PHYSICAL REVIEW A

VOLUME 46, NUMBER 12

15 DECEMBER 1992

Stability of isotropic self-similar dynamics for scalar-wave collapse
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The scalar model for collapse of Langmuir waves in plasmas is studied numerically in two and three
dimensions, for both radially symmetric and anisotropic initial conditions. Using a dynamic rescaling
method, singular solutions are shown to become isotropic and self-similar near collapse. In two dimen-
sions, the self-similar profile is not universal. In the limit where the mass of the wave tends to its
minimal value for collapse, the solution approaches a subsonic regime different from the generic singu-

larity of the nonlinear Schrodinger equation.

PACS number(s): 52.35.—g

I. INTRODUCTION
The coupled system of scalar-wave equations,
iy, +A¢y—nyp=0, (1
n,—An=Aly|? ()

proposed in [1] is often used (see, for example, [2-9]) as a
simplified description of Langmuir waves [10,11] when
the vector character of the electric field can be neglected
and is called the scalar Zakharov system. In this context,
1 denotes the envelope of the electric field and n the
large-scale fluctuation of the ionic density. Other appli-
cations of these equations are mentioned in [2]. They in-
clude the electron-photon coupling in a solid-state plasma
and the problem of strictive self-focusing in three-
dimensional clusters of electromagnetic oscillations. In
the subsonic limit where n, is negligible, the system
reduces to the cubic nonlinear Schrddinger equation.
Furthermore, Eq. (2), which describes the driving of the
density waves by the ponderomotive force, can be rewrit-
ten in the form

n,+V-v=0, (3)
v, +Vn=—V|y|*, @)

where v is the velocity of the medium.
The scalar Zakharov system is Hamiltonian with a La-
grangian density which is invariant under time and space
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translations, rotation, and phase shift. This leads to the
conservation of total mass
M=y

L2 ’
of linear and angular momenta and of energy [12]

FH= [ (VP +nlp+1Iv*+1n)dr .

In one dimension, the scalar Zakharov system admits
smooth solutions for all time. In higher dimensions, glo-
bal existence requires small enough initial data [13]. In
two dimensions this condition [14] reduces to
|1/z|i ,<|R Iiz, where R denotes the positive solution of

AR —R +R3=0. (5)

For large initial conditions, heuristic arguments and nu-
merical simulations suggest a finite-time collapse both in
two and three dimensions ([15-17] and references
therein). Nevertheless, in contrast with the nonlinear
Schrodinger equation, no rigorous results of collapse are
available at present.

In the radially symmetric case, self-similar and asymp-
totically self-similar singular solutions have been predict-
ed in two and three dimensions, respectively. In three di-
mensions, self-similar solutions can only exist asymptoti-
cally close to the collapse when the regime is strongly su-
personic with the pressure term An negligible compared
to the ion-inertia term in Eq. (2). Up to simple rescaling,
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these solutions have the universal form [1,4]

cr 173
i(ty—1)

Pir,t)=

1 r
P
(t,—1) |(t,,—t)2/3

n(rt)= , (7)

1 r
N
(z*_t)4/3 [(t*_t)2/3

where P(7n) and N () are isotropic scalar functions given
by

AP—'P—NP=0, (8)
2 — A P2
22PN, + 130N, + 14N)=AP? 9)
with
_d’  2.d
dn* mdn’

In two dimensions, the self-similar collapse is no longer
supersonic. The pressure term Arn in Eq. (2) remains im-
portant and

1
alt, —t)

PY(r,t)=

,
alt, —1)

ity =0 1=ittg =" 1r?/4
e ’

1
[alt, —1)]?

nir,t)=

’
alt,—1) |’
where P (7)), N (1) satisfy
AP —P—NP=0, (10)
a’(n’N,, +6nN, +6N)—AN =AP’, (11)
with

2
d* 1.4
dn* mdn
and a? a free positive parameter.

There is no analytic proof of the existence of solutions
for the ordinary differential equations (8),(9) and (9),(10).
These equations were studied numerically in three dimen-
sions in [4] and in two dimensions in [8]. In both cases,
two pairs of localized solutions were computed, one of
them (mode I) corresponding to a monotonic profile for
both P and N.

In this paper we address the question of the dynamic
stability of the self-similar solutions for both radially
symmetric and anisotropic initial conditions in two or
three dimensions. Which of them, if any, is approached
by general singular solutions of the Zakharov equations
near collapse? Is the parameter a universal in two di-
mensions or does it depend on the initial conditions? To
answer these questions, Eqgs. (1) and (2) are integrated nu-
merically using the dynamic-rescaling method introduced
in [18] and [19] for isotropic and anisotropic solutions of
the nonlinear Schrédinger equation, respectively. A brief
description of the method is given in Sec. II. In Sec. III

two- and three-dimensional isotropic singular solutions
are shown to become self-similar near collapse, with

A=
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monotonic profiles. We note that in two dimensions the
constant « in the equation for the profile tends to zero as
the mass approaches its lowest value !R[iz for collapse.
Stability of this dynamics with respect to anisotropic ini-
tial conditions is demonstrated in Sec. IV. A few con-
cluding remarks are presented in Sec. V.

II. DYNAMIC RESCALING

Equations (1) and (2) are first rewritten in the form

iy, +AYy—ny=0, (12)
n,=w, (13)
w,—An=Al¢y[* . (14)

Equations (13) and (14) are identical with Eq. (3) when
w = —V-v. The numerical method we use is very similar
to the one we have developed for the nonlinear
Schrédinger equation. We introduce a general change of
dependent and independent variables of the form

1
lﬁ(x,t)——L(t) U, 1), (15)
n(x,t)= M V(E,T), (16)
1
w(x,t)= 2D W(E,T) . (17

=D U0)(x—xg), 7= ['——ds, 18
& ()(x—xg), T fo s (18)
where (7) is a positive scalar function of time. Further-
more,

D(1)=0T(t)A(1) (19)

with O (¢) an orthogonal matrix represented by the Euler
angles and A(¢) a diagonal matrix whose diagonal ele-
ments are denoted by A; (i =1,...,d with d the space di-
mension).

When solving the nonlinear Schrddinger equation,
xo(?) and D (¢) were prescribed by the constraints [19]

fxi|'/’|2pdx
[ 1¥|%dx

X5=

and

[eglUlrdE

f1U‘2pd§ ij »

with p =2 or 3, in general. As shown in Sec. III, a more
convenient choice for the Zakharov equations is

[ x|n|*dx
xi=a b (20)
fInIZde
£\ VI%Pd
[&s,Vag t3Y
f|V|2pd§ ]
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because this keeps W bounded away from zero near the
collapse.

Substituting (15)-(18) into (12)-(14), we get the follow-
ing evolution equations:

i[U.—L7'L . U+£-VU]+LU—-VU=0, (22)
2
VT—M_‘MTV—H"VV—M—I?—W:O, (23)
W.—H 'Hw+ f-VW—ﬂ,LV—%.L(IUIZ)=O ,
M L

(24)
d, _
F——ai,.xim a2 (25)
dxo _
—d—zzm 20TAB, (26)
49 _ _6o. @7
dr
Here

L=(Q*A"2VV),

where VV=(82/8§i8§j) (i,j=1,...,d) and : denotes
summation over both indices. The matrices 4 =(a;;)
and G =(g;;) are defined by

_ pf(sij_gigj)Vzp_Ide

a;; (28)
] flV|2pd§
and
0 Py i)
8=V, &= 53 74 UTJ).
ToA A
Furthermore,
f=Q,2_d/2(B§'“23) ,
where B =(b;;) and B=(p;) are
_ _ L
b;=ay, bij'—xg_—}\’?aij (i), (29)
pfEV¥PTIWdE
B;= 14 - (30)
JIvI*dg

Note that (22)-(24) and (25) form a closed system for
U, ¥V, W and A;, while the translation x; and the Euler an-
gles are secondary quantities which can be determined
separately from (26) and (27). The form of Egs. (22)-(24)
suggest that we take L (1)=Q%2(t), M(1)=Q%1),
H()=02T92(t), and Q%(t)=d /3,;[ 1/ X(1)].

The coupled equations (22)-(27) and (28) are solved nu-
merically by a finite-difference method with the approxi-
mate boundary conditions discussed in [19-21]. We use
an Adams-Bashforth scheme for the time stepping and a
second-order-difference scheme in space. The approxi-
mate boundary conditions allows a substantial reduction
of the spatial integration domain.

III. COLLAPSE OF RADIALLY SYMMETRIC
SOLUTIONS

For isotropic solutions, x,=0 and the matrix A4 is diag-
onal with a;=a for i =1,...,d. Therefore, the scaling
factors A; are also all equal and are denoted by A. Conse-

quently, Q=A, L=A%2 M=A\} H=)\"42
A~ A, = —al, and f=aA£. Equations (22)-(27) reduce to
iU, +ar?472 %U+§U§ +AU—VU=0, 31
V,+ar2 2V +£V,)— AT 2w =0, (32)
W +ar>~47 2+% WHEW, | —A2AY
—A425|UP=0, (33)
A=—aA3792, (34)
where
pf(l_é—Z)V(Zp—l)ng—ldg
a= — . (35)
fVZpé-d ldg

A. Three-dimensional solutions

We first consider an initial condition (r)=6e "%,
no(r)=—|¥o(r)|?, dn,/dt(r)=0. We observe that as 7
increases, |U|, V, and W become stationary which indi-
cates a self-similar collapse. In this limit, the phase of U
at the origin is linear in 7. Furthermore, A(7)—0 and
a(7) tends to a finite limit 4 [Fig. 1(a)]. It follows from
(34) that

AM=(t, —t)*"?,

as predicted in [10] and displayed in Fig. 1(b). Substitut-
ing

U(E,7)=S(£)etiCT
in (31), we obtain, as 7—
AS—CS—VS=0,

where S can be chosen to be real by a phase translation.
In the equation for the density, the pressure term AV is
asymptotically negligible, making the collapse superson-
ic. From (32) and (33), we obtain

A4 .. —AQ2
S8V + 136V, +14V)=AS? .

Defining
P=V1/4S,
v-lv,
1=vVC¢,
we get
AP —P—NP=0, (36)
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2 = 2
127N, + 137N, +14N)=AP? (37)

which are identical with Egs. (2.1) and (2.2) of [4], up to a
simple rescaling. Figure 2 shows the final profiles of | U],
V (after a rescaling). We observe that they fit the profiles
P,N of mode I computed in [4].

We also consider two initial conditions for which ¢y, n,
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n

FIG. 1. Three-dimensional problem with isotropic initial
conditions wo(r)=6e"2, no(r)=—|o(r)|% 3ny/3t(r)=0: (a) a
vs 7; (b) A>/% vs t; (c) asymptotic profiles compared to the mode
I, computed in [4] (after rescaling).
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are not peaked at the 9rigin. The results for the initial
condition o(r)=6e """, ny(r)=—r|gy(r)|%, ny/dt(r)
=0 are shown in Figs. 2(a) and 2(b). Results for the ini-
tial condition Yo(r)=6r2e ", ng(r)=—r2lyyr)?
dn,/0t(r)=0 are shown in Figs. 3(a) and (b). In both
cases, the numerical results show that the profiles quickly

become peaked at the origin and converge to the profiles
P, N of mode I.

