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Geometrical anchoring at an inclined surface of a liquid crystal

The free energy of a nematic film, placed between two isotropic media, does not depend on the az-
imuthal angle if the two interfaces are parallel. It is shown that in the general case of nonparallel
bounding, a particular value of the azimuthal orientation is energetically preferable. The directions of
this geometrically imposed easy axis and of the thickness gradient need not necessarily coincide. The
geometrical anchoring may induce the twist deformations and force the nematic liquid crystal to
behave like an optically active object.

PACS number(s): 61.30.Gd, 68.10.Cr, 68.10.Gw

Molecular interactions at the interface between a liquid
crystal and an ambient medium establish a definite orien-
tation of the director n, which is described by the polar
angle 8 and the azimuthal angle p; (8,ss) is called the easy
axis. If the liquid crystal is in contact with an isotropic
medium (isotropic liquid, gas, special rigid plate) the sur-
face free energy is azimuthally independent and only 8 is
fixed [1-5]. Thus the azimuthal reorientations of the
nematic film, placed between two isotropic media, do not
change the energy of the system. Simple examples con-
sidered in this Rapid Communication show that this state-
ment is valid only in a particular case when the liquid
crystal is placed between two parallel flat plates. In the
general case of nontrivial bounding the surface tilt leads
to well-defined azimuthal orientation which corresponds
to the minimum of the free elastic energy. The directions
of this geometrically imposed easy axis and of the thick-
ness gradient need not necessarily coincide. Moreover,
the geometrical anchoring may induce the twist deforma-
tions, and force the nematic sample to behave like an opti-
cally active object in spite of the nonactivity of the nemat-
ic liquid crystal and the ambient media themselves.

Let us call Z the normal to the lower plate of the cell, 8
the polar angle between n and Z, and y the angle in the
(X,Y) plane. We consider the configurations

the upper surface is tangential and azimuthally degenerat-
ed, 8(z d) trl2. Let us assume that this surface is in-
clined around the Yaxis (Fig. 1). Now, 8(z d) depends
on the inclination angle y and on the azimuthal parameter
po, which is the angle between n and a fixed axis X' in the
inclined plane:

8(z d) are cos(sin ycospo) .

In the A case the twist deformations can be eliminated
from the consideration due to the azimuthal degeneracy of
the boundary conditions, and the free-energy density is
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for two nematic cells with the same strong tangential
orientation at the upper boundary but generally diff'erent

anchoring at the lower one (Fig. 1): In the A cell the easy
axes are distributed on a cone,

(e)

FIG. 1. The geometry of anchoring and tilting of the 2 cell
[(a)-(c)] and the 8 cell [(d),(e)l. The A cell can be aligned ini-

tially uniformly (the difference in polar anchoring 58 0) or in

a hybrid manner (68WO) (a). The surface tilt leads to the
preferable orientation of the director n along g~ 0, if
0 & y ~ tt8 (b), or along nonzero pscq, if y & 68 (c). The 8 cell
is initially aligned tangentially (A8 0); this orientation is uni-

directional at the lower plate and degenerated at the upper one
(d). The balance between the geometrical anchoring induced by
the tilt and the physical anchoring induced by the unidirectional
rubbing, results in the twist of n (e).

8(z 0) -8-const, 0 ~ 8 ~ trl2, (2)

while in the 8 cell there is a unidirectional tangential an-

choring,

(3)8(z 0) x/2, p(z 0) -0.
Thus the A cell can represent the nematic film bounded

by two isotropic media; the 8 cell corresponds, for exam-

ple, to the nematic film placed on the rigid support with

unidirectional treatment. In both cells the orientation at
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where the splay (K~~) and bend (K33) elastic constants
are taken to be equal, KfJ K33 K; the subscript z
means the derivative with respect to z. The variational
calculation of the state of minimum free energy provides a
bulk equation:

Hzg 0.
The solution satisfying the boundary conditions (2) and
(4),

8(z) 8+ [are cos(sin ycosIIIIO) —8]z/d,

leads to the po-dependent free energy calculated per unit
area at the horizontal plane [Fig. 2(a)],

Fg Fp+ Wg

(h8) 2+ [[are sin(sin ycospc)]

here d is the local thickness of the cell and 68 x/2 —8 is
the difference in the polar anchoring at two surfaces. The
second term of Eq. (8) can be considered as the geometri-
cal anchoring function W~ with well-defined angular
dependency.

The minimization of F~ with respect to pp shows that
the surface tilt imposes a preferred azimuthal orientation.
If 0( y ~ 68, the easy axis is aligned along the thickness
gradient, vI~ 0 [Figs. 1(b) and 2(a)]. With constant y
the increase of 68 leads to more sharp minimum in
F~(VIa). In the opposite case, y& 68, one finds nonzero
solutions [Figs. 1(c) and 2(a)]:

IIII' + arc cos(siniL8/sin y) . (9)

f 2 Ki18&g+ 2 K22+lg . (10)

Any deviation from these "geometrical" easy axes will
lead to the increase of the free energy, Fig. 2(a). These
results are clear to understand. For example, if the lower
plate sets the tangential orientation, 58 0, the nematic is
absolutely uniform only for vIp +' Ir/2, and any other po
implies the splay distortions.

Now let us imagine that one of the plates imposes
"physical" azimuthal anchoring [vI(z 0) 0, for exam-
ple]. The optimum state will be achieved by a balance be-
tween the splay and twist deformations, Figs. 1(d) and
1(e). This is the case of the 8 cell. The experimental data
[6-9] for the corresponding geometry display an optical
activity of the nematic drops placed at the rubbed or pol-
ished rigid plate. The origin of this distracted phenomena
is still debated [9]. The geometrical anchoring provides
quite a natural explanation.

In equilibrium the untilted 8 cell displays 8(z) x/2
and vI(z) 0. When the upper boundary is slightly
inclined, one has a deviation from this state, 8(z )

Ir/2+81(z) and vI(z) 0+p~(z). To the second or-
der in 8&, the free-energy density is defined by the splay
and twist terms with corresponding elastic constants K~~
and K22..
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The bulk equations

~its -0, &izz -o,
with the conditions (3) and (4), lead to the free energy per
unit area:
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FIG. 2. The dependences of the elastic energies on the azi-
muthal parameter vI0 for (a) the A cell aud (b) the 8 cell, calcu-
lated from Eqs. (8) aud (12), respectively. For the A cell the tilt
angle is taken as constant (y 15'); different 68 lead to
different preferable azimuthal orientations. For the 8 cell the
twist deformations increase with the increase of y and with the
decrease of K22/KI I.

The last expression shows that the equilibrium azimu-
thal angle at the upper boundary can be nonzero, Fig.
2(b). It implies the presence of twist deformations and
hence the optical activity of the sample. The latter was
detected by Meyerhofer, Sussman, and Williams [8] for a
sessile nematic drop which must possess a curved upper
surface except in the rare case of complete wetting. Espe-
cially pronounced twist effect due to the geometrical an-
choring is expected for the nematic liquid crystal poly-y-
benzyl-glutamate, where the ratio K22/KI ~ can be as small
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as 0.1 and even less [10]. For the exact quantitative
description of the sessile drop or similar problem, one
should take into account also the three-dimensional nature
of the problem, the finite values of physical anchoring as
well as of elastic constants K24 and K~3. However, these
factors do not change the main conclusion that consists in
prediction of preferred azimuthal orientation and twist de-
formations due to the nonflat bounding.

One should distinguish the geometrical anchoring from
the coupling between the shape of the nematic-isotropic
interface and the elastic distortions of the nematic bulk,
which was considered by de Gennes [1,11]. As discussed
in [1,11], the elastic energy of the nonuniform nematic
liquid crystal can be reduced by the interface tilt if the in-
terfacial tension and the density difference of the two
media are sufficiently small. On the contrary, the geome-
trical anchoring does not imply the discussed balance; the
bulk distortions can be negligibly small and the interfacial
tension can be infinitely large. All that is needed is just
the geometrical tilt of the surface, which can be induced
by any external factor, including the interface tension. In
this respect the situation is closer to the Berreman's an-
choring at the rubbed surface [12] and may lead to impor-
tant consequences for the technology of preparation of the
nematic cells, especially when the oblique evaporation of
the orientants is used.

The geometrical-anchoring approach can be applied to
different geometries and media. For example, the smectic
A phase in the A geometry with 8 m/2 should reorient n

along the (Z, Y) plane to avoid the splay deformations
caused by the tilt. Interesting behavior is expected for the
spreaded liquid-crystalline films in wetting or partial wet-

ting regimes, which are practically unstudied. One exam-
ple is illustrated (Fig. 3) and described below for the
micrometer-thick nematic film, placed between two isotro-
pic media that impose different polar orientation of n.

A small drop (5-10 mg) of the nematic liquid crystal
penthylcyanobiphenyl (SCB) has been spreaded onto the
glycerine substrate, which gives rise to the tangential
orientation of n at the lower film boundary [13]. The
upper film surface has been left free; the free surface of
SCB provides the normal orientation [5]. After a few
hours the spreading stops, due to the finite surface area of
the container (60 cm ) and the possible role of long-range
cohesive forces [14]. Typical spreading area was 20-50
cm .

The resulting film structure is determined by the film
profile, nematic elasticity, polar physical and azimuthal
geometrical anchoring, as well as by shear during the
spreading. In order to remove the possible influence of the
shear the sample has been heated to 60 C, which is
= 25 C above the nematic to isotropic phase transition
temperature for 5CB, and then cooled again to the nemat-
ic phase. It turned out that the essential features of the
film structure that are described below do not depend on
the number of the thermal cycles and thus are not related
to the shear deformations. Nevertheless, the textures are
drastically different along the film radius. As it follows
from the polarizing-microscopy observations with quartz
wedge, there are three different regions (Fig. 3).

(1) The thin "precursor" part where the horizontal pro-

(b)

FIG. 3. (a) The polarizing microscope texture of the nematic
film with free surface placed onto the glycerine support (x 130);
(b) the corresponding schema shows the horizontal projection of
n.

jection nx~ of n is oriented along the thickness gradient,
po 0. This alignment appears after each thermal cycle
and is quite uniform throughout the film periphery, except
narrow band in the thinnest part of the precursor which is
occupied by stripe domains [15] with small deviations
from Nu 0. They are invisible in the Fig. 3(a) because of
small magnification.

(2) The intermediate region, where n„~ changes the
orientation from yu 0 to yu +'x/2 thus forming a
domain wall. The domain wall is manifested by pair of
dark lines. This region is characterized also by the maxi-
mal value of the thickness gradient; the latter is manifest-
ed by sharp changes in the optical phase difference.

(3) The thick region, which is more close to the film

center; here again the azimuthal orientation deviates from
yu ~ x/2 and takes different values when one moves to-
wards the center. The textures are nonuniform, but keep
some specific order of deformations.

The main feature of the patterns is the unexpected az-
imuthal rotation of n„~ from yu=0 to pu= ~ x/2 and
from yo- + x/2 to yu =0 when one proceeds from the film

periphery to the center. However, this behavior becomes
clear if one takes into account the geometrical anchoring
that is determined by the film profile.

The isotropic part a of the surface tension at the
nematic-isotropic media interface is of the order of 10
J/m [16] and thus is much greater than the anisotropic
one (polar anchoring energy is usually smaller than 10
J/m ) and the elastic energy (=10 J/m for mi-
crometer-thick sample). Hence the nematic film profile
should be simi1ar to that expected for the isotropic liquid
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films, see, e.g., [14]. For our purposes it is sufficient just
to indicate that the nematic film has a thicker central part
(3), a thin precursor (1), and an intermediate part (2).
The surface tilt y should vary from y 0 at the center to
y= 0 at precursor periphery through some maximal value

y at intermediate region (2). The observation of in-
terference rings confirms the maximal tilt in the region
(2).

The second parameter, 6,8, also changes along the film.
Because of the finite polar anchoring, h8 is thickness
dependent; for 1 Jtm the order of 0.1'-1' is expected.
Thus y/58 varies with film thickness and can be larger or
smaller than unity. It leads to different azimuthal orien-
tations of n,r in different regions of the film. If ym,j
68) 1, in the region (2) one can observe the orientation
of ns„ that is perpendicular to the thickness gradient,

~ tr/2, see Eq. (8) and Fig. 2(a). When one moves
towards the film precursor (1) or center (3), y/68 de-
creases because y tends to 0. Hence pp must change
from tendai

~ tr/2 to p~ 0 which is exactly the case of
Fig. 3. Since for y = LL8 the angular dependency of F~ is

smooth [Fig. 2(a)l, the geometrical anchoring allows the
structures in some parts of the regions (1) and (3) to be
strongly inffuenced, for example, by the splay-canceling
mechanism [17] or saddle-splay rigidity. It has been al-
ready discussed for defects in the thick part (3) [18,19]
and for stripe domains in the thin region [15,20].

To conclude, it is shown that the specific azimuthal be-
havior of the nematic sample occurs when the bounding
surfaces are nonparallel. It is expected that the con-
sidered geometrical anchoring should be taken into ac-
count in many situations with confined liquid-crystalline
volumes like cells with oblique evaporated coating,
dispersed and sessile drops, and spread films, which are
currently receiving great interest.
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