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Lasers without inversion: Two-photon stimulated emission in a three-level atom

Constantine Mavroyannis
Steacie Institute for Molecular Sciences, National Research Council of Canada, Ottawa, Ontario, Canada K1 A OR6
(Received 27 July 1992)

Although the two-photon spontaneous emission is electric dipole forbidden, there is a two-photon
stimulated emission whose lifetime is much longer in comparison to those of excitations spontaneously
emitted by the excited states of the atom. Conditions are established under which the two-photon
stimulated emission prevails, indicating that significant amplification is likely to occur near the two-

photon frequency.

PACS number(s): 32.80.—t, 42.50.Hz, 42.50.—p

There has recently been considerable interest in the
study of lasers without population inversion [1-12]. In a
recent paper Harris [1] has considered the difference be-
tween emission and absorption spectra due to Fano in-
terferences [2] between two lifetime-broadened discrete
levels which decay into an identical continuum [1-3].
Many schemes for laser action without population inver-
sion have been proposed [4-12].

The present work differs from previous studies [1,3-13]
in that we consider the two-photon-stimulated emission
which occurs at the excited state |1) of the three-level
atom shown in Fig. 1, where the two-photon transition
|0)«=|1) is electric dipole forbidden. The atom is pumped
by two laser fields operating in the [0)«>|2) and |2)«[1)
transitions which are electric dipole allowed. In the low-
intensity limit of both laser fields an excitation is induced
J

by both laser fields at the two-photon frequency, whose
lifetime induced by the laser field b operating in the
|0)«|2) transition is long by comparison to those of exci-
tations spontaneously emitted by the excited states. When
certain conditions prevail, a splitting occurs in the excita-
tion spectra at the two-photon frequency, where the inten-
sity of the two resolved peaks take negative values indicat-
ing that significant amplification is likely to occur at the
corresponding frequencies. Since our processes occur at
finite frequencies, they are dynamic in origin. Therefore,
we have made use of a suitable mathematical formalism,
which has recently been used in similar circumstances
[14,15].

The Hamiltonian for the atomic system shown in Fig. |
in the electric dipole and rotating-wave approximation
may be taken as

H=wyalar+wpafa + égb ladarexp(—iwyt) — afagexplimpt)]
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where a,-'f,a,- are the usual Fermi-Dirac operators describ-
ing the electron states i =1, 2, and 3, and »; =a,~Ta,- is the
number operator. The functions f;;(k,A) are the oscillator
strengths for the atomic transitions |:)« |} and w), is the
atomic plasma frequency; units with A =1 are used
throughout. The atom is pumped by two laser fields with
frequency modes w, and w, defined as w, =w;,+A, and
wp =wy+Ap, Where w2 =w| — w3 and w9 =w; — wg are
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FIG. 1. Energy-level diagram of a three-level atom or ion.
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the transition frequencies while A, and A, are the detun-

ings of the laser fields a and b, respectively. The electron-
ic transitions |0)«|2) and |2)«<>|1) are electric dipole al-
lowed while the transition |0)«=|1) is forbidden. g, and
g» denote the classical Rabi frequencies for the lasers a
and b, respectively. The operators BB describe the
vacuum field, which is quantized with wave vector k, fre-
quency ck, and transverse polarization A =1,2. In writing
Eq. (1) we have taken into consideration the relation
ni +n2 +n3 =1.

The first two terms on the right-hand side (rhs) of Eq.
(1) describe the free atomic fields, while the third and
fourth terms denote the interaction of the two atomic
transitions with the laser fields @ and b, respectively,
where the laser fields have been treated classically. The
last two terms designate the free vacuum (signal) field
and its interaction with the atomic levels, respectively.

The spectral function describing the excitation spectra
for an electron in the excited state |1) is determined [16]
by the imaginary parts of the Fourier transform of the
single-electron Green function G, (@) =(a;af)). Using

R6785 © 1992 The American Physical Society



RAPID COMMUNICATIONS

R6786

the Hamiltonian (1) we derive the equations of motion
[16] for G 1(w):

L
lel,l(w)=-§—ég,,Gz,,,|(w), ()
dz,,Gza,l(m)=~;—gaG;,|(w) —%gbGo,,b,l(w) )

datGout,1 (@) = 385G 20,1 (@), )
where

G a1 (@) =(azexpliogt);al)),

Goav.1(w) =agexpliogt );al)),

di=o—witir/2, du=w—ws+8,tiy/2,

dip=0—ws—wp, =73 (01/c)3Py|?

12= % (020/¢)*|Po2| %, wap = w4 + w3,

while P, and Py, are the transition dipole moments. The
functions y; and y; denote the spontaneous emission prob-
abilities for the radiative decays |1)— |2) and |2)— |0},
respectively, while 2/y, and 2/, define the radiative life-
times of the corresponding excited states [1) and |2). The
solution of Egs. (2)~-(4) yields

Gi.1(0) =(dyday — gé/4)/27D , (5)
G (@) =igadaw/dnD , 6)
Goab,1 (@) = — gags/87D , N
where
2 2
- _& , 8
D dleadab 4 dl 4 ab -

The Green function G,1(w) describes the excitation spec-
tra of an electron in the excited state |1) while G2, (@)
represents the induced process where a photon of the laser
field a is absorbed by the excited state |2). The Green
function Gogp,1(w) describes the physical process where
two photons, namely, one photon from each of the laser
fields a and b, are absorbed by the ground state |0) of the
atom.

The low-intensity limit for both laser fields occurs when
y#> g2 and y2>> g#, which imply that both transitions are
not saturated. At this limit an expansion of Egs. (5)-(7)
into power series of g2/y{ < 1 and g/y7 <1 yields

1 1 Yb(v—1+2in,)
G = — )
11(w) 2r | d, dyihphap }
+2im)
Gz‘”(w)=._w’ 9)
27“1'7! Yzlab}\'g
+2im)
GOab,I(w)=”"_———gagb(v o (10)

27!(171 }’27&.1,1“1, ’

where d =0~ ws —wp+ivs/2hp, v=1—4n00, m=1n,
+Nab, N6 =85/Y2, Nab =(Aa+85)/ 11, Y6 =85/72, va =284/
(yi—72), hoe=1+4n¢, rgp=1+4n2, A,=1+4n2 and
Na =As/(y1 = 72).

Expression (8) represents the excitation spectra of an
electron in the excited state [1), where the two terms de-
scribe a spontaneous and an induced excitation whose life-
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times are equal to 2/y, and 2)\,/7s, respectively. Expres-
sions (9) and (10) describe the absorption of a laser pho-
ton a by the excited state |2) and the absorption of two
photons, one from each laser field, by the ground state |0),
respectively. The last term on the rhs of Eq. (8) as well as
Egs. (9) and (10) represents contributions to the same ex-
citation, which is induced by both laser fields at the two-
photon frequency w =w,+w;, and has a long lifetime
2Ap/yp in comparison to those of 2/y; and 2/y,, respec-
tively, that are short in duration, namely, 2X,/y; > 2/,
and 2A4/y5>>2/7y>. The lifetime 214/, is induced only by
the laser field b and, therefore, the induced excitation may
be interpreted as arising from the dynamic interference of
the laser field & with the induced two-photon spectrum at
the frequency w =w,+wp. In deriving Egs. (8)-(10), we
have discarded terms describing spontaneous processes
whose amplitudes of occurrence are of the orders of
gHyt<1 and g@/y}<1, respectively. We have also
made the following approximations: ¥, — y,/A; = 7, and
Y2+ ¥a/ha = ys/Ap = 72 since at the low-intensity limit
Y1 Ya/ha and y2>> (ya/ha = vs/As) for 1> 75

Taking the imaginary parts of Egs. (8)~(10), we may
write the total spectral function /,=1,(w) for an electron
in the excited state [1) as

I| = —27rIm[G|‘1(w)+GZa,1(w)+Go,,b‘|(m)]
=/ () + 1% (w) ,
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FIG. 2. Two-photon stimulated emission spectra in the low-
intensity limit of both laser fields. The relative induced intensity
y11%3(w) in units of 1/y, computed from Eq. (12) is plotted vs
the relative frequency (0 — wqs — @)/ Cys/As) for A, =0, 1y =20,
and various values of g./gs =10, 20, 50, and 100, respectively.
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with fi=—1+v(l+0), o=g./gs —ga/72s, and fi
=n,+mo. Expression (11) describes the spontaneous
process for the excited state |1) which is a symmetric
Lorentzian line that is peaked at w=wjo=w,+wp
— A, — Ay and has a spectral width of the order of y,/2.
The spectral function (12) represents the induced excita-
tion, which is an asymmetric Lorentzian line that is
peaked at w =w,+ w, and has a spectral width equal to
vs/2hp. At frequencies w*wa+a)b, the asymmetry of the
spectral line depends on values of the function f]. The
maximum intensity (height) of the induced peak at
o =w,+ w, is equal to 2f1/71 e, which may take positive
or negative values indicating that the physical process of
induced absorption (attenuation) and stimulated emission
(amplification) is likely to occur at @ =@, + wp.

When the laser field 4 is at resonance with the |0)«>|2)
transition, namely, when A, =0, then v=1, A, =1, f; =0,
and f1=omn,. In this case f| takes always positive values
(f1>0), which implies that the intensity (height) of the
induced peak at w =w,+ w; is positive and, therefore, the
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FIG. 3. As in Fig. 2 but for g./gs =50 and various values of
ns =35, 10, and 20, respectively.
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spectral function at @ =w, + w, describes an induced ab-
sorption process. At frequencies w¥w,+w, and for
Ap =0, the intensity (height) of the induced peak will take
positive and negative values at frequencies o < w,+ wp
and at o > w, + w,, respectively, the extent of which will
depend on the values of the function f{=on, that are
causing the asymmetry of the spectral lines.