B. Two-dimensional solutions

Numerical integrations show that in this case also the
solution displays a self-similar collapse where a(7)— 4.
This is seen in Fig. 4(a) for initial conditions
Yolr)=4de ", no(r)=—|¢y(r)|?, 3ny/dt(r)=0. This be-
havior corresponds to a scaling factor A(#)=(t, —t). In
contrast to the supersonic collapse observed in three di-
mensions, the pressure term must now be retained in the
density equation. Furthermore, the phase of the self-
similar solution can be calculated exactly. Writing

U(&,7)=S(&)exp(—iCT)exp[ —(i/4)arE?] ,

we get in the limit where A tends to zero

<
1
|
|
|

,
o

)

>

8
-
L
F
i

»

©

Asymptotic profile
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\ 7
\ /
[
/
/

FIG. 2. Three-dimensional problem with isotropic initial

conditions Wo(r)=6e """, no(r)=—r2|ge(r)|2, dny/3t(r)=0: (a)
a vs 7; (b) asymptotic profiles compared to the mode I, comput-
ed in [4] (after rescaling).
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AS —CS —VS=0,
AXNEV  + 65V +6V)—AV =AS? .

With the normalization

we have
AP—P—NP=0, (38)
o*(9*N,, +6nN,+6N)—AN=AP?, (39)
Note that this system depends on the constant
a’= A?/C. Figure 4(b) shows that, after rescaling, the

profiles |U|, V of the initial-value problem, fit the profiles
P, N corresponding to this specific value of a?.

P.N 4
ULV at 7=50 |
R ULV at 7=25
,,,,, ULV at 7=0

Asymptotic profile

FIG. 3. Same as Fig. 2 for initial conditions ¢0(r)=6r2e_'2,
no(r)=—rye(r)|?, 3n,/dt(r)=0: (a) a vs 7; (b) asymptotic
profiles compared to the mode I, computed in [4] (after rescal-
ing).

The influence of the value of a on the profiles of the
self-similar solutions is discussed in [8] where the collapse
is defined as (moderately) subsonic if a is smaller than
unity, and (moderately) supersonic if it is larger. The
case a=1 is described as sonic. Our numerical simula-
tions of the initial-value problem indicate that the con-
stant a depends on the initial conditions. In order to
make this statement more quantitative, we have con-
sidered two families of initial conditions with Gzziussian
and Lorentzian initial profiles ¢y(r)=ce™" and
Yo(r)=(c/V'2)/(1+7r?), respectively, with ny=—|1,|%
For the same value of ¢, these two initial conditions have
the same mass. As mentioned in the Introduction, the
solutions of the two-dimensional Zakharov equations
with a mass i¢|i,_< IR}iz remain smooth for all time.
For the above initial conditions, this corresponds to
¢ <c,=2|R,|,,~3.72450. Table I shows the values ag
and a? for decreasing values of c, corresponding to the

initially Gaussian and Lorentzian profiles, respectively.
We see that in both cases a—0 as ¢ approaches ¢, from

08 T T T T T

+ (a)

0.6 —

02— —

0.0 R 1 n 1 1. "
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o
N
>
o
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FIG. 4. Two-dimensional problem with isotropic initial con-

ditions ¢o(r)=4e“’2, no(r)=—|o(r)|?, 3ny/3t(r)=0: (a) a vs
7, (b) asymptotic profiles compared to the mode I, computed in
[8] (after rescaling).
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TABLE I. Columns two and three list the dependence upon ¢
of the Gaussian and Lorentzian profiles as discussed in the text.

c (e 7¢] ar
4 1.02 0.86
3.8 0.88 0.76
3.6 0.74 0.66
34 0.59 0.53
3.2 0.41 0.38
3.0 0.31 0.29
2.9 0.25 0.20
2.85 0.18 0.175
2.8 0.10 0.09
2.75 0.001 068 0.001 003

above, although the numerical computation becomes del-
icate near the limit value.

