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We study both analytically and numerically the A+ B — C diffusion-reaction system for the case
of initially separated reactants. We find the functional forms of the reaction front and also of the
concentration profiles of the reactants. The profile of the production rate R(z,t) at site z and time
t scales as t~%/3(z/t"/®)%/* exp[— 2 (Az/t*/®)*/?] for the spatial range t'/® < z < t'/2. Our results
are supported by numerical solutions of the diffusion-reaction equation, and are in agreement with

Monte Carlo simulations in dimension d = 2.

PACS number(s): 05.40.+j, 05.60.4+w, 66.10.Cb, 82.20.Wt

There has been much recent interest in the characteris-
tics and the kinetics of diffusion-reaction systems of the
type A + B — C, where the reactants are allowed to
diffuse, and the products C' are inert immobile particles
[1-7]. In particular, several theoretical and experimen-
tal studies have focused on the situation in which the
reactants are initially separated in space [8-14]. These
systems develop a reaction front at the “interface” of the
reactants, which is marked by the C particles. This re-
action front should be relevant for a variety of biological,
chemical, and physical systems [15-22].

In this paper we derive the functional form of the re-
action front; we compare this form with exact numerical
analysis, as well as with Monte Carlo (MC) simulations
of the diffusion-reaction systems. We find good agree-
ment between the the MC simulations in d = 2 and the
theoretical results.

The equations that are used to describe diffusion-
reaction systems are (2, 8, 10-12, 14]

ocC 82C,
6tA =Dy asz — kCACp, (1)
ocC 82C
=7 = Dp——3 — kC4C, (2)

where C4 = C4(z,t) and Cp = Cp(z,t) are the concen-
trations of A and B particles at position z and time ¢,
respectively, and k is the reaction constant. The rate of
production R(z,t) of C particles is given by

R = kCaCp. ®3)
It is widely believed that Egs. (1), (2), and (3) represent
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realistic diffusion-reaction systems in d > 2 and they have
led to certain scaling hypotheses for the reaction front
R(z,t) which appear to be valid for systems of dimension
d = 2,3 (but not for d = 1) [8-14].

We will consider the case in which both diffusion con-
stants are equal, and initially the A particles are uni-
formly distributed to the right of the origin while the B
particles are uniformly distributed to the left of the ori-
gin with equal concentrations co. If we define F(z,t) =
Cu(z,t) — Cp(z,t), then

oF 8°F
rrie DW’ (4)

which—given the initial conditions—has the solution

F(z,t) = co exf (\/—4%) . (5)

Next we rewrite the concentrations of A and B parti-
cles as follows (see Fig. 1):

Calz,t) = Gi(z,t) + 6C(z, t), (6)

Ca(z,t) = Ga(z,t) + 6C(z, t), )
where

Gi(z,t) = {80 erf(z/v4Dt) }; Z 8% ®)
and

Ga(z,t) = —G1(~=,1). 9)

Substituting Ca(z,t) and Cp(z,t) in Eq. (1) yields
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FIG. 1. Schematic picture of the reactant concentration
profiles near the origin. The solid lines represent the G1,2(z, t)
part of the profile; the dashed lines represent the complete
form G1,2(z,t) + 6C(z,t). Note that the profile of species A
is given solely by 6C(z,t) on the left of the origin.

o(6C) D62(6C’) 3
at ox?

k [co erf (\/%) + 60] 5C.
(10)

Thus we have reduced the coupled Egs. (1), (2), and
(3) to a single equation, Eq. (10). Note that §C(z,t) is
an even function of z, yet if we assume that the concen-
tration profiles C4(z,t) and Cp(z,t) are smooth, then
6C(z,t) is not differentiable at the origin. Equation (10)
is still an intractable nonlinear differential equation, but
if we focus on the region z <« v4Dt, and assume that
we are still far enough from the origin so that 6C is neg-
ligible compared to (co/vmDt)x (Fig. 1), then Eq. (10)
reduces to

0(6C) 82%(8C) T
Erae D Eroa k co\/m 6C. (11)
Let us consider the equation
9%(6C) z
D D22 d kam((SC) = 0, (12)

where a = co/(mD)Y/2. The solution to this equation
that vanishes as £ — oo is

6C(z,t) = £(t) Ai(At—l%), (13)

where A = (ka/D)'/3, Ai(z) is an Airy function, and
f(t) is a function only of time. To determine f(t), we
equate the right-hand side (RHS) of Eq. (10) with 0,
take the linear approximation for the error function as
before, and demand that §C can be written as 6C(z,t) =
t*B(z/t'/®). This immediately gives « = —1. Thus, the
solution for (12) will be given by

t1/6

—1/4 3/2
_13f 2 (A

As may be confirmed by direct substitution, this expres-
sion is a solution of Eq. (11) up to terms of order (6C)/t
(which can be neglected for large t). Also, given the
nature of the Airy function, we can be sure that §C is
negligible with respect to ax/+/t for Az > t1/6 support-

§C(z,t) ~t~1/3Ai (Ai)

ing the argument leading to (11). Thus we expect Eq.
(14) to be the solution of (10) at long times within the
region t'/6/\ < = < t'/?/a.

Using Eq. (14) we can write an expression for the re-
action front R(z,t) defined in (3). Since we are in the
region Ar > t1/® we use the asymptotic expression for
Ai(z) and find

kaz

3/4 3/2
—2/3 X 2 A.’D

Equation (15) is consistent with the exponents derived
in Ref. [8] using scaling arguments. The width of the
reaction front grows as t'/6, whereas the height can be
identified with the prefactor t~2/3 in Eq. (15). However,
(15) provides a more quantitative solution of Egs. (1),
(2), and (3) than the previous scaling arguments [8], as
well as information on the dependence of the form of the
reaction front on the parameters cp, k, and D.

The concentration of product particles C can immedi-
ately be calculated as the integral over time of the reac-
tion front R,

I(z,t)= /t R(z,t)dt'

_3/4 3/2
1sf T 2 (

The region = > v/4Dt is also amenable to analysis. In
this region, §C is extremely small and the error function
is well approximated by 1; thus Eq. (10) becomes

2(60) _ %(50)
ot Ox?

This equation is precisely what one would expect in the
extremely rare cases that a particle manages to diffuse
very far into the domain of the other particles. Yet this
region is of little interest since in general R is extraordi-
narily small.

Equations (14)—(16) can now be directly compared
with exact numerical analysis of Egs. (1)-(3), as well as
with measurements of the reaction front from MC sim-
ulations of the diffusion-reaction system. We check the
validity of the approximations by solving Egs. (1)—(3)
using exact enumeration of the discrete version of these
equations.

Following Taitelbaum et al. [12], we consider a discrete
lattice in one dimension, with initially one particle A per
site on the left of the origin and one B per site on the
right. We update the concentrations by first considering
solely the diffusive step, and then take into account the
possible reactions. Thus, for step n, we write

C.(z) = (1—p)CA(n,a:)—i-—g—[CA(n,:c+1)+CA(n,x—l)],
(18)

— keo(6C). (17)

Qn(z) = (1=p)Cr(n,2)+ £ [Cp(n,z+1) +Cp(n,z~1)],
(19)



46 REACTION FRONT FOR 4 +B— C DIFFUSION-REACTION . .. 857

where p is the probability that a particle takes a step. We
then include the reaction by writing the concentrations
at position z and step n + 1 as

Ca(n+1,z) = Tn(z)[1 - f4(n, )], (20)

Cp(n+1,z) = Qu(z)[1 — 6B(n, z)], (21)
where 64 and 6p are defined by
6 = {min |l 1], (Ca# Cl (22)
TR [Ca = Csl-

Here i denotes species A and j denotes species B and

0.25 T

(a) |
020 (— —
0.15 P E —
N g 4
[ \\ J
< . 4
Q \\ ]
0.10 — N 1
\
N ]
\.
N
0.05 (— N —
~ "
~. |-
N
~ . 4
~w
0.00 PRl S
-10 —£ 0 5 10
z
0 T T
10 T T ~— ] (b).
1072 -
w
= 6
K .
Q 10-4 = -
= %ﬁ%
& %q
= ‘b%
ey -6 - —
5 10 ﬁgy
= B
- ¥
t“x
_ 4+
1078 a;(_:
| | [ | ol
0 25 5 7.5 10 12.5 15

(I/tx/s)s/z

FIG. 2. (a) Concentration profile C4(z,t) near the origin
for times O (solid line), 500 (dotted line), and 4000 (dashed
line) obtained by exact enumeration of Egs. (20) and (21). (b)
Scaling plot of the numerical solution of (1) in the form given
in Eq. (14) for Ca(z,t) for z > 0 and a sequence of times, ¢t =
250 (+), 500 (o), 1000 (&), 2000 (+), 4000 (O), and 8000
(®). The data were obtained by exact enumeration of Egs.
(20) and (21). The large linear regime confirms our results in
the region governed by Eq. (14).

vice versa; Q(7) is given by
Q(7) = exp[—k(Ca — Cp)7). (23)

Here we take 7 as the unit time step [12]. We note that
in the continuum limit Eqgs. (20) and (21) reduce to Egs.
(1) and (2). The reaction front R will be given by

CaCs[1 - Q(1)]
Ca—CBQ(1) ~

In Figs. 24 we plot C4, R, and I calculated from Egs.
(20), (21), and (24) in the scaling form suggested by Eqs.
(14), (15), and (16). The large linear region in these
plots confirms our predictions within the range t1/6 < z
& t1/2, In the region z > t!/2, the form of R calculated
from Eq. (24) appears to be an exponential in z, which

R= (24)

R(z.t)

10-2 |—

1074 h“‘ —

s) /" R(z,1)

T
1/
¥

1076

2/3
213
5

(I/tl/s)s/z

FIG. 3. (a) Reaction front profile R(z,t) near the origin
calculated by exact enumeration of Egs. (20) and (21) for
various times ¢ = 250 (solid line), 500 (dotted line), and 1000
(dashed line). (b) Scaling plot of R(z,t) obtained from exact
enumeration, using the form suggested by Eq. (15). Symbols
are the same as for Fig. 2(b).
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FIG. 4. Scaling plot of I(z,t) calculated from Egs. (20)
and (21). The large linear regime agrees with the prediction
of Eq. (16). Symbols are the same as for Fig. 2(b).

is consistent with Eq. (17) (Fig. 5).

We also performed MC simulations of the same sys-
tem in two dimensions, under the condition of certain
reaction, i.e., every time A and B meet, they react with
probability 1. This corresponds to the limit kK — oo in
Egs. (1)-(3) and Egs. (20) and (21). According to our
results, this condition should lead to an extremely nar-
row (in principle a § function) reaction front, which is
certainly not the case in the simulations. However, if we
identified these systems with an effective finite reaction
constant k, the shape of the integrated reaction front ap-

logioR(z,t)

FIG. 5. Plot analogous to Fig. 3(a), except that the scale
is extended to regions where z > V4Dt and R(z,t) is very
small; here t = 250 (solid line), 500 (dotted line), 1000
(dashed line), and 2000 (dot-dashed line). Note that the pro-
files tend to exponentials, which is consistent with Eq. (17).
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FIG. 6. I(z,t) calculated by MC simulations in d = 2,
with reaction probability equal to 1 (this corresponds to tak-
ing the limit k — 00). The linear regime in this plot suggests
that Eq. (16) properly describes the shape of I(z, t), but with
an effective (finite) reaction constant k. Here calculations for
three different times are shown, ¢ = 250 (+), 500(¢), and 1000
(@)

pears to be consistent with Eq. (16) (Fig. 6).

To conclude, we have derived the functional form of
the reaction front for diffusion-reaction systems with ini-
tially separated reactants, from the equations believed to
describe these systems at least in two and three dimen-
sions. We confirmed our results numerically, but found
that actual MC simulations of these systems apparently
are properly described by these equations assuming an ef-
fective finite value for the reaction constant k. This effec-
tive k must somehow reflect the presence of concentration
fluctuations that arise from the microscopic diffusive pro-
cess (presumably each particle performs a random walk).
It is also important to note that for one-dimensional sys-
tems not only do the scaling exponents not agree [11,13]
with those derived from Egs. (1)-(3), but also the form
of the reaction front appears to be better fitted by the
form [13]

I(z,t) ~t*Pexp [—u (%)] . [d=1],

where o ~ 0.3 and 8 ~ 0.8 [13]. Our results leave open
the question of which is the correct theoretical descrip-
tion of these systems, which should take into account the
correlations and the fluctuations in the concentrations,
both of which seem to play a crucial role in d = 1, and
in the value of the reaction constant for all dimensions.
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