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Evolution of disorder in magnetic stripe domains. II. Hairpins and labyrinth patterns
versus branches and comb patterns formed by growing minority component
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An analysis is presented of the role of topological defects in the evolution of disordered stripe-domain
phases of ferrimagnetic garnet films. Proliferation by continued nucleation and topologically con-
strained unbinding of disclination dipoles are identified as the essential mechanisms mediating the
strain-induced disordering process. Two distinct classes of metastable, disordered states are dis-

tinguished on the basis of the relative predominance of defect-pair proliferation and unbinding, and the
fundamentally different corresponding pattern morphologies which accommodate the emerging disclina-
tion network. Striking patterns containing linear chains of interdigitated disclination dipoles are
representative of the first class, while labyrinthine patterns, exhibiting a robust and well-defined local
structure in the form of "cybotactic" clusters, are typical of the second class. Results are discussed with
reference to defect-mediated melting and the structure of glasses. Comparison is also made with per-
tinent phenomena in related systems such as ferroAuids and amphiphilic films.

PACS number(s): 64.60.—i, 05.70.Fh, 64.70.—p, 75.70.Kw

I. INTRODUCTION

A. Disordering of modulated phases

Domain formation in a wide variety of condensed-
matter systems has been accounted for by invoking the
concept of competing interactions. Specifically, in thin
films of such materials as ferroelectrics [1], type-I super-
conductors [2], ferrofiuids [3] and ferrimagnetic garnets
[4, 5], as well as more recently in Langmuir films —that
is, monomolecular amphiphilic layers adsorbed at an air-
water interface [6]—formation, shapes, and stability of
domains have been attributed to the competition based
on an attractive interaction of short range, i.e., a
domain-wall energy, and a repulsive interaction of elec-
trostatic or magnetostatic origin and hence of long range.
That is, domain formation has been interpreted as an in-
dication of the condensation of the system in a modulated
phase, the simplest realizations of which are unidirection-
ally modulated "stripe" and trigonally modulated "bub-
ble" phases explicitly incorporated in mean-field theories
of Langmuir monolayers [7] and magnetic garnets [8].
The modulation period of the pertinent order-parameter
field is set by the balance of the competing interactions
and generally depends on temperature and externally ap-
plied field(s), as discussed in the preceding article, re-
ferred to as I in what follows, which also contains the
generic mean-field diagram constructed on the basis of
the concept just introduced, as well as actual examples of
the realization of these ordered ground states.

In contrast to what is assumed in the simplest rnean-
field-theory solutions, the patterns most frequently en-
countered in experiments are disordered. This is particu-
larly so in the case of stripe patterns for which "la-
byrinthine" morphologies have been reported in most of
the systems enumerated above [1—3, 5, 9—11]. Compara-
tively little effort has been directed at the elucidation of

the mechanisms governing the evolution of disorder in
spite of the expectation that, given the common basis of
theoretical description for a wide range of realizations of
modulated phases, such mechanisms would likely be of
quite general relevance. In the context of thin ferrofluid
films, a variety of studies were undertaken by Tsebers and
Maiorov [11],as well as Rosensweig, Zahn, and Shumo-
vich [12], and the problem is now receiving increased ex-
perimental and theoretical attention motivated by the
desire to understand the evolution of complex la-
byrinthine shapes within a generally valid mathematical
framework [13]. In the context of magnetic garnet films,
Molho and collaborators initiated a systematic study of
the role of topological characteristics of stripe patterns.
Thus, they investigated pattern evolution under
magnetic-field and temperature cycling [14],and explored
the effects of introducing perturbations of the optimal
modulation period of the pattern [15]. More recently, the
defect-mediated melting of an ordered magnetic bubble
array has been investigated in quantitative detail [16].
The problem of stripe-phase melting in these effectively
two-dimensional systems is of related interest, particular-
ly in view of observations of a "stripe liquid" in Lang-
muir monolayers [17]; recent experiments directly ad-
dressing this issue [18] have in fact located a transition to
an ordered state closely resembling the two-dimensional
nematic phase, predicted by defect-mediated melting
theory [19,20] to emerge as a highly defected smectic
phase [21],as discussed in the preceding article I.