As noticed in [8], when the parameter a tends to zero,
the self-similar profile becomes (strongly) subsonic and P
tends to the positive solution R of (5). In other words,
the profile of the solution identifies with that of the non-
linear Schrodinger equation. Nevertheless, for hN L2 arbi-
trarily close to IRILZ, the scaling factor A(z) varies
asymptotically like (f, —¢), while for the nonlinear
Schrodinger, A(2)=(t, —1)!/*g (¢, —1), where g is a slow-
ly varying function of the form Inln[1/(z, —¢)] !/?
[22-26]. It follows that as l¢|L2—>!R|LZ, the singular
solution of the Zakharov problem tends, up to a simple
rescaling, to

R [ L
t,—t

X expli(t,—t)”

Yir~ t,—t

—i(t,—t)"r?/4].

This function is an exact self-similar solution of the two-
dimensional nonlinear Schrodinger equation. As a solu-
tion of the latter, it is generally unstable. A possible ex-
ception is when the mass is exactly critical. It was re-
cently proved that in this case, it is the only singular solu-
tion [27,28].

C. Remarks on the profile equations

Equations (36), (37) and (38), (39) for the profile of the
solution in two and three dimensions were solved numeri-
cally in [8] and [4], respectively. Note that =0 and
n=1/a are singular points for Egs. (37) and (39). In or-
der for the solutions to be smooth, proper conditions for
N have to be prescribed.

In three dimensions, we solve N from (37) in terms of P
in the form

P2_
N = ‘-—‘2— 7/2 1/2d’l7 (40)
n
where P, =P (0). It is easy to see that
2P}
N~— _.2
3n?

as n— . Let n—0, we have
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N(O)=QM . 1)
It follows from Eq. (36) that
P"(0)=4[N(0)+1]P(0) . (42)
From (41) and (42) we have
2
N(O)ZAP (0)
7—2P%0)

Therefore, the value of N at the origin is not arbitrary but
depends on P,. When solving (36) and (39) by the shoot-
ing method, we only use P, as a shooting parameter
chosen such that P'(0)=0 and P decays rapidly at
infinity.

The two-dimensional case is more difficult. We solve N
from (39) in the form

_p-pP
- a2n2—1 ain?—
where Pa=P(1/a). When 77— o, we have

<
U

2

— P
372 f}/a (alngi— )1/277‘177’

N=~-—

where

c=J,

It follows from the integral formula and (38) that

d
l/aan 1/2’7 n-

2P P!
N(1/a)=—"
3a
and
4 ’ ’
N'(l/a)——lg—-P P, + 52 P,f—%PaPa+—5%P§ .

Therefore the values of N at y=1/a are determined by
P,,P,. We apply the shooting method at the sonic point
n=1/a with shooting parameters P,,P,. The proper
values of P,,P, are chosen such that the solution P
satisfies P'(0)=0 and P decays rapidly at infinity.

IV. COLLAPSE OF INITIALLY ANISOTROPIC
SOLUTIONS

We have integrated the full equations (31)-(33) with
anisotropic initial conditions in two and three dimen-
sions. In , t}12ree2 dimensions, we start with
Yolr)=6e > "2 732 po=|yy|% and dn,/3t(r)=0. We
observe in Figs. 5(a) and 5(b) that the solutions |U|,V
tend to be isotropic; furthermore, the normalized rescal-
ing factors I,=0Q?/3A? all tend to V'1/3 and approach
each other. This demonstrates that the solution in the
primitive variables become isotropic near collapse. The
profiles |U|,V along the three coordinate planes fit the
solutions P,N of mode I. Also, the phase at origin
behaves like C7. Therefore we conclude that the solution
converges to the isotropic singularity (3) and (4).

Note that the relaxation to isotropy is significantly
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slower than for the nonlinear Schrodinger equation with
the same initial electric field. In the latter case, isotropy
is approached around 7=12, while in the above Za-
kharov case we have to run until about 7=250 to see the
convergence.

In two dimensions, we use the initial condition
Yolr)=4e X"t /4 with ny=|yyl* and dny/dt(r)=0.
We also observe that the solution relaxes to isotropy.
Normalized rescaling factors /;=0Q2/2A? are shown to
approach each other in Fig. 6(a). We see that at the end
of the run the profiles | U|, V are isotropic and also fit the
P, N profiles of mode I [Fig. 6(b)].

Collapsing solutions of the scalar Zakharov equations
with anisotropic contraction rates were constructed in
[29,30]. We did not observe such dynamics in our nu-
merical simulations.

V. CONCLUSIONS

We have integrated the scalar Zakharov equations (1)
and (2) with the dynamic rescaling method for both radi-

08

L (a)

)

®
T
I

Rescaling factor
T —

c
N
7
!

0 200 400

4 T T T

L — PN
. . ULV along x axis

ULV along y axis |

1ULV along z axis

Asymptotic profile

FIG. 5. Three-dimensional problem with anisotropic initial
conditions ¢Yo=6e!~* ~¥1=3H  , (p)=— lo(r)|?, Bng/dt(r)
=0: (a) normalized rescaling factors vs 7; (b) asymptotic
profiles along the coordinate axes (dashed lines and point line),
compared to the mode I (solid line), computed in [4].
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ally symmetric and anisotropic initial conditions in two
and three dimensions. We observe that the isotropic
self-similar singular solution of mode I is dynamically
stable with respect to general anisotropic initial data that
lead to a singularity at only one point. The size of the
“caviton” scales like (¢, —¢)*/? in three dimensions and
like (¢, —¢) in two dimensions as expected.

In the three dimensions, the collapse is supersonic. By
contrast, in two dimensions the pressure term remains
relevant near collapse. A specific subsonic regime is ob-
tained in the limit where the mass of the waves tends to
its lower bound for collapse. Note that the rate of blow
up remains unchanged in this limit.

It is important to note that there are major differences
between the scalar model and the full Zakharov equations
[11,21], where ¢ is replaced by a vector E and (1) is re-
placed by

RSN

©

N

=]
T
|

Rescaling factor

o

@

o
T
1

0.50 [~ =

r (b)
—_ PN

ULV along x-axis _{

R ULV along y-axis |

Asymptotic profile

FIG. 6. Two-dimensional problem with anisotropic initial
conditions Yo=4e' %>V no(r)=—|yo(r)2, dny/dt(r)=0:
(a) normalized rescaling factors vs ; (b) asymptotic profiles
along the coordinate axes (dashed lines and point line), com-
pared to the mode I (solid line), computed in [8] (after rescal-
ing).
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iE, —aVX(VXE)+V(V-E)=nE .

In [21] we showed numerically that, unlike the scalar
case, singular solutions of the vector Zakharov equations
are weakly anisotropic for a large class of initial data.
Our observations support the argument given in [31] (see
also [32] for the case of axially symmetric solutions),
based on a spherical-harmonic decomposition.

LANDMAN, PAPANICOLAOU, SULEM, SULEM, AND WANG 46

ACKNOWLEDGMENTS

Computations were done at the Pittsburgh Supercom-
puting Center under Grant No. DMS-890012P. We
benefited from partial support from NATO Grant No.
COP 91 0521. The work of G.P. was supported also by
grants from the National Science Foundation, No.
DMS-9003227, and from AFOSR, No. F49620-92-J0098.
The work of C.S. was supported also by NSERC operat-
ing Grant No. OGPIN16.

(1] D. B. Budneva, V. E. Zakharov and V. S. Synakh, Fiz.
Plasma 1, 606 (1975) [Sov. J. Plasma Phys. 1, 335 (1975)].
[2] G. M. Fraiman, Pis’ma Zh. Eksp. Teor. Fiz. 30, 557 (1979)
[JETP Lett. 30, 525 (1979)].
(3] V. M. Malkin, Zh. Eksp. Teor. Fiz. 87, 433 (1984) [Sov.
Phys. JETP 60, 248 (1984)].
[4] V.E. Zakharov and L. N. Shur, Zh. Eksp. Teor. Fiz. 81,
2019 (1981) [Sov. Phys. JETP 54, 1064 (1981)].
[5] V. M. Malkin, Zh. Eksp. Teor. Fiz. 87, 433 (1984) [Sov.
Phys. JETP 60, 248 (1984)].
[6] L. M. Degtyarev and A. M. Kopa-Ovdienko, Fiz. Plasma
10, 9 (1984) [Sov. J. Plasma Phys. 10, 3 (1984)].
[7] V. M. Malkin and V. N. Khudik, Zh. Eksp. Teor. Fiz. 95,
1639 (1989) [Sov. Phys. JETP 68, 947 (1989)].
[8] L. Bergé, P. Dosseau, G. Pelletier, and D. Pesme, Phys.
Rev. A 42, 4952 (1990).
[9] V. M. Malkin and V. N. Khudik, Physica D 52, 63 (1991).
[10] V. E. Zakharov, Zh. Eksp. Teor. Fiz. 62, 1745 (1972) [Sov.
Phys. JETP 35, 908 (1972)].
[11]1E. A. Kuznetsov, Zh. Eksp. Teor. Fiz. 66, 2037 (1974)
[Sov. Phys. JETP 39, 1003 (1974)].
[12]J. Gibbons, S. Thornhill, M. Wardrop, and D. Ter Haar,
J. Plasma Phys. 17, 153 (1977).
[13] C. Sulem and P. L. Sulem, C. R. Acad. Sci. Paris Ser. A
289, 173 (1979).
[14] H. Added and S. Added, C. R. Acad. Sc. Paris, Serv. A
299, 551 (1984).
[15] V. E. Zakharov, A. F. Mastryukov, V. S. Synakh, Fiz.
Plasmy 1, 614 (1975) [Sov. J. Plasma Phys. 1, 339 (1975)].
[16] V. E. Zakharov, Handbook of Plasma Physics, edited by
M. N. Rosenbluth and R. Z. Sagdeev (Elsevier, New York,

1984), Vol. 2, p. 81.

[17] M. V. Goldman, Rev. Mod. Phys. 56, 709 (1984).

[18] D. W. McLaughlin, G. Papanicolaou, C. Sulem, and P. L.
Sulem, Phys. Rev. A 34, 1200 (1986).

[19] M. Landman, G. Papanicolaou, C. Sulem, P. L. Sulem,
and X. Wang, Physica D 47, 393 (1991).

[20] V. E. Zakharov, N. E. Kosmatov, and V. F. Shvets, Pis’ma
Zh. Eksp. Teor. Fiz. 49, 378 (1989) [JETP Lett. 49, 431
(1989)].

[21] G. Papanicolaou, C. Sulem, P. L. Sulem, and X. Wang,
Physics Fluid B 3, 969 (1991).

[22] G. M. Fraiman, Zh. Eksp. Teor. Fiz. 88, 390 (1985) [Sov.
Phys. JETP 61, 228 (1985)].

[23] B. LeMesurier, G. Papanicolaou, C. Sulem, and P. L.
Sulem, Physica D 31, 78 (1988).

[24] M. J. Landman, G. Papanicolaou, C. Sulem, and P. L.
Sulem, Phys. Rev. A 38, 3837 (1988).

[25] A. 1. Smirnov and G. M. Fraiman, Physica D 52, 2 (1991).

[26] S. Dyachenko, A. C. Newell, A. Pushkarev, and V. E. Za-
kharov, Physica D 57, 96 (1992).

[27] F. Merle, Comm. Pure Appl. Math. XLV, 203 (1992).

[28] F. Merle (unpublished).

[29] L. Bergé, G. Pelletier, and D. Pesme, Phys. Rev. A 42,
4962 (1990).

[30] L. Bergé, G. Pelletier, and D. Pesme, Physica D 52, 59
(1991).

[31]P. A. Robinson, D. L. Newman, and M. V. Goldman,
Phys. Rev. Lett. 61, 2929 (1988).

[32] V. M. Malkin and V. N. Khudik, Physica D 52, 55 (1991).
M. N. Rosenbluth and R. Z. Sagdeev (Elsevier, New York,
1984), Vol. 2, p. 81.



