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The photoabsorption spectrum of the Cqy molecule and those of Xe and Ba atoms inside the Cq, mole-
cule are calculated using a jelliumlike model for the confining cage. The dynamic electronic response to
an external electric field is obtained through time-dependent density-functional theory. The photoab-
sorption cross section for Cq, shows strong collective resonances corresponding to plasmonlike excita-
tions. The resonant 4d photoemission of the free atom is suppressed by the carbon cage, resulting in a

weakly oscillating spectrum.

PACS number(s): 36.40.+d, 33.80.—b, 71.45.Gm

I. INTRODUCTION

The electronic structure of the Cg, molecule and its
condensed phases are well understood by first-principles
calculations [1-3]. For example, the theoretical predic-
tions and measurements are in good agreement for both
the ground-state structures [4,5] and the excitation ener-
gies [3] of solid Cg, Recently, the photoabsorption spec-
trum of C4y molecules has been calculated [6] and mea-
sured [7]. The characteristic feature of both theory and
experiment is a giant collective resonance around an
unusually high energy of 20 eV.

One of the exciting properties of the C¢, molecules is
that it can confine metal atoms such as La, Ca, Ba, and Sr
[8,9]. This will lead to differences between the measured
properties of a free atom and the same atom inside the
carbon cage. It is also important to understand the phys-
ical reasons for these differences. Theoretical calcula-
tions such as the present one can help to achieve this
goal.

In this paper we report on calculations of the dynamic
response function of the C¢, molecule and atoms (Xe and
Ba) placed inside the Cg, sphere. We use the time-
dependent density-functional theory (TD-DFT) [10,11],
which is the state-of-the-art technique for calculating ex-
citation spectra. We apply TD-DFT to obtain the photo-
absorption cross section, employing a simple ‘“‘jellium-
shell” model for the C4, cage. The nucleus of the central
atom is introduced as a point charge. It is argued that
this model captures the essential physical features of the
excitation spectrum and is even quantitatively accurate.

We have chosen to present Xe and Ba as central atoms
for several reasons. First, in our model these atoms result
in closed electron shell structures required in applying
TD-DFT. Secondly, Xe and Ba show strong characteris-
tic resonance photoabsorption from the 4d core levels
[11-13]. Thirdly, Ba is adjacent to La, which is the first
and most studied atom inside the Cq molecule [8,9]. The
qualitative features in the resonance photoabsorption are
not expected to change from Ba to La.

TD-DFT has been previously used in similar contexts
for free atoms [10,11], for jellium spheres mimicking
small metallic clusters [14,15], and for a uranium atom
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surrounded by a jellium sphere describing the metallic
state [16]. The main phenomena of interest have been the
excitation of collective plasmon modes (giant resonances)
in metal clusters at low photon energies [14,15] and the
photoabsorption cross section near core-level excitation
thresholds, especially in the case of resonance absorption
[11,16]. In this work we consider both of these aspects.
The outline of the present paper is as follows: In Sec.
II we describe the spherical jellium-shell model used to
describe the C¢, molecule and compare the ground-state
electronic properties with the first-principles results for
the molecule. In Sec. III the main features of the TD-
DFT are summarized. We have described the details of
our approach before [15]. The results are presented and
discussed in Sec. IV, and Sec. V is a short summary.

II. SPHERICAL MODEL FOR Cg,

The first-principles calculations for the electronic
structure of the Cy, molecule are in excellent agreement
with the photoemission [3,17] and inverse-photoemission
[18] measurements. Martins, Troullier, and Weaver [19]
have analyzed the electron wave functions from these cal-
culations by making the decomposition of the different
eigenstates into the function basis of spherical symmetry.
They found that with a few exceptions the eigenfunctions
of the valence band and the bottom of the conduction
band are characterized mainly by a single angular
momentum quantum number /. They were also able to
extract the nodal structure of the eigenstates in the radial
direction and thereby label the eigenfunctions with the
principal quantum number n. The states without nodes
in the radial direction, n =1, correspond to the carbon o
orbitals, whereas the states with a node plane in the radi-
al direction, n =2, correspond to the 7 orbitals. On the
basis of this analysis, Martins, Troullier, and Weaver [19]
suggested that the Cq, molecule could be modeled by a
spherical shell with an attractive (screened) potential for
electrons. The radius of the shell should be the radius of
the Cq, molecule (R =6.7a,) and the thickness of the
shell about twice the atomic radius (AR =2X2.8a,
=5.6a) of carbon.

We have further developed the spherical shell model
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for the C¢y molecule. We introduce a shell of positive rig-
id background charge, jellium, which is symmetrically
placed with respect to the radius R of the C¢y molecule,
i.e., the positive charge distribution n , (r) is

ny, when R——A—Z&SrSR —I——AA

n (r)= 2

0, otherwise . ey

The thickness AR of the shell is determined by requiring
charge neutrality with a given number of valence elec-
trons. The background density or the corresponding den-
sity parameter r,=(%4mny)"!”? is then left as an adjust-
able parameter.

The results obtained by jellium models, while qualita-
tively very useful, can sometimes lead to unphysical con-
clusions [20]. For quantitatively accurate results, correc-
tions beyond the jellium model have to be introduced.
One possibility is to introduce the ionic pseudopotentials
within perturbation theory [20]. The main influence of
the pseudopotentials can also be taken into account in
calculating the self-consistent electron density either in a
variational procedure [21] or spherically averaging the
pseudopotentials in order to retain high symmetry [22].
In this work we describe the effects of the ion cores by in-
troducing an extra external potential v, inside the jelli-
um shell:

AR L AR

<r=<R )

—vgy, when R —
(2)

vps(r )= 0, otherwise .
The depth of the potential well, vy, is the other adjustable
parameter in our model.

The total effective potential in the calculations is

veﬂ‘(r): f

n_(r)—n,(r') )
————4mridr’tuv (r)—Z/r,
lr—r'| Pe

(3)
where the possibility of placing an atom with nuclear
charge Z in the center of the Cq, molecule is taken into
account. The ground-state electron density n _(r) of the
system is solved self-consistently within the local-density
approximation [23] (LDA) of the density-functional
theory [24]. In the case of an atom inside the carbon
cage, the self-consistency cycle includes all the free atom-
like states (also the deep core states) and states which are
mostly localized near the jellium shell. The self-
consistent solution leads to hybridization of these two
types of states. In this sense the present model resembles
that in Ref. [16].

The parameters r; and v, should be chosen so that the
properties of the model system resemble as much as pos-
sible those of the Cg, molecule derived from the first-
principles calculations (and from measurements). We
have chosen for our presentation a system of 250 elec-
trons which has closed electron shells and which is ob-
tained using the parameter values r,=1.2a, and v,=0.7
hartree. The spectrum of bound energy levels of this
spherical-jellium shell-system is shown in Fig. 1, which
also gives the degeneracies [2(2/ +1)]. States with n =1
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FIG. 1. One-electron energy spectrum of a jellium shell with
250 electrons. The model parameters (see text) are r,=1.2a,
and v, =0.7 hartree. The zero of energy corresponds to the bot-
tom of the conduction band. The heights of the bars give the
degeneracies 2(2/ + 1) of the states.

(o states) are occupied up to / =9 and states with n =2
(7 states) up to / =4. In the C¢, molecule there are 240
valence electrons. According to Martins, Troullier, and
Weaver [19], the nonspherical components of the real
system split noticeably the o levels and 7 levels with [ > 5
and / = 3, respectively. The resulting / =9 o- and [/ =5
w-derived levels are only partly occupied, which results in
a system of 240 valence electrons. One should also note
that in some cases, especially for the continuum states,
the character of the resulting state cannot be specified to
correspond to a single state of spherical symmetry, but is
a mixing of several states [19].

The level schemes for o and 7 states shown in Fig. 1
are close to that arising for two-dimensional electron gas
on a spherical surface. In this case the energy
eigenvalues depend on the quantum number [ ‘as
E,=I1(I+1)/2R? (in atomic units). The spacings be-
tween the highest actual energy levels in Fig. 1 are, due to
the finite depth and smoothening of the potential well
(Fig. 2), slightly smaller than those given by this simple
equation.

The energy spectrum of the model system resembles
that of the first-principles calculations and the experi-
mental findings in many ways.

(i) The energy spread of the occupied valence-electron
levels of the Cyy molecule is, according to LDA calcula-
tions [1], about 20 eV. This energy spread is conserved
also in the solid state formed by Cy, molecules [2,3]. The.
energy spread of the occupied orbitals in the spherical
model is slightly larger, presumably due to the lack of the
energy-level splitting.

(ii) The width of the occupied spectrum of the = states
also agrees well with the first-principles estimates. As a
matter of fact, the valence-electron orbitals cannot be
separated to the o and 7 orbitals on the basis of symme-
try as in the case of graphite. Saito and Oshiyama [2]
concluded on the basis of the enhanced dispersion of the
solid-state energy bands that the 7 orbitals span the ener-
gy region from 6 eV below the highest occupied level to 7
eV about that level. The analysis of Martins, Troullier,
and Weaver [19] gave a similar result with a slightly
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FIG. 2. Self-consistent electron density and effective poten-
tial with its Coulombic part for a jellium shell with 250 elec-
trons. The electron density is compared with the valence-
electron density from a pseudopotential calculation [2] along a
radial line bisecting the bond between two carbon atoms (solid
circles) or going through the center of a carbon-atom hexagon
(open circles).

larger energy spread.

(iii) The position of the highest occupied levels with
respect to the vacuum (the energy zero in Fig. 1) is in
agreement with the measured ionization potential of
7.5-7.7 eV of the Cg, molecule [25,7] and the absolute
position 7.3-7.6 eV of the Fermi level in the solid Cg,
[3,26].

(iv) The estimates for the lowest excitation energies cal-
culated from our one-electron energy spectrum are 3.29
and 5.24 eV for n=2, | =4—-n=2, =5 and n =1,
| =9-—n =1, [ =10 transitions, respectively. It is tempt-
ing to complement this list with the transitions n =2,
I=5>n=2,l=6andn=1,/=8—-n=1,]=9 with en-
ergies 3.79 and 4.91 eV, respectively. These transitions
are not possible in our model, but their counterparts are
allowed in the real system because of the partial occupan-
cy of n=1, 1=9 and [/ =5, n =2 derived states. These
four excitation energies can be compared with the experi-
mental peaks at 3.06, 3.76, 4.82, and 5.85 eV [27].

(v) Our spherical model also shows n =3 states just
below the vacuum level. This is in agreement with the
finding of Martins, Troullier, and Weaver [19] that 2.7 eV
above the conduction-band minimum in the solid Cg,
there exists a state which has neither ¢ nor 7 character.
The wave function of this state is localized inside the Cq,
molecule. In our spherical model the n =3 states have
this character, too.

The self-consistent potential and electron density for
the jellium shell of 250 electrons are shown in Fig. 2.
Within the shell, the largest contribution to the total
effective potential is due to the pseudopotential part. The
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potential well is noticeably rounded at its upper parts due
to Coulomb and exchange-correlation contributions. The
electron density is peaked around the potential well. The
spherical electron density represents an average over
different directions in the actual C4, molecule. This as-
pect is stressed in Fig. 2 by comparing the jellium-shell
electron density with the density of the actual Cg, mole-
cule [2] in two different directions. It is especially grati-
fying that the spherical density decays outside the jellium
shell as well as towards to the center of the shell similarly
as the density of the molecule. This is important because
we want to study the interaction of an atom inserted in
the center of the molecule with the C-atom cage.

III. RESPONSE FUNCTION
AND PHOTOABSORPTION

We have calculated the response function of the pure
jellium shell and the shells containing impurity atoms in
an external field using TD-DFT [10,11]. In particular,
we obtain the dipolar polarizability and the photoabsorp-
tion cross section. The noninteracting electron response
function Xo(r,r',co) of the system is first calculated for the
frequency w of the external field. This involves summa-
tions over occupied states only, when Green’s functions
calculated from both outgoing and incoming spherical
waves are used [10,11]. Then the Hartree field and the
exchange-correlation interaction (within LDA) are in-
cluded, and the interacting electron response function
x(r,r',w) is solved from the Dyson equation (in practice,
by a matrix inversion). When the response function is
known, the electron density &n(r,w) induced by the dy-
namic external field v, (r,®) is obtained as

8n(r,a>)=f)((r,r',a))Svext(r’,a))dr' . (4)

The relevant perturbation has the form

80, (r,0)=Ey e ',
where E, is the electric-field amplitude. In this case the
dipolar component of the response function is sufficient.
The induced dipole moment is then

p(w)=—fr8n(r,w)dr=a(w)Eo , (5)

where a(w) is the frequency-dependent polarizability. In
general, a(w) is a complex quantity and its imaginary
part gives the photoabsorption cross section as

a(a))=4fr%1m[a(w)] , (6)
where c is the speed of light.

IV. RESULTS AND DISCUSSION

A. Cgo molecule

According to our calculations, the static polarizability
a(w=0) of the jellium shell of 250 electrons (and with pa-
rameters 7, = 1.2a, and v, =0.7 hartree) is 618a3. This is
somewhat larger than the lower limit estimation of 422a}
from quantum-mechanical calculations [28]. The calcula-
tion by Bertsch et al. [6] based on the tight-binding elec-
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tron structure of the C¢, molecule gives a(w=0)=250a},
whereas the LDA calculation by Pederson and Quong
[29] results in 542a3, which is quite close to our result.
The static polarizabilities can be compared with the clas-
sical result a(w=0)=R? for a conducting sphere. The
use of the sphere radius (calculated from the positions of
the C nuclei) R =6.7a, gives a(w=0)=300a3. Our
larger polarizability can be qualitatively explained by the
valence-electron density extending beyond the molecule
radius.

Figure 3 shows the imaginary part of the dynamic po-
larizability of the jellium shell with 250 electrons. The
polarizability is calculated using a small imaginary part
of €=0.1 eV in the energy in order to broaden the
(single-particle) absorption peaks to become manageable
in practical calculations. At low energies below 10 eV,
there is one noticeable peak around 4 eV. The spectrum
is dominated by a sharp peak around 13 eV. Between 15
and 22 eV, there are several smaller peaks. Moreover, at
higher energies there is a broad hump around 35 eV.

The peak at 13 eV and the hump at 35 eV correspond
to collective excitations of electrons. A similar structure
has been noted for jellium spheres mimicking small me-
tallic clusters [14,15]. The hump at the high energies cor-
responds to bulk-plasmon excitations. Indeed, the bulk-
plasma frequency for electron gas with r,=1.2aq, is
®,=35.9 eV. The strong peak at 13 eV is a surface
plasmon mode, which is, similarly to the case of jellium
spheres, shifted to lower energies from its classical Mie-
theory value of

Wsp=0), /V3=20.7 eV .

The peak at 4 eV corresponds to single-particle excita-
tions from the highest occupied states and the narrow
peaks between 15- and 22-eV excitations from the n =2
to n =3 states and from n =1 (o) to n =2 () states.

The theoretical result given in Fig. 3 can be compared
with those obtained by photoionization measurements [7]
or by electron energy-loss spectroscopy [30] (EELS).
Hertel et al. [7] found, using synchrotron radiation, a
strong resonance in the photoion yield at about 20 eV
with a full width at half maximum (FWHM) of about 10
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FIG. 3. Imaginary part of dynamic polarizability of the jelli-
um shell with 250 electrons. The imaginary part is proportional
to the photoabsorption cross section [Eq. (3)]. The driving fre-
quency has a constant imaginary part of 0.2 eV.

eV. Hertel et al. analyzed their data for the photoion
yield by factorizing it to the product of resonance excita-
tion and autoionization probabilities. The former is
directly proportional to the imaginary part of the polari-
zability of the Cq, molecule. In addition, Hertel et al.
found the imaginary part of the polarizability by applying
the Clausius-Mossotti relation with complex dielectric
constant measured [30] by electron energy-loss spectros-
copy. These two different methods give results in good
agreement with each other. Especially, there exist low
peaklike structures at 10, 13, 17, and 21 eV. The posi-
tions of the 13- and 17-eV structures compare well with
the peak structure in our results shown in Fig. 3. On the
other hand, while we find peaks around 10 and 21 eV,
their relative amplitudes are much smaller than in the ex-
periments. Moreover, the measured resonance extends to
higher photon energies than in our calculations. Accord-
ing to the photoion yield measurements, the absorption
rises after the giant resonance again above 32 eV. Unfor-
tunately, Hertel et al. [7] did not measure above 35 eV,
and it is not clear if this rise corresponds to the bulk-
plasmon-type resonance predicted by our model.

The EELS spectra [30] show prominent peaks at 6 and
26 eV. Following the work on graphite [31], the peak at
6 eV has been interpreted as collective excitations related
to the transitions between 7 states, and the peak at 26 eV
as a bulk-plasmon-type excitation of all ¢ and = elec-
trons. The EELS spectra are, however, proportional to
the loss function Im(—1/€), where € is the complex
frequency-dependent dielectric function. As also shown
by Hertel et al. [7], the giant resonance peak in the imag-
inary part of the polarizability is shifted in the loss func-
tion to higher energies. According to our calculations,
the Mie-type resonance at 13 eV shown in Fig. 3 corre-
sponds to a peak in the loss function at 26 eV.

Bertsch et al. [6] have calculated the oscillator
strength for the Cy, molecule using a valence-electron
structure from the tight-binding model. They used the
linear-response theory and accounted for the electron-
electron interactions by the random-phase theory, which
is close to the TD-DFT used in our work. The main
differences of the approach of Bertsch et al. compared to
ours are their omission of the continuum states and the
electron exchange and correlation. Bertsch et al. found
a collective giant resonance in the absorption around 22
eV, i.e., at higher energies than our double peak. They
also used in the explanation of their results a jelliumlike
model. Contrary to our results, they obtain for their
model a single strong and narrow peak around 16 eV.
The difference from our self-consistent result may also be
due to different parameters of the shell.

B. Xe and Ba inside Cg,

We have calculated the electronic structures and
response functions for XeCg, and BaCy, molecules. In
order to have closed electronic shell structures for the
TD-DFT, it is necessary to use a jellium shell with 248
electrons for BaCy, The resulting electron level scheme
corresponding to the jellium-shell induced states remains
similar to that shown in Fig. 1 for the pure jellium shell.
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The atom in the center of the jellium shell induces states
which can be distinguished from the jellium-shell states
by investigating the energy-level scheme or by noting that
the wave functions of these states are clearly localized in-
side the jellium shell. This is true also for atom-induced
states with eigenenergies within the jellium-shell energy
band. In this way we find that the Xe atom preserves its
closed electron shell structure and neutrality within the
jellium, whereas Ba donates its uppermost s electrons to
the jellium shell, appearing in the charge state Ba’™.
This kind of electron structure is in agreement with ab in-
itio calculations [32].

With our spherical model, it is easy to study how the
photoabsorption properties are changed when a free atom
is surrounded by the Cg, carbon cage. This is especially
interesting in the case of the so-called resonance absorp-
tion [33], in which typically a 4d or 5d core electron of a
lanthanide or an actinide atom is excited to continuum,
in which the final-state density is enhanced due to a 4f or
5f resonance. Above the threshold energy the photoab-
sorption cross section typically has a broad peak. If the
atom is surrounded by other atoms, i.e., it is in a solid en-
vironment or a part of a molecule, the hybridization of
the final atomic state with the states of the environment
as well as the ligand field effects are expected to change
the resonance absorption characteristics [16]. In this
work we predict the effects of the Cq, carbon cage on the
resonance absorption of 4d electrons of Xe and Ba atoms.

Figures 4 and 5 show the photoabsorption cross sec-
tions for free Xe and Ba atoms as well as for these atoms
placed inside the Cq, molecule. The results for the free
Ba and Xe atoms are in good agreement with previous
TD-DFT [11,12] and other type of calculations [13]. It
can be seen that the introduction of the jellium shell
mimicking the carbon cage strongly suppresses the reso-
nances and introduces weak oscillations. The suppres-
sion and the oscillations can be understood in terms of
the overlap between the initial 4d and final scattering
states. The initial 4d state is well localized and it is near-
ly unaffected by the introduction of the jellium shell. In
the case of the scattering states the jellium shell causes
more nodes to the wave functions because they have to be
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FIG. 4. Photoabsorption cross section for the free Xe atom
(solid line) and for Xe inside the C¢, molecule (dashed line). The
threshold energy for excitation from the 4d level is given by a
vertical line.
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FIG. 5. Same as Fig. 4, but for Ba.

orthogonal to the two bound f states. This decreases the
overlap integral. Even more important is that the
scattering states have to be transmitted over the potential
well due to the cage. The transmission probability de-
creases with decreasing energy, and the overlap and the
absorption cross section are suppressed. Moreover, the
transmission probability oscillates as a function of the
electron energy. These oscillations are seen in the ab-
sorption cross section. As a matter of fact, the density of
the scattering states also clearly shows these effects.
When the jellium shell is introduced, the f resonance
peak at low energies is remarkably narrowed (for Ba the
FWHM decreases from about 1 to 0.5 eV). The density
of states is strongly suppressed at energies around 10 eV
from the bottom of the conduction band upwards,
beyond which it oscillates as a function of energy. A
suppression of the resonance photoabsorption cross sec-
tion similar to the present ones has been previously seen
by Zangwill and Liberman [16]. They studied the effects
of the solid environment on the absorption above the 5d
threshold of uranium by a model in which one uranium
atom is embedded in the center of a jellium sphere. Wen-
din [34] has also seen the oscillations in the photoabsorp-
tion cross section using a non-self-consistent model with
a spherical shell.

The carbon-cage-induced oscillations in the photoab-
sorption cross section have a counterpart in the extended
x-ray absorption fine-structure (EXAFS) measurements
for solid-state systems [35]. In the simplest picture of
EXAFS, the emitted photoelectron is scatterred by the
nearest-neighbor atoms back to the emitter, which con-
tributes to the final state. As a result, oscillations in the
photoionization cross section occur as a function of the
photoelectron kinetic energy. Omitting multiple scatter-
ing, one can show that the oscillating modulation has the
form [35]

—k '3 A;(k)sin[2kR; +¢;(k)], @)

where k is the wave vector of the photoelectron, the sum-
mation is over the neighboring atomic shells, A4; is the
backscattering amplitude associated with the ith shell, R;
the distance from the emitter to the ith shell, and ¢; the
phase factor depending on the phase shifts for the emitter
and scatterer potentials. Equation (7) can explain even
quantitatively the oscillations seen in the calculated pho-
toabsorption cross sections for Xe and Ba. Namely, om-
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itting the phase factor ¢; and using the carbon-cage ra-
dius for R;, Eq. (7) predicts correctly the positions of the
oscillations seen, for example, in Fig. 5 for Ba above pho-
ton energies of 110 eV.

V. SUMMARY

We have constructed a simple model, which is able to
describe semiquantitatively many features of the electron
structure of the C¢, molecule. Within this model we have
been able to calculate the photoabsorption cross section
of the C4, molecule using the time-dependent density-
functional theory. The theory reproduces the giant ab-

sorption resonance including some of its finer details.
However, the width of the calculated resonance is smaller
than that deduced from synchrotron or EELS measure-
ments. We predict the effects due to the carbon cage on
the 4d resonance absorption of the Xe and Ba atoms in-
side the Cy, molecule. The cage suppresses the absorp-
tion cross section and causes a weakly oscillating struc-
ture as a function of energy.
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