The evolution of labyrinthine patterns from two well-

defined initial states constitutes the topic which we will

discuss in detail in the present article, with particular
focus on the role of topological defects in the disordering
process. In I we describe the evolution of a lamellar pat-
tern under temperature-induced strain along the symme-
try axis (H =0) of the phase diagram. Here we investi-
gate the mechanisms by which globally disordered
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stripe-domain states in ferrimagnetic garnet films evolve
in response to magnetic-field-induced strain. Primary at-
tention is thus given to the evolution along an experimen-
tal trajectory originating in a uniformly magnetized ini-
tial state from which individual "meandering" stripes nu-
cleate and proceed, under demagnetization at constant
temperature, to fill the available sample area. We rely on
the extensive application of algorithms for line-pattern
analysis to elucidate the essential role played by "nu-
cleation" and "unbinding" of defect pairs in this process.
The evolution of disorder is driven by strain, imposed on
a given pattern by means of tuning the characteristic
modulation wave vector via its magnetic-field and tern-
perature dependence. Strain is the relevant experimental
variable and, as we will discuss, the mechanism of dis-
clination unbinding displays identical characteristics ir-
respective of whether patterns evolve in response to
Geld-induced strain, as in the experiments discussed here,
or in response to temperature-induced strain, the situa-
tion realized in the experiments reported in I. A portion
of our results has been previously reported in abbreviated
form [22,23].

B. Summary and outline

In article I, particular attention was given to the prob-
lem of period adjustment in a lamellar state and to the
transverse pattern instabilities which mediate the lamel-
lar state's response when subjected to temperature-
induced dilative strain; this arises from the constraint
that the number of lamellae present in the system cannot
be increased as required to accommodate, within the
lamellar configuration, the period reduction implied by
increasing temperature. The appearance of undulation
and chevron patterns is broadly consistent with a local
elastic response of the magnetic stripe pattern, as pro-
posed in a recent theory [24] and establishes a direct anal-
ogy between the magnetic lamellae, an e6'ectively two-
dimensional system, and smectic liquid crystals [25,26].
The accumulation of strain eventually destabilizes the
emerging chevron pattern by a process of defect-pair nu-
cleation. The subsequent unbinding of these defects will
be given more explicit attention here.

Our principal observations may be summarized as fol-
lows. Disordered stripe patterns contain topological de-
fects which are introduced in the evolving pattern in the
form of disclination dipoles and are indicative of stripe or
line branching. Under conditions of slowly increasing
strain, existing disclination dipoles undergo a continuous
"unbinding" transition. This entails the motion of dis-
clinations of opposite charge, initially paired into a di-
pole, to uncorrelated positions. This motion follows a
trajectory marked in the pattern by a curvilinear connect-
ing contour, or "tether" [22]. The fact that line rupture
("pinchoff") and intersection are forbidden for the range
of experimental parameters relevant here, and in contrast
to the fluctuation-dominated behavior of certain Lang-
muir monolayers [17,18], constitutes a strong topological
constraint on the evolving pattern in the form of its glo-
bal connectivity. Consequently, disordered stripe pat-
terns generally represent the realization of a constrained

minimization of the pertinent free energy and are in this
sense metastable. The disclination-pair unbinding con-
templated here is thus distinct from the defect-pair un-
binding considered by Kosterlitz and Thouless [27) and
analyzed in the context of defect-mediated melting
[19,20,28,29]. It may be more appropriately regarded as
a fundamental process mediating the evolution of amor-
phous structure in stripe phases. Disclination-dipole un-
binding leads to the appearance of a globally disordered
"labyrinthine" state with a well-defined local structure,
based on a prominent motif in the form of oblong polygo-
nal clusters of ordered stripe segments, and characterized
by a density nD of disclinations defining an "intermedi-
ate" length scale, g nD-'~, related to the characteristic
size of segment clusters [23]. As shown in a related arti-
cle [30], extensive statistical analysis of numerous
structural attributes of such segment clusters reveals
these to be remarkably robust and independent of the
choice of trajectory in the magnetic-field—
temperature phase diagram.

Demagnetization at a fixed temperature from a state of
saturated magnetization leads to a labyrinthine pattern
via the elongation of a single (or a small number of)
"meandering" stripe(s) of the invading ("minority" ) com-
ponent. These stripes elongate without rupturing or
branching, thereby confining disclination dipoles com-
pletely to the "majority" component. Hairpin turns
figure prominently in the self-avoiding configurations of
the evolving stripe(s). The resulting disordered state ap-
pears to represent a deep local minimum in the free ener-

gy of the stripe pattern which is reached under "adiabat-
ic" conditions of increasing strain whenever topological
constraints prevent access to the lamellar pattern
representing the state of globally minimal free energy
[23,30].

In contrast, the proliferation of defects by continued
nucleation predