Cartesian
components of vectors and dyadics. Greek letters A, u, v,
etc. will label different plane-wave modes of the elec-
tromagnetic field. Each of the atoms will be described by

1336 ©1993 The American Physical Society



47 FREQUENCY SHIFTS IN SPONTANEOUS EMISSION FROM . .. 1337

a simple four-state model: three degenerate upper levels
(a P state) and a singlet ground state (S state). The effects
of electron spin are ignored. This model has the advan-
tage over the more well-known two-level atom model in
that there is no breaking of spherical symmetry. We will
label the four states by their angular momentum quan-
tum numbers / and m (see Fig. 1).

The dipole moment operator of the ath atom is given
by the formula

. m=1
B~ 3

m=—1

(1=0,m =0|,fi |l =1,m) |l =0,m =0),

X{l=1,m|,+H.a. , (1)

where the ket |I,m ), denotes the state of the ath atom
labeled by quantum numbers / and m, and H.a. stands for
the Hermitian adjoint of the expression which precedes
it. The transition dipole matrix elements
(1=0,m =0|,fi |l =1,m ), can be calculated easily us-
ing the spherical harmonic representation of the angular
momentum eigenstates. They are tabulated in many
books (see, for example, Ref. [25]), and are

<I=Oﬂn=ObﬁJl=1Jn=l>;:—p;%{q+ﬁ%),

(1=0,m =0| i |l =1,m =0) ,=pe,, ()

(I1=0,m =0| i/l =1,m=—1), ——pl/ (e;—ie,) .

Here e,, e,, and e, are unit vectors along the three axes of
quantization and p is a real-valued constant, dependent
on the integral of the radial parts of the wave functions of
the levels in question, e.g.,

p=V3e fo“"R;O(r)R,,,l(r)ﬂdr , 3)

where e is the charge of the electron and R,,;(r) is the ra-
dial part of the wave function [labeled by the principal
quantum numbers n (lower level) or n’ (upper level), and
the angular momentum quantum numbers / =0 and 1].

The notation may be simplified in the following way:
Instead of using the eigenstates of the z component of the
angular momentum operator l3 to describe the degen-
erate upper level, we use a set of linear combinations of
them, chosen so that the transition dipole matrix ele-
ments are real and aligned along the three axes of quanti-
zation. We will use the following notation:

[l=1,m=1) [l=1,m=0)

AE = A

|l =0,m=0)

FIG. 1. A schematic diagram of the four-level atomic model
introduced in Sec. II.

0),=l1=0,m=0),,
=— 1 1=1m= =1m=—
I),= ‘/5(11 Lm=1),+|I=1,m 1),
i 4
|2>aE——‘\/_—2'-(lI:1’m:l>a_|l=l’m:—l>a)
13),=ll=1,m =0),

We then have the simpler expression for the dipole mo-
ment operator:

B,=p(e|0),(1],+e]0) (2], +e5l0),(3],)+H.a. (5

Let us introduce the non-Hermitian vector transition
operator for the ath atom,

3
= 3 el0) (il ©
i=1

with i =1, 2, and 3 enumerating the three Cartesian
directions x, y, and z, respectively. These operators have
the following commutation properties:

[ba,bB] 0,
[bl.bs]=0 (aB) (7)
A A 3

[bl’ba]= 2 eiejli)a<j|a

Bj=1

—T1l0)ol,

Here T denotes the unit dyadic.

Using this notation, it is not difficult to show that the
Hamiltonian operator for the N-atom system interacting
with the electromagnetic field is given by

A =1, z bl b, + z #0818,

~

TiAZ Eg ﬁ* (bo+b!) exp(—ik,r,)—H.a.} ,

®)

where o, is the resonance frequency of the atom transi-
tion in question, @, is the annihilation operator for the
Ath mode of the electromagnetic field, with wave vector
k,, frequency o, (|k,|=w,/c, c being the speed of light),
and polarization given by the unit vector €' [26]. The
dagger denotes the Hermitian adjoint operator. The sym-
bol # is Planck’s constant divided by 2. The vector g* is
given by the expression

172

)
A e, 9)

2¢0VH

g'=p

where V is the quantization volume for the electromag-
netic field, p is given by Eq. (3), and ¢ is the vacuum per-
mittivity.

. It is possible to define a vector operator analogous to
b, for a more general electric dipole transition, from a
(21 +1)-fold degenerate [ state to a (2! +3)-fold degen-
erate / +1 state. The Hamiltonian for such an atomic
model may be shown to be formally the same as that
given by Eq. (8). However, the commutation relations are
considerably more complicated than those given in Eq.

.
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III. DERIVATION OF THE EQUATIONS OF MOTION

The Heisenberg equation of motion for the mode an-
nihilation operator of the electromagnetic field is

da
J~-[ a,f]. (10)

dt
Substituting the Hamiltonian given by Eq. (8) and using
the well-known commutation relations for the mode
operators, viz.

[a}ua‘u]zo s

' (1)
[@n.a,]=

Sru s

we obtain the following equation of motion for the field
mode annihilation operator:

d’a\k _ . }" A /\T .
R =—iw,a, + 3 g"(b,+b,)exp(—ik,-1,) . (12)

This equation may be solved in the Markov approxima-
tion (see Ref. [27], Sec. 7.4), to give

d0

dt pr

a#p

A

—==—ilog+A) ¥ [Q ,ﬁl i;a]—i 2 [Q\,Sl'ﬁ(raﬁ)'gﬁ]
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6A(t)=ak(0)exp( _lCL))\t)
—i S g (B ()E* (w3 — o) +DLE* (@ +ay))

X exp(—ik,-r,) , (13)

where § is the zeta function of Heitler (Ref. [28], p. 69),

flw)=—i lim

T o0

Texpliot)dt =PL —izs(w),  (14)
0 w

the symbol P denoting the fact that the Cauchy principal
part of the integral is taken.

Let us now consider the equation of motion for some
general atomic variable described by the operator Q Us-
ing the Heisenberg equation again, with the same Hamil-
tonian, and substituting the expression for the mode
operator (14) (using normal ordering of the operators), we
obtain, after some calculation and dropping rapidly oscil-
lating terms, the equation [29]

+ 3 L(b] - Flr,p)-[0,b5]+[b), 01 F(ra,,)-faﬁ}#ﬁﬂz S B e, [0,6,]+[0, 601 B 0} . (15)
aff a i

In Eq. (15) r,g=r1,—15 and the operators ]’:::)H and ﬁg‘)
represent the positive and the negative frequency parts of
the vacuum field, respectively [Ref. [30], Eq. (3.40)], i.e.,

172
S, 0= 21 26 €', (0) explik,-T,—iw,t) ,
0
172 (16)
B (r,=—3i on | gt o)
o T <" 2¢V A

X exp(—ik, 1, tiw,t) .

On taking the continuum limit (¥ — o0 ), we obtain, after
some calculation, the following expressions for the
coefficients in Eq. (15):

_ 34 [ yl(koraB)
Qlrp =" Korap) =4
(ap) =73 |1 PPolkoras) korap
+ Lot aB}’z(ko"aB) ]—ZWATSU)(koraﬁ) >
aB
34 || J1Korap)
Flrp =" Korap) =3~
Tap) =75 (T |JoKoTap) korap
+ aB aBJZ(kOraB l (17)
aﬁ
w K3k —2kg)
A:%—E—Pf ——2__2—0_[”C )
kg™ Yo k2—k}

f

Here j, and y, are the nth-order spherical Bessel func-
tions of the first and of the second kind, respectively (Ref.
[31], Chap. 10), k=wy/c and A is the natural life time
of the transition, given by the expression

k3

" 3meyhi

p? . (18)

In Eq. (17) the integral expression for the frequency
shift A due to the self-interaction (i.e., the Lamb shift) is
divergent. This was to be expected since, as is well
known, the Lamb shift cannot be calculated in a nonrela-
tivistic model such as the one which we are using here.
Therefore we will ignore this divergence, and we will as-
sume from now on that the Lamb-shifted resonance fre-
quency of the transition, @y=wy+ A, is a finite quantity
[32].

Equation (16) as it stands can be used to obtain the
equations of motion governing the behavior of the atomic
operators b, by employing the commutation relations (7).
The result is a rather complicated nonlinear equation
which cannot be solved exactly. A great simplification
can be made by introducing the harmonic-oscillator ap-
proximation. The resulting model is then a quantum ana-
log of Lorentz’s model for the atom. In essence this ap-
proximation implies that, in place of the complicated
commutation relation for the atomic operators b, given
by Eq. (7), we use the approximation

[b,,b,]~-T. (19)
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This approximation is valid in the case when the proba-
bility of occupation of the upper-level states of the atoms
is always much smaller than the probability of occupa-
tion of the lower-level states. In the case of thermal equi-
librium that we will be considering, this requirement
places the following condition on the temperature T

KyT

exp <1, (20)

K being Boltzmann’s constant. For optical frequencies
this condition is satisfied if T'<<3000 K. By making this
approximation we are also ignoring a temperature-
dependent change of the widths the resonances which ap-
pear in the spectra. This effect is analogous to power
broadening in laser-atom interactions. At the tempera-
tures for which the inequality (20) is satisfied this effect is
small.

Using the equation of motion, Eq. (15), the simplified
commutation relation (19) and the fact that, for each
atom, _l:‘(raa)= AA_I-, the equation of motion for the vector
atomic operator b, is

db,
dt

H(ime— L A+ 3 [iQ(r,5)— 11,5105
B
BFa

=%’—ﬁg+’(ra,t) .@n

IV. THE RADIATED FIELD

The far-zone field generated by a collection of atoms in
a direction along some unit vector n may be shown to be
given by the expression [33]

pPad nX[nXBa(t-Ra/c)]

2
477'60(,‘ a Ra

EV(rn, 1)~ .2

where R ,=|rn—r,| (see Fig. 2). We will make the fol-
lowing approximation, appropriate to the far zone:
Ra:r—n.ra . (23)

The autocorrelation function of the far-zone field is then
given by

l"“’”(rn,rn,'r)E(ﬁ(:)(rn,t)-fi(,“(rn,t +7))

T n'raB ] ]
T s
c

(24)

(=]

N]

(T—nn)-g*#

> Tr

' ap

FIG. 2. Illustrating the notation used in Eq. (22).

where I, =3 A#w,/16meyc, Tr stands for the trace opera-
tor of a dyadic, and we have assumed that the field and
polarizations of the atoms are all stationary random pro-
cesses. The atomic correlation dyadic which appears in
Eq. (24) is given by

g0(r)=(bL(t)bgt +7)) , (25)

where the atomic polarizations have also been assumed to
be statistically stationary.

As is well known, the power spectrum of the field is re-
lated to the autocorrelation function by the Wiener-
Khintchine theorem (Ref. [34], p. 133)

Srn,@)=== [ © T"V(rn,rn,7)expliondr . (26)
2 —

On substituting from Eq. (24) into Eq. (26) we see that
S(rn,a))=—22Tr (I—nn)-W%w) exp iﬂn'raB ,
r a,B 4

27

where the atomic cross-spectral tensor W*(w) is defined
in terms of the atomic correlation tensor as

TV—"‘B((O):LJ‘Oo g% (1) expliwT)dT . (28)
277' —

The power spectrum of the fluctuations of the polariza-
tion of the ath atom may be defined in terms of the atom-
ic correlation tensor by the formula

S () =Tr{W*w)} , (29)

where trace operation is being performed over the dyadic
and there is no summation over atoms. In the incoherent
limit, the cross-spectral dyadic of the fluctuations of the
atomic polarizations is given by the formula

Wh(0)=18,,4I8 2 (0) . (30)

In this case the power spectrum of the field in the far
zone may be found using Eqgs. (27) and (30) to be
S(rn,w)=~§—£‘r)—iv—s;a“(w), 31
where N is the total number of atoms and we have as-
sumed that the spectrum S (®) is the same for every
atom. Thus in the incoherent limit the field spectrum in
the far zone depends only on the power spectrum of the
polarization fluctuations of the individual atoms. How-
ever, in general, there will exist a correlation between
different atoms, i.e., W*(w)540 for ap, and it is clear,
on comparing Eqgs. (27) and (29), that there is no simple
relationship between the field spectrum and the spectrum
of the fluctuations of the polarization of the various atoms.

We can also determine the power spectrum of the far-
zone field, averaged over all directions of propagation. It
is evidently given by the formula

S (gp)=— S(rn,0)dQ, , (32)
41 Y (4m)

where d (), is the element of solid angle about the direc-



1340

tion n. Using Egs. (27) and (17) it is not difficult to show
that
21,

S N0)=2"3 Tr{ W) T(r,g)} . 33)
aB

V. SOLUTION OF THE EQUATIONS OF MOTION
FOR A PAIR OF ATOMS IN A THERMAL FIELD

In this section we will solve the equations of motion for
the case of a system consisting of two atoms. Two atoms
interacting via the quantized radiation field is a system
which has been a subject of a great deal of study (see, for
example, Refs. [35-38]). Usually some initial condition
is imposed; for example, one or both of the atoms are as-
sumed to be initially completely excited, and the subse-
quent evolution of the system is studied. Here we take a
different approach. We assume that the atoms have been
illuminated by a thermal field for a period of time that is
sufficiently long for any effect due to the initial conditions
to have completely decayed. The nature of the atomic
fluctuations is then related to the coherence properties of
the thermal light.

We assume that the atoms are located on the z axis of a
Cartesian coordinate system, separated by a distance d,
with the origin of the coordinates midway between the
two (see Fig. 3). The radiation field emitted by the atoms
is observed in the far zone in some direction specified by
the unit vector n, whose spherical polar angles are (6,¢).

Starting with the equation of motion (21), we obtain
the following six coupled equations of motion:

db, - A4 Ia . LV PN
dtx za)0+—2— b+ lﬂl‘f“z_ by,
:%E\;+)(r]’t) ’
di)\z o A |~ . FJ_ ~
—d—t"+ iBo+ = |bax+ |iQF - \bus
=%A’(‘+)(r2at) ’
z
atom 1
*
n
.0
: y
d
AN 0 x
*
atom 2

FIG. 3. The geometrical arrangement for the two-atom prob-
lem.
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d/b\ly . — A ~ . Fl ~
dt + la)0+7 b1y+ IQL+T b2y
— P s+
== (ry,t)
‘fl y 1» >
b r (34)
2y . A |« , RPN
at -+ za)0+7 by, + IQL+—2— by,
:_lﬁEE)E+)(r2,Z) ,
Dz iggr A 5, + lio,+ 20 |5
dt L2n 2 1z 13 2 2z
=“I£“Az(+)(r1,t) i
d32z o A A~ . F“ A
dt + 1w0+7 b22+ Q”+7 blz

ZL;—EZ(H(rZ,t) .

The coefficients Q, Q,, and T}, and I’} which appear in
these equations are functions of the atomic separation
distance d. Their functional form can be found by apply-
ing the general expressions (17) given above. The explicit
expressions for these coefficients then are

34 yilkod)
Q=22 yo(kod)——lk—oz— ,
34 Y1lkod)
Q”=—4— yo(kod)—-k—od“—+y2(k0d) ,
i1 (kod) 3
34 |. J
L= fo‘kod’““lkofz—l :
34 |, Jilked)
l—‘”=—2— {jg(kod)“—‘m%-h(kod) .

The variations of these coefficients with the atomic sepa-
ration distance are shown in Figs. 4 and 5.

2-1
Q
A
14
0
T
-1 A
2 . — . . .
0 2 4 6 8 10

k,d
0
FIG. 4. The variation of the coefficients Q; and Q; with the
atomic separation d.
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0 2 4 6 8 10

FIG. 5. The variation of the coefficients I'; and I'} with the
atomic separation d.

Methods for solving coupled equations such as Egs.
(34) are well known. We introduce the normal modes of
oscillations, defined by the formulas

~ 1 -~ A~
1 R R (36)
V(t)=—\7-2—[—b1(t)+b2(t)] .

On substituting for Bl and 32 from Egs. (36) into Egs.
(34), it can shown that the normal modes 1 and V are
governed by the six uncoupled equations

du, R
+[i(Be+Q)+1(4+T ), =F, ,

dt

du, 1 . A
— i@+ Q)+ 34 +T)]a, =F, ,
du, PO
T +i(@y+ Q)+ 34 +T)]u,=F,,
5, (37)
- —Q)+H4-T)p, =G, ,
dﬁy - 1 ~

- Tl @o—0)+404 -r)p,=6,,
dﬁz Payp— 1 A

- Hli@y—)+1(4 —I)p,=G,

The driving terms in these equations are given by a linear
combination of the incident blackbody field at the loca-
tions of the two atoms, specifically

F()= ‘/Zh[E (i, ) +ES (1,07,
(38)

A

G(1)= ES () +ES (0] .

‘/_

The solution of a set of first-order linear differential equa-
tions such as those appearing in Eq. (37) is not difficult to
obtain (see the Appendix). For our purposes, the results
are best expressed in terms of the cross-spectral dyadics,
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defined by the formulas
W(“)(a))=~1—f ('\T Ya(t +7)) explior)dr ,
27 Y —

. 1
w
(0)= .

W(uu) _:_ ®
(@)=—— f

('\Jr (t)¥(t +7)) expliowr)dT , (39)
@9 +1)) expliordr .
To determine these cross-spectral dyadics we need to find

the cross-spectral dyadics for the inhomogeneous terms F
and G. They are given by the formulas

S (F) “’)zﬁf_w

W o)=-1 [ “ (&' (06t +1) expliondr,  (40)
2 —

(F'(0)F(t +7)) explior)dT ,

W(FG)((O)Z_,I_I (FT t)G (t+7)) explior)dT .

2

Using Eq. (38) these quantities can be expressed in terms
of the cross-spectral tensor of the incident radiation field
Eo(r t). For thermal radiation this tensor is known [39].
It is given by the formula

—— . 1 0 A A
w“)(rl,rz,w):—z;fw(Eg (e, OES (1,1 +7))

X explioT)dT

Sol@) |- Jilkry)
) [I ]0( rlz) kr12
T
+—2 lzjz(k"u)] ) 41)
rh
where k =w/c, 1,=1;—1,, and r;,=]|r;,]. The spec-

trum of the thermal field is given by the expression
So(@)=Tr{W

_ #w’ 1
4menc’ explfiw/KpT)—

“r,r,0))

(42)

Since W(e)(rl,rz,w) is a slowly varying function of fre-
quency w, and since the resonances of the normal modes
are very sharp, we can, to a good approximation, replace
the frequency argument of W °/(r;,1,,®) by the resonance
frequency w, Using Eqgs. (35), (38), and (41) we then ob-
tain the following expresgions for the components of the
cross-spectral dyadics of F and G:

(F) — (F) —
W (w)=W|] (w)—;( A+T)),

Wlo)=--(4+T),

W 0)=WP(w)==—(4—T)),
o
_ (43)
W w)=="-(4-T)),
2 Il
Wi (0)=W(0)=0 (i#)),

WiFw)=0 (for all i,j) .
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In these equations the symbol 7 stands for the photon oc-
cupation number at resonance, viz.
A= L . (44)
exp(#io,/KgT)—1

From Eq. (43) we see that the different driving terms ap-
pearing in different equations in the set of equations (37)
are uncorrelated. Because we are dealing with a situation
where there is no dependence on the initial conditions,
this implies that the different components of the normal
models @i and V are all uncorrelated. Hence we can solve
all the equations (37) to obtain the components of the
cross-spectral dyadics of i and ¥. This may be done by a
method outlined in the Appendix, and the result is

Wi w)=Ww)=n1S;(0) ,

W;Z")(w)zﬁsl(w) ’

Wiw)=W0)=1S,() ,

(45)
W w)=nS,(w) ,
Wi(ju)(w)= [/Vi(j”)(w)ZO (l:'A.]) ’
W w)=0 (for all i,j) ,
where
(A +F”)/27T
Sl(w)z _ 2 2 ’
Sz(a))z _ 2 2 ’
(0= + Q) +(4 —T,)7/4 (46)
(A+T))/2m
Si(w)= — 2 2 ’
(w—@y— Q)" +(A4+T)) /4
(4—=0))/2m
S4(C()):

(0—@o+Q)*+(A4 —T)2/4

Equation (45) shows that the six components of the nor-
mal modes are all mutually uncorrelated. This suggests
that there may be some relation between the normal
modes and the coherent mode representation introduced
by Wolf in connection with the spectral representation of
statistically stationary random sources [40].

It is now possible to calculate the components of the
cross-spectral dyadic of the atomic fluctuations. The
atomic operators are related to the normal modes by the
equations

N e 1 A _/\
b, (1) v [a(s)—v(D)],
(47)
N J— 1 Py A
bz(t)——\/—2 [H()+9(2)] .

Equations (46) and (47) imply that the components of the
atomic cross-spectral tensor are given by the formulas
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Wilo) =W o) =W2(o)=W2(o)

[~

D) [Sz((t))‘f‘S:;(ﬁ))] s
Wzlzl(a))=szzz(w)=—r27—[Sl(w)+S4(a))] ,

(48)
WiHw)=Wlo)=Wlo)=Wl(o)

[S3(0)—S,(0)],

ISR

Wi w)=Wiw)=

(SRR

[Sl(w)~S4(a))] .

All other components of these tensors are zero. It is im-
portant to remember that all the components are func-
tions of the separation d between the two atoms because
the coefficients Q,, Q, '), and T, which appear in the
definitions of S;(w), S,(w), S;(w), and S,(w), are all
functions of the separation.

We can also express the various quantities derived in
Sec. IV in terms of the spectra S, (w), S,(w), S;(w), and
S4(®). In particular, the power spectrum of the atomic
fluctuations, given by Eq. (29), may be expressed as

S(lat)(w)zs(zat)(w)

S, (@) Sy(w)
+8,(@)+S;(0)+

=7 (49)

The change of the atomic spectrum as the two atoms are
brought close together is illustrated in Fig. 6.

The spectral degree of coherence between the two
atoms is defined by the formula

W,-}Z(w)
VWV WRw)

pijlw)=

Using Eq. (48) we see that the nonzero components of
this dyadic are given by the formulas

250 ol an/A

FIG. 6. The variation of the atomic spectrum S{*"'(w) with
the atomic separation d.
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FIG. 7. The variation of the longitudinal and transverse com-
ponents of the degree of spectral coherence dyadic with atomic
separation d at frequency o= a,.
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The dependence of these components, at the frequency
g, on the atomic separation is illustrated in Fig. 7.
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The power spectrum of the radiation field is given by
Eq. (27). Using the expression (48) for the cross-spectral
dyadic of the atoms, we obtain after some calculations,
the following expression for the far-zone radiation spec-
trum:

2,7

r2

S(rn,w)= l[Sl(w)(Z—sinZG)

+5,(w)sin?6] cos? .“’Ci cosf

+[S;(@)(2—sin%0)+ S, (w)sin?6]

| )

Here (6,¢) denote, as before, the spherical polar angles of
the vector n (see Fig. 3). Because of axial symmetry this
result is independent of the angle ¢.

In a similar manner we may determine the power spec-
trum of the far-zone field averaged over all directions of
propagation [Eq. (33)]. One finds that

X sin?

wd cosf
c

© @
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FIG. 8. (a) The spectrum of the atomic fluctuations. (b) The spectrum of the radiation field at an angle 6=90° (i.e., in the azimu-
thal plane). (c) The spectrum of the radiation field at an angle 6=0° (i.e., in the polar direction). (d) The spectrum of the field aver-
aged over all directions of propagation. The spectra are shown for the following values of the atomic separation: d =1.0/k,,

1.5/kq, and 2.0/k,.
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+28,(w) |1 it
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In Fig. 8 the following power spectra are shown: the
spectrum of the atomic fluctuations; the spectrum of ra-
diation field at an angle 6=90° (i.e., in the azimuthal
plane); the spectrum of the radiation field at an angle
6=0° (i.e., in the polar direction); and the spectrum of the
field averaged over all directions of propagation. The
spectra are shown for three different values of the atomic
separation, namely d =1.0/k,, 1.5/ky, and 2.0/k.
These curves are normalized so that, for values of the
atomic separation much larger than the wavelength, the
atomic spectrum and the field spectrum averaged over all
directions are both Lorentzian curves of unit height.

V1. DISCUSSION AND CONCLUSION

We have shown that the fluctuations of a two-atom
system can be considered in terms of six normal modes,
two for each of three mutually orthogonal directions. Be-
cause of the rotational symmetry of our model in the x,y
plane, the four normal modes corresponding to directions
of oscillation in this plane form two pairs of modes, each
pair having a different resonance frequency and a
different decay parameter. Thus there are four
identifiable features which appear in the spectra that we
have calculated; they are the four Lorentzian spectral res-
onances S (), S,(w), S3(w), and S4(w). The peaks cor-
responding to these four terms are indicated by (1), (2),
(3), and (4) in the top left-hand graph of Fig. 8. The
terms S,(w) and S,(w) are associated with the fluctua-
tions in the z direction, while S,(w) and S;(w) are associ-
ated with the fluctuations in the x,y plane. These four
features also appear in the spectra of the radiated field,
with various strengths, depending on the direction of ob-
servation.

The separation distance d between the atoms affects
the central frequencies and the widths of these four reso-
nances. As can be seen from the figures, half of the reso-
nances become broader and half become narrower. The
broadening, which is equivalent to the reduction of the
decay time of the appropriate normal mode, is associated
with cooperative emission by the pair of atoms. This
effect is analogous to superradiance in systems of contain-
ing many atoms. The narrower resonance corresponds to
a longer lifetime mode. These modes can be considered as
a photon being swapped back and forth repeatedly be-
tween the two atoms, resulting in a quasistable state of
the system.

Instead of considering the system in terms of the un-
correlated fluctuations of a set of normal modes, one can
also consider it as a pair of atoms whose polarization
fluctuations are partially correlated. The atomic fluctua-
tion spectrum, which is the same for both atoms, is given
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by Eq. (49) and is illustrated in Figs. 6 and 8. The spec-
trum of the radiation field, given by Egs. (52) and (53) and
illustrated in Fig. 8, is significantly different from the
atom fluctuation spectrum. This difference illustrates the
effect of spatial coherence of sources on the spectra of ra-
diation fields, as discussed in the Introduction. In this
case, the spatial coherence of the source is induced be-
tween the two atoms due to their interaction. The corre-
sponding spectral degree of coherence can be calculated
[see Eq. (51) and Fig. 7]. It is found that it does not obey
Wolf’s scaling law [41]. Of particular significance is the
difference between the atomic spectrum and the radiation
spectrum averaged over all angles. This difference shows
that partial coherence does more than just redistribute
light of different frequencies in different directions.

