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Conformations of a polyelectrolyte chain
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A self-consistent variational theory for obtaining the size of a polyelectrolyte chain, R, for arbitrary
values of the experimentally controlable parameters characterizing a dilute polyelectrolyte solution is
derived using the Edwards model for the chain. In appropriate limits the theory reproduces the scaling
behavior in a good solvent, a 8 solvent, and a poor solvent. In particular, we show that, if the solvent

is su%ciently poor, the size of the polyelectrolyte chain changes abruptly from a swollen state
(R-bN'ts, N is the number of monomers, b is the monomer size) to a globule state (R-bN' ') or
from a rodlike configuration (R-Nb) to a globule depending on the limiting values of the salt concen-
tration.

PACS number(s): 61.25.—f

There have been numerous theoretical studies of the be-
havior of isolated polyelectrolyte chains in various solvent
conditions [1-6]. Despite this effort a complete theoreti-
cal description of the characteristics of a polyelectrolyte
chain, at the level comparable to that established for neu-

tral polymer solutions [7], is still lacking. One of the
reasons is the presence of many competing length scales
arising from the simultaneous presence of repulsive
Coulomb interactions and short-range interactions, the
sign of which depends on the quality of the solvent. the
practical aspects that make this problem important in-

clude colloid stabilization by grafted polyelectrolytes [8].
Here we provide a theory at the self-consistent mean-field
level for the configurations of an isolated polyelectrolyte
chain in dilute solutions focusing largely on the case of
poor solvent. By "poor" we mean that the solvent quality
is bad for the corresponding neutral chain. Even though
the quality of the solvent is "poor" the polyelectrolyte
chain may be soluble if the electrostatic interaction be-
tween the rnonomers is sufficiently repulsive.

The principle difficulty in developing a statistical
mechanical theory of a polyelectrolyte chain in a solvent is

that this system even in a salt-free situation is a ternary
system consisting of the solvent (usually water), the
polyelectrolyte chains and the associated counter ions.
However significant advances have been made using the
notion of persistence [2] length (suitable for strongly
charged polyelectrolytes where screening due to counter
ions is significant) and with the adaptation of the modern

scaling theory of polymer solutions [1,3-6]. Recently Ra-
phael and co-workers [5,6] have built on the earlier blob
model for a weakly charged polyelectrolyte chain
developed by Khokhlov [3] and produced the expected
conformations of an isolated polyelectrolyte chains in a
poor solvent. For this problem the relevant parameters
that aff'ect the conformations of the polyelectrolyte chain
are the following: (i) The excluded-volume parameter co2

which for temperatures T close to the 6 temperature is

proportional to (T —e)/e. (ii) The strength of the
Coulomb repulsion between monomers to, =Z e /4trekT
=Z 1 where Ze is the charge per monomer, 1 is the Bjer-
rum length, and p is the dielectric constant of the solvent.

(iii) x ' the Debye screening length which is a measure
of the distance beyond which the electrostatic interaction
is screened. It should be noted that x depends on Ze as
well as on the concentrations of any added electrolytes.
By extending the Khokhlov blob model, Higgs and Ra-
phael [6] argued that the behavior of the polyelectrolyte
chain can be extremely complicated and crucially depends
on the subtle interplay between coz, co„ ic, and N the poly-
merization index. Most notably it has been suggested
[5,6] that when co2 is constant and sufficient negative
(i.e., the solvent is poor for the neutral chain) and x is
varied there exists a critical value of the salt concentration
at which the chain may abruptly make a transition from a
rodlike configuration to a globulelike state. The approxi-
mate concentration at which this transition occurs is
roughly given by xD —1 where D-b(uZ ) 'I is the
blob radius, u =I/b, and b is the size of a monomer.

In this paper we provide a self-consistent variational
theory for both strongly and weakly charged isolated
polyelectrolyte chain under all solvent conditions building
largely on the recent work of Muthukumar [9]. For the
dilute polyelectrolyte (the interaction between the chains
is negligible) solutions we derive approximate equations
for the size of the chain for arbitrary values of ctiz, to„and
v. The complete numerical analysis of this equation can
account for the phase diagram suggested by using scaling
arguments and Higgs and Raphael [6]. However, in order
to make the physical content of this theory transparent we
focus here on the conformational changes in the small-tc

(more precisely when xD (1) and the large-x (xD»1)
limits. The limit of small rcD is obtained in the case of
weakly charged chains in the absence of salt whereas large
values of xo result upon the addition of salt. Our princi-
ple results obtained for negative values of toz (correspond-
ing to poor solvent conditions) are the following:

(1) When xD is small and the temperature of the sys-
tem is reduced then there exists a critical value of co, (or
equivalently Z) below which the chain contracts smoothly
from a rodlike configuration (the mean-square end-to-end
distance, R, scales as R-Nb) to a globule state where
R-N' b. This transition becomes abrupt at a critical
value of cop and resembles a first-order transition which
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would be steeply discontinuous as N
(2) For large xD (obtained by adding salt) there exists

a value of Z Zo above which the conformation of the
polyelectrolyte is swollen, i.e., R-N b, where b, is an
effective Kuhn length. In this case despite the large and
negative value of co2 the chain behaves like a neutral chain
with an effective positive excluded volume parameter. For
Z (Zo the chain collapses into a globule. This collapse
transition can be continuous or abrupt depending on the
value of the effective three-body interaction. This predic-
tion is consistent with the scaling theory of Higgs and Ra-
phael [6] who examined this case with Z fixed and varying
coy and x. It should be emphasized that the results stated
here are not due to Manning condensation [10] but arise
naturally from the competition between short-range at-
traction achieved in poor solvents and long-range Cou-
lomb repulsion.

(3) In addition to the above two results, which have so
far been obtained only using the assumption of scaling, we

provide equations for obtaining the shape of the polyelec-
trolyte chain for arbitrary values of roqZ, , and x. These

I

equations can be used to obtain the entire phase diagram
for an isolated polyelectrolyte chain under any solvent
conditions. In particular we derive the scaling behavior
for the polyelectrolyte conformations in both good solvent
and the 6 solvent.

As stated before even in the infinite-dilution limit
(whether this can be achieved in the laboratory at all is
questionable) the polyelectrolyte solution is a ternary sys-
tem. If this can be approximated as a binary system con-
sisting of only the counter ions and the polyelectrolyte
chain in which the effective interactions are renormalized
by the solvent, then the recently developed variational
theory can in principle be applied [11]. However, in this
paper we treat this system as an isolated polyelectrolyte
chain in which the effect of the solvent and the coun-
terions are taken into account in terms of an effective
screening length mediating the range of the Coulomb in-

teraction between the charged monomers. With these as-
sumptions we model the uniformly charged flexible
polyelectrolyte chain in terms of an effective Edwards
Hamiltonian [9]

pN dr ra b~ &N eN e &I&t&1 &t& &I ro~bs t'N t'N

PH(r (n) )
&

+ dn dn', + dn dn'b(r(n) —r(n') )
n 2 "o 4o r n —r n' 2 4o 4o

f N ~N eN
+ b s dn dn' dn "b(r(n) —r (n') )b(r (n') —r (n")),&0 ~0 &O

where r(n) is the position of the monomer n, b is the
effective size of a monomer, N is the total number of
monomers, roq [~ (T—8)/8 for T close to the 8 temper-
ature when ro, 0] is the term due to the excluded-volume
interactions, and cop is the coefficient of the three-body
term needed for obtaining the size of the chain when roq

becomes negative. For wormlike polyelectrolytes we also
have to consider curvature terms due to local stiffness [2].
The second term in Eq. (1) is the screened Coulomb in-

teraction between the monomers in the Debye-Huckel ap-
proximation with co, Z~l. The Debye screening length
x ' for a 1-1 electrolyte is given by (8nnro, ) '~ where n

is the total density of the counter ions including those
from the addition of salt. The model that we consider [see
Eq. (1)] in the limit of xD 0 and for Z«1 corresponds
to the case of weakly charged polyelectrolyte chains in

which the screening between the monomeric charges is
negligible. In this case the effect of the counter ion is not
important and the conformations of the chain in a poor
solvent are determined by the long-range Coulomb repul-
sion and the competition between short-range attraction.
In this limit our model reduces to that analyzed by Higgs
and Raphael [6]. For large values of xD or for Z» 1 the
counter ions do play a significant role and even within the
validity of the Debye-Huckel theory one has to worry
about the electrostatic persistence length. In fact we show
that the variational solution in the large aD limit explicit-
ly reproduces the same expression for the electrostatic
persistence length obtained in Ref. [2]. The free energy
and size of the polyelectrolyte chain for the theory given
by Eq. (1) can be calculated by the standard self-
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y is proportional to the value of the three-body interaction
term, and erfc(x) is the complement to the error function.
The complete analysis of Eq. (2) in terms of the variables
X, A, , and a' is complicated and will be presented elsewhere
[14]. Here we focus on the limit of small xD (which is ap-
propriate for the recent scaling theories) and large xD.

consistent variational treatment of Edwards and Singh
[12]. This in fact has recently been extended to polyelec-
trolyte chains in good solvents [9,13]. If we assume that
the reference Hamiltonian is given by the Gaussian theory
with an effective step length b~ then the self-consistent
variational equation satisfied for b ~ is given by [14]

b s/2 + 3' +1 1 X (2a)
b b, b, b sir

where
&/2
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The limit of large trD is obtained whenever Z » 1 (strong-
ly charged polyelectrolytes) or upon addition of salt. In
these limits the equation for the size of the polyelectrolyte
chain simplify considerably and can be written in terms of
the swelling ratio a =R /Ro =bt/b where Ro=bN't .
The result is

a'-a' —~ -g(~)a'=X
a

where

(3a)

1, x'~0,
g(x) =Z 45

, mba
N(~l )'a'

(3b)

The above equation with g(x) =0 was considered by
de Gennes to describe the collapse of a neutral polymer
from a swollen configuration to a compact globular state
[15]. In particular he noted that if y is less than a critical
value (y (0.023) this collapse transition is abrupt.

If the quality of the solvent is good, which corresponds
to X»1, then it follows from Eq. (3) that [9]

bN(uZ )' tr 0
' 1/5 (4)R- ~ Z Q

b to2+ C
trb

N"', (~ba)-

where C is a numerical constant.
Similar analysis for the conformations at the 8 point

(X=0) shows that

lN(uZ')'", ~-0,
' 1/S

bN3/s Z u

(trb) ' , (x-ba)

(sa)

(5b)

The result for R at the 8 solvent for small tc was first ob-
tained by de Gennes et al. using the concept of electrostat-
ic blobs [1]. It should be noted that Eq. (5b) is an asymp-
totic result valid only when xD is larger than unity, i.e.,

when the range of the screened Coulomb interaction be-
comes comparable to D. In this regime the chain dimen-
sion is determined by the "eFective excluded volume" due
to the screened Coulomb interaction between the mono-
mers. This equation is identical to that obtained by
Khokhlov and Khachaturian [3] using scaling arguments.
The expression Z u/(trb)2 in Eq. (Sb) can be written as

l,/b where l, can be identified as the electrostatic contri-
bution to the persistence length valid when xb is very
large [2]. It is interesting to note that this result for the
electrostatic contribution to the persistent length coincides
with that calculated by a different variational method by
Odijk [2] for short polyelectrolyte chains. Thus the varia-
tional ansatz automatically yields an approximate equa-
tion for l, in the limit of large xD. Notice that Eqs. (3b)
and (5b) are only valid when 1,/b «N. If this condition is

not satisfied the conformation of the polyelectrolyte would

be rodlike.
We now describe the behavior of the chain in a poor sol-

vent which corresponds to negative values of X. We first
consider the case of small x. which means that the screen-
ing length is much larger than the typical blob size. In

a' —a' —~ =Xa a
a

(6a)
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FIG. 1. Size of a weakly charged polyelectrolyte chain in

terms of the reduced temperature calculated using Eq. (2a).
The curves correspond to different values of the control parame-
ter X [see Eq. (2d)]. The eff'ective three-body interaction pa-

rameter y has been set to unity. The value of y in practice can
be changed by altering the number of side groups in the chain

(see Ref. [15]).

principle this situation is obtained for very small values of
Z and this corresponds to the case of weakly charged
polyelectrolytes. More precisely we show that in this re-
gime the critical parameter controlling the conformation
of the polyelectrolyte chain is the dimensionless variable k
[cf. Eq. (2d)]. In Fig. 1 a plot of X(a) for various values
of A, for a fixed y(=1) is shown. From Fig. 1 it is clear
that there are two distinct cases to be considered depend-
ing on the value of the control parameter A, . If X is less
than a y-dependent critical value A,,(y) ( =2.48 for y =1)
the chain collapses smoothly from the rodlike state (for
large positive values of X) to the globule phase when
X((0. This change in X can be obtained by reducing the
temperature of the system. On the other hand when
) &A,, (y) then we obtain an unstable branch. This im-
plies there is an abrupt transition from the rod
configuration to a compact collapsed globule state at a
certain critical value of X. At the critical value of X the
free energies of the two locally stable branches are equal.
We should emphasize that )1,,(y) changes drastically as y
changes Fo.r example, A,, (y =0.025) =0.034. Finally we
find that when y =0.023, then X,=—0. This is precisely the
value of y at which an abrupt collapse from a swollen
phase to a globule phase takes place in a neutral chain
[16]. We have also examined the behavior of the weakly
charged chain in a poor solvent in the presence of salt by
numerically solving the variational equations. We find
that there is an abrupt transition between a rodlike state
to a globule phase at a critical value of xb as long as the
solvent is poor enough, i.e., ~X~ exceeds a )I, dependent
critical value ~X, ~. This is in accord with the scaling pre-
dictions of Higgs and Raphael [6].

In the opposite limit of almost complete screening of the
electrostatic interaction (trba ~) which is obtained by
the addition of salt the equation for a is given by
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Z Q
Xeff k 1 1 &2l +k 2 N '

(x.b) ' (6b)

where k~ and k2 are numerical constants. The terms in
the parenthesis in Eq. (6b) can be identified as an effective
excluded-volume term. The analysis of this equation
proceeds along the lines suggested by de Gennes [151. If
X ff + 0 the chain remains swollen and behaves like a neu-
tral chain in a good solvent. Below a certain effective e
point (determined by the vanishing of X,ff) X,ff becomes
negative and this leads the chain to collapse into a com-
pact globule (R-bN'i ). As shown by de Gennes this
transition to a collapsed state is continuous when y
&0.023 [17]. However, when y (0.023 the chain con-
tracts abruptly at a critical value of X,ff.

In this paper we have provided a unified theoretical
description, at the mean-field level, for the behavior of an
isolated polyelectrolyte chain in solvents of differing quali-
ty. We have obtained an expression for the size of the
polymer chain in terms of the parameters of the system,

namely the solvent quality, the salt concentration and the
effective charge on the polymer. Our theory reproduces
the results of the recently announced scaling behavior of
weakly charged polyelectrolytes in the limit of small xD
as well as large rD. In addition, numerical solution of our
equations [14] indicate that the predictions of our theory
for the persistence length appear to be consistent with
those obtained earlier for restricted models [2]. The ma-
jor advantage of our theory is that we have a framework
for computing the shape, free energies, and other charac-
teristics such as the scattering function [14] for an isolat-
ed polyelectrolyte chain for arbitrary values of the salt
concentration and effective charge on the monomer. For
this the full expression has to be used in appropriate nu-
merical calculations to obtain the complex phase diagrams
for the chain in a poor solvent.
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