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Conditions for Bose-Einstein condensation in magnetically trapped atomic cesium
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We study conditions necessary for the observation of Bose-Einstein condensation in a magnetically

trapped sample of atomic Cs gas. These conditions are associated with the value of the elastic scatter-

ing length, the rate of elastic scattering events, and the lifetime for decay of the density due to both

magnetic dipole relaxation in two-body collisions, as well as recombination to Cs2 in three-body col-

lisions. We find that, on the basis of these conditions, the prospects for observing Bose-Einstein con-

densation are favorable for a gas of ground-state Cs atoms in the highest state of the lowest hyperfine

manifold. In all calculated elastic and inelastic two-body rates we find a pronounced resonance struc-

ture, which can be understood in terms of the interplay between the singlet-triplet interaction and the

hyperfine, Zeeman, and magnetic dipole interactions. The experimental observation of these reso-

nances may help to eliminate present uncertainties about interaction potentials.

PACS number(s): 32.80.Pj, 06.30.Ft, 42.50.Vk

Rapid developments in techniques to cool and manipu-
late atoms offer new opportunities for many fascinating
applications, such as atom interferometry, atomic resona-
tors, atomic fountains, and Bose-Einstein condensation
(BEC) in a weakly interacting Bose gas. Although less
easy to manipulate than charged particles, atoms have the
advantage that the number of particles dealt with simul-
taneously can be large without significant mutual pertur-
bation. This makes it possible to improve the signal-to-
noise ratio in these experiments, and in the case of BEC to
make the phase transition more easily attainable by rais-
ing the critical temperature. There is, however, a limit to
this possibility. We have shown recently [1], that
ground-state atom collisions provide a strong limitation to
the anticipated improvement of the accuracy and stability
of the Cs atomic fountain clock [2]. Also in the case of
BEC atomic collisions play a decisive role in determining
the conditions for practical realizability. This has become
clear during more than a decade of work on spin-polarized
atomic hydrogen [3,4]. The same is true for atomic cesi-
um, which has more recently been recognized as a suitable
candidate due to its favorable optical cooling properties.
The most promising strategy [5] appears to be to precool a
Cs gas sample, followed by evaporative cooling in a mag-
netic trap, which avoids the detrimental role of the radia-
tion trapping force [6] and the photon recoil in

(magneto-)optical traps.
An essential ingredient for the BEC phenomenon is a

positive value of the scattering length a for elastic two-
body collisions of atoms in the selected hyperfine state [7],
which makes the atom-atom interaction effectively repul-
sive. Second, the elastic collision rate should be large
enough: Elastic collisions are essential for evaporative
cooling by restoring thermal equilibrium after the escape
of fast atoms and thus for quenching the system into the
critical region of the BEC phase transition, after which
the ground state is macroscopically populated [8]. Third,
the decay of the density due to inelastic two-body col-
lisions and due to recombination to Cs2 in three-body col-
lisions should be slow enough. In this paper we will inves-

Vhf a Se.SN VZ~(y ge T gN)B (2)

for each of the atoms, a central interaction

V" Vp(r)Pp+ V~(r)Pt, (3)

consisting of singlet and triplet terms with Pp and P~ pro-
jection operators on the singlet and triplet subspaces, and
a magnetic dipole-dipole interaction V with electron-
electron and electron-nucleus parts. Symmetry considera-
tions show that the so-called exchange transitions, induced
by the central interaction conserve the orbital angular
momentum quantum numbers I and mt, as well as the to-
tal spin projection Mr =mF, +mF, . The dipole-dipole in-
teraction which is much weaker than the exchange in-
teraction and therefore has little effect on exchange tran-
sitions, induces dipole transitions conserving mi+MF and
satisfying (hl ( =0,2.

As in our previous paper on the cesium fountain [1],we
use a spectroscopically determined singlet potential, taken
from Ref. [11]. Presently, there are no comparable data
available for the triplet potential. Therefore, we follow
the procedure of Ref. [I]. Beyond r =r, =15.6ap Vt(r) is
determined from the singlet potential by reversing the ex-
change contribution. For smaller r it is taken from an ab
initio calculation by Krauss and Stevens [12]. Both sing-
let and triplet potentials are supplemented with a retarda-
tion correction [13] at very large interatomic distances of
the order of the wavelengths of optical transitions. The

tigate how well the question of the validity of these condi-
tions can be answered on the basis of present knowledge of
interaction potentials, excluding the accidental situation
of a vanishing triplet scattering length or a triplet bound
state at zero energy.

We start from the effective two-body Hamiltonian
[1,9, 10]

2 2
P + g (Vhf y VZ) + Ve+ Vd
2p i I

with hyperfine and Zeeman terms
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modification consists essentially in a more rapid falloff,
proportional to I/r instead of the usual van der Waals
I/r behavior.

We rigorously solved the coupled channel equations in
the SMgIMI basis, with S the total electron spin and I the
total nuclear spin, up to a radius ro of about 80ao beyond
which the exchange part of the central interaction is negli-
gible and the radial wave functions of closed hyperfine
channels are sufficiently small. Transforming from the
SMgIMI to the hyperfine basis, we integrated the radial
equations of the open hyperfine channels from ro to a ra-
dius of order (1000-1500)ap, where the central interac-
tion is negligible. For even larger radii the dipole interac-
tion with its long range still contributes significantly to the
scattering matrix and was included in first order. The low
temperatures prevailing in the magnetic trap allow us to
calculate the thermally averaged inelastic scattering rates
in the T=O limit. For elastic processes the rates show
their limiting T' behavior. The Bose character of the Cs
atoms thus implies that only symmetric spin states are
relevant.

Let us now turn to the first of the above-mentioned con-
ditions for BEC. In view of the selection rules of the ex-
change interaction a doubly polarized gas of Cs atoms in

the highest low-field-seeking hyperfine state can only de-
cay via the weak dipole interaction. In analogy to the case
of atomic hydrogen [14], this state may thus be suitable
for the observation of BEC. Unfortunately, it turns out
that due to the uncertainty in the triplet potential for
r &r„ the sign of the scattering length a for elastic
scattering of two (F,mF) =(4, +4) atoms is uncertain.
On the basis of present knowledge it is therefore not clear
whether BEC is possible in this hyperfine state. However,
the Cs hyperfine diagram contains a second long-lived
low-field-seeking state with ~mF ~

=F, absent in atomic hy-
drogen. The importance of this highest state of the lowest
hyperfine manifold was recently stressed by Wieman et al.
[5]. In contrast to the doubly polarized situation, the
scattering length of two (3,—3) atoms depends on the ap-
plied magnetic field and appears to have a resonance
structure. From a number of coupled-channel calcula-
tions for different potentials within the range of uncertain-
ty indicated in Ref. [I], we conclude that a is either posi-
tive over a long range of fields or positive in narro~ field
ranges at the positions of the stronger resonances. Taking
into account the order of magnitude, 5X10 T, of the
resonance widths, it seems that a field configuration suit-
able for BEC can be chosen.

Next we estimate the time of decay of the atomic densi-
ty due to magnetic dipole relaxation. In Fig. 1 we present
the field dependence of the T =0 rates for the decay of the
(4, +4) state. The values for the transitions to the sym-
metrized two-atom spin states, jFirriF„F2mr, j =[44,43j,
[44,42j, and [43,43j, decrease at low 8 due to the ap-
proach to the threshold in the final channel [9]. The tran-
sitions to the states [44,42j and [44,32j are strongly
suppressed due to their spin structure which forbids a
direct electron-electron dipole transition and take place
via higher order, as well as via the much weaker electron-
nucleus dipole interaction. Figure 2 shows the dominant
rate for the dipole decay of a gas of atoms in the (3, —3)
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state: that for [3, —3,3 —3j [3, —3, 3, —2j. As expect-
ed, this rate, like the two remaining dipolar rates for this
hyperfine state, shows a final channel threshold behavior
for B 0. It should be noted that the suppression due to
the l=2 centrifugal barrier is less for the I/r dipole in-

teraction than it would have been for a typical short-range
interaction. For this reason the total (3, —3) decay rate is
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FIG. 2. T=O dipolar relaxation rate G for the transition
[3 —3,3 —3} [3 —3, 3 —2j as a function of magnetic field.
The labels (I,MF)i denote the quantum numbers of the reso-
nance and the order of the dipolar interaction needed to couple
the resonant state to the initial and final channels.
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FIG. l. T =0 dipolar relaxation rates G; f for the doubly

polarized cesium gas as a function of magnetic field. The hor-
izontal scale shows a gradual transition from a linear to a loga-
rithmic field dependence as we plot I +B/Bp logarithmically.
Here Bp=a/l60pp=l. 02&10 T, where the factor i6p en-
sures a favorable separation between linear and logarithmic
parts.
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less suppressed relative to that for (4, +4) than one might
have expected intuitively. Nevertheless, a definite advan-
tage of the (3, —3) hyperfine state is the greater ffexibility
associated with the field dependence.

From the order of magnitude of the total decay rate we
find a lifetime of order 10' [n (cm )l ' sec, both for
(4, +4) and (3, —3). For a typical BEC temperature-
density combination, 20 nK and 10' cm, at which ex-
perimental attempts are aiming [5], the estimated decay
time is of order 10 sec. This should be compared with
the rate of elastic collisions which our coupled-channel
calculations show to be of order 10 "[T(p K) l 'i, corre-
sponding to a time of order 1 sec between collisions at the
above BEC temperature-density combination.

The most prominent feature of the decay rates for
(3, —3) is their resonance structure, which we already
mentioned in connection with the sign of a. A more de-
tailed study shows the resonances to be associated with
Feshbach quasibound states, belonging to subspaces with
definite values of l and M~. Neglecting V, these sub-
spaces are uncoupled. The resonance structure is the con-
tinuation to higher energies of the hyperfine-mixed singlet

and triplet states spectroscopically observed in the Cs2
spectrum [15]. Due to the strong hyperfine coupling in Cs
combined with the small energy distance between these
higher rovibrational singlet and triplet levels, this mixing
is a complicated phenomenon which cannot be treated in

perturbation theory. The quantum numbers of the reso-
nances have been determined by comparing their
strengths in the various channels, as well as by carrying
out reduced coupled-channel calculations in separate
(i,Mq) subspaces with V" 0. In Fig. 2 we have added
the (l, M&) quantum numbers thus obtained for the vari-
ous resonances, as well as the total order of V needed to
couple them to the initial and final channels. Resonances
do not occur in the decay rates of the doubly polarized
state in Fig. I. This can be understood in terms of the ab-
sence of an (I,M~) subspace without open channels. We
come back to the interpretation of the resonances in a fu-
ture paper.

Finally we consider the three-body recombination rate
in a (4, +4) Cs gas. We calculated the zero-temperature
limit of the rate constant [16]:

L = (2&") Zqf dqfll(nfl [V'(r~3)+ V'(r23)](S&; )I
96 4

(4)

where (y;+ ) is the exact zero-energy scattering state for
three incoming atoms and S the unnormalized symmetri-
zation operator. The final state ~pf) describes a triplet
molecule formed by atoms 1 and 2, and the free atom 3
with momentum qf relative to the molecular center of
mass. The normalization of ~y;+ ) and (Pf) is described
in Ref. [16]. The summation is over all triplet Csq molec-
ular states, qf is determined by energy conservation, while
the integration is over all directions of qf. The most
difficult task in estimating L is the calculation of ~yt+~).
We have approximated it by a Jastrow-like product of
three two-atom zero-energy triplet scattering states. In
the case of the zero-energy scattering state of three doubly
polarized hydrogen atoms this turned out to be an excel-
lent approximation to the exact three-body state [17].
Here it is also expected to be a good approximation be-
cause the Jastrow-like product is essentially exact in that
part of configuration space, which dominates the transi-
tion matrix element. We find L =5X10 cm /sec. The
two-atom spin state in a (3, —3) gas being predominantly
5 =1, there is no reason to expect the zero-temperature I
value for three (3, —3) atoms to be very diff'erent.

A comparison with hydrogen in the doubly polarized
~d) state with total dipole decay rate G = 10
cm sec ' [9] and recombination rate L = 10
cm sec ' [16] clearly shows the enhanced importance of
recombination in cesium due to the existence of triplet Cs2
molecules. For cesium densities above 10' cm particle
loss is dominated by recombination, for lower densities by
dipole relaxation. In Fig. 3 we present our estimated
two-body and three-body decay times as well as the elastic
scattering time as a function of temperature. The density
is assumed to have the associated critical BEC value. It
appears that in a wide temperature interval a favorable
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FIG. 3. Elastic and inelastic time scales as a function of the
critical tern perature.

I

ratio of decay time to elastic scattering time is to be ex-
pected. For instance, at the temperature-density com-
bination of 20 nK and 10' cm the ratio is of order 10 .

Varying the ah initio part of the S=1 potential as men-
tioned previously, it is possible to get an impression of the
sensitivity of the calculated rates to the uncertainty in this
part of the potential. In this connection note that due to
the weakness of the hyperfine couplings relative to the
triplet potential for r (r, the precise shape of V~(r) is

only of importance for the calculated collision quantities
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via one overall parameter per partial wave: the phase of
the triplet radial wave function at r, . The results show
that the rates presented above are reliable to within an or-
der of magnitude. The position of the resonances as a
function of magnetic field, on the other hand, turns out to
be very sensitive, indicating the complicated interplay be-
tween the hyperfine and exchange interactions for larger
distances where these two interactions are comparable.

In principle, only a few experimental collision quantities
are needed to determine the above-mentioned unknown
phase parameters for I =0 and 2. We expect such data to
be available in the near future. If the phases determined
from diA'erent experimental pieces of information turn out
to be contradictory, we will be forced to conclude that ul-
tracold collisions are so sensitive to the fine details of the
interatomic potentials that even the careful analysis of
Ref. [11] is not adequate for an accurate determination of
the singlet and triplet potentials. In this case one may try
to avoid an extrapolation of spectroscopic bound-state in-
formation to the continuum, by using more direct continu-
um data in searching for the parameters of the relevant
long-range part of the potentials. A comparison of
coupled-channel results with elastic scattering and (ex-
change or dipole) relaxation data will be of great help in

this search.
A systematic approach might start with a determina-

tion of the absolute value of triplet scattering length a& by
measuring the elastic field-independent rate for (4, +4)
+ (4, +4) and the 8 =0 elastic rate for (3,0) + (4,0),
since both are pure triplet channels. When supplemented
with the magnetic-field positions of the pure triplet
M~=+ 8 or + 7 resonances observed in channels with
different MF, one should be able to determine also the sign
of a„which, as pointed out above, is a crucial quantity for

BEC in a doubly polarized Cs gas sample. Once the
relevant long-range parts of the central potentials have
been reliably determined, the rates for the dipole transi-
tions may be used to search for an additional spin-spin
term with presently unknown magnitude in the S=l
ground-state channel due to a second-order spin-orbit
effect [18]. Its possible importance was recently pointed
out by Julienne, Mies, and Williams [19]. However, pre-
liminary calculations indicate that such a term, which
would be concentrated close to the bottom of the triplet
potential, is strongly shielded by the final state centrifugal
barrier in the case of the (3,—3) state. In the more exo-
thermal decay channels of the (4, +4) state, it might show

up and lead to interesting consequences distinguishing ul-

tracold collisions of heavy atoms from those in atomic hy-
drogen.

In conclusion, we have shown that on the basis of
present knowledge of the interaction potentials the condi-
tions for observation of BEC in atomic cesium gas are
particularly favorable for the (3, —3) hyperfine state. By
a suitable choice of the magnetic-field strength the intera-
tomic interaction can be made effectively repulsive and for
a large range of temperatures the thermalizing elastic col-
lisions are much more frequent than inelastic two- and
three-body collisions, causing the decay of the gas sample.
Furthermore, we predict a pronounced resonance struc-
ture in various scattering quantities, which might resolve
present uncertainties in the interaction potentials if ob-
served experimentally.
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