When the laser field a is at resonance with the |1)«|2)
transition, namely, when A, =0, then 145 =As/7; and the
height of the induced peak 2f)/71Aq assumes maximum
negative values provided that the conditions AZ>> 7,7,/4,
ga> g» and y; > y, are satisfied. The conditions A, =0
and y; > 7, are required because they reduce substantially
the numerical value of A45. The induced two-photon spec-
tra are illustrated in Figs. 2 and 3, where the relative in-
tensity 7,7 (w) in units of 1/7, computed from Eq. (12)
is plotted versus the relative frequency (0 —w,— wp)/
(ys/\s) for A;=0, y,=0.1y,, and different values of
ga/g and np =Ap/7,, respectively. The induced two-
photon spectra in Figs. 2 and 3 are characterized by a
splitting which occurs at o =w,+ w,, where the two
resolved peaks are located symmetrically from the fre-
quency w=w,+w, with unequal negative intensities
(heights). The induced peak at w > w,+ wp has greater
negative intensity (height) than that at @ < w, + ;. The
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FIG. 4. Two-photon stimulated emission spectra in the low-
intensity limit of both laser fields at the two-photon frequency
o=w,+w;. The total relative intensity ¥/, (wq + ws)/2(1+ o)
in units of 2(1+0o)/y: for an electron in the excited state |1) is
computed from Eq. (13) and is plotted vs the total relative de-
tuning 74 =(Aa+As)/y1 for various values of 7, =1, 2, 5, 10,
15, and 20, respectively.
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splitting of the spectral line is due to the large values of
the function f| Figure 2 depicts the induced two-photon
spectra for n, =20 and for various values of g,/g, =10,
20, 50, and 100, respectively. It is shown in Fig. 2 that the
negative intensities (heights) of the induced peaks in-
crease and, consequently, the amplification increases as
the value of g,/gy increases for a given value of n?
> (y,/y2). Figure 3 illustrates the induced two-photon
spectra for a given value of g,/g; =50 and for different
detunings of n, =5, 10, and 20, respectively. It is shown
that the negative intensities (heights) of the induced peaks
increase as the value of the detuning increases for a given
value of g,/gp. Comparison between the negative intensi-
ties (heights) of the induced two-photon peaks in Figs. 2
and 3 with the intensity (height) 2/y, of the peak de-
scribed by Eq. (11) at o =wp=w,+ wp —As — Ap, im-
plies that significant amplification is likely to occur at the
corresponding frequencies.

At frequencies w =w,+ wp, the total spectral function
for an electron in the excited state |1), I;(w)=I{"(w)
+7%,(w), becomes a function of the detuning 7
=(A,+As)/71, namely,

20+/) _2v(l+0)  1/4
Y12ab 71 na+1/4°

I(w,+wp) = (13)

The spectral function (13) describes the variation of the
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total spectral intensity at @ =w,+ @, as a function of the
detuning n4p. It is illustrated in Fig. 4, where the relative
intensity y1/{(w,+ wp)/2(1+ ) in units of 2(1+0c)/7,
computed from Eq. (13) is plotted versus the detuning
nap- For practical purposes o=g,/g, —g./y2As may be
replaced by 6 =g,/g since go/y2hp < 1. Then the intensi-
ties (heights) of the induced peaks in Fig. 4 are propor-
tional to g,/gy > 1, and they increase negatively as the
value of the detuning 7, increases. In Fig. 4 the splitting
of the spectral lines occurs at n,, =0, where the intensity
is positive and equal to I (w,+ wp) =2(1+0)/y,, while
for values of 145 > 0 and n4, <0, the resolved peaks have
equal negative intensities (heights) for a given value of n,.

In conclusion, the spectral function (12) and Figs. 2
and 3 indicate that the two-photon-stimulated emission
prevails provided that the conditions A, =0, 7> y1/72,
and g, > g, are satisfied; therefore, significant amplifi-
cation is expected to occur near the two-photon frequency
o=w,+w, The spectral function (13) and Fig. 4 imply
that at the two-photon frequency o =w,+ w;, the total
intensities (heights) of the two peaks vary negatively for
values of 14 >0 and 1,4 <0, respectively, for a given
value of 7n,. It is hoped that experiments will be en-
couraged in this direction to provide insight into the fun-
damental problem concerning the two-photon-stimulated
emission process in a three-level atom, where laser
amplification can be achieved without the need of popula-
tion inversion between optical excitations.
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