Our analysis has elucidated the effect of the radiation
interaction between two atoms. As mentioned above, this
interaction gives rise to a change in the lifetimes and in
the resonance frequencies of the atomic transitions in-
volved. Further, the interaction gives rise to a correlation
between the fluctuations of the atomic polarizations, which
causes the spectra of the emitted radiation to change, as
predicted by Wolf [1]. Moreover, the effects of the radia-
tion reaction of an atom upon itself are well known. The
atom self-interaction via the radiation field gives rise to
the natural decay lifetime and to the Lamb shift in the
resonance frequency. Thus the spectral effects we have
discussed in this paper could be considered as the analog
in multiple-atom systems to the spectral effects seen in
one atom systems, as both arise from the interaction with
the electromagnetic field generated by the atomic system.
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APPENDIX: SOLUTION OF A FIRST-ORDER
LINEAR DIFFERENTIAL EQUATION
FOR A RANDOM VARIABLE

Let us consider an operator 5c‘(At) which is related to
some stationary random process F(t) by the differential
equation

dax(t)

a xX(t)=F(t) .

+ [im(ﬁ-—g— (A1)

The formal solution of this equation is

2= [ drF(1)0(t —1") exp

iwo+% ](t—t’)] ,

(A2)
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where the effect of the initial value X ( — o ) has complete-
ly decayed. In Eq. (A2), ©(t) is the Heaviside step func-
tion defined as

1 ifr>0

O1)=10 ifr<o. (A3)

We assume that the random process F(t) is statistically

J

stationary. Hence its autocorrelation function depends on
t; and ¢, only through the difference ¢, —¢,:

(PT(t)B(1))=TP(t,—1,) . (A4)

Using Eq. (A2) we can determine the autocorrelation
function of X (#). One finds that

GNT—r/2%(T+7/2))= [ " d7 [© dT'O(T —r/2—T'+7 /2)0(T +7/2—T'—7'/2)

XTE() exp[ —iwg(r—7)+y(T"—T)] .

This expression can be simplified if we recall that a prod-

uct of Heaviside step functions can be expressed as
o(T,—T")(T,—T")=68(min{T,,T,}—T"), (A6)

where min{a, b} is equal to the numerically smaller of the
quantities @ or b. Applying this result to Eq. (A5), and
using the fact that

min{(T —7/2+7'/2) (T +7/2—7/2)}=T —|r—7/2,
(A7)

we obtain the following expression for the autocorrela-
tion function of % (#):

RNT—7/2%(T +7/2))
=[" ar [ aroT —|r—|/2—-T)T"(r)
X exp[ —iay(t—7)+y(T'—T)] .
(A8)

The integration with respect to T’ can now be performed
and yields an expression for the autocorrelation function
of X (1),

(AS)
]
=&z T—7/2)%(T +7/2))
:_l_fw dT,F(F)(Tr)
’}/ — o
X exp[ —io(r—7)—y|r—7'1/2].
(A9)

We see that I''*(7) is independent of the variable T,
thereby implying that X(¢) is stationary, at least in the
wide sense.

The power spectrum S*(w) of X(z) is given by the
Fourier transform of the autocorrelation function (A9),
ie.,

(x) _1 *© (x) .
S w)=== [ “ drT™(1) explior) . (A10)
27T — o0
On substituting the expression for I''*)(7) given by Eq.
(A9), and applying the convolution theorem, we readily
find that the spectrum is given by the expression

SP(w)

S(X)(Cl))z—z_‘z_‘ .
(w—wg) +7v-/4

(A11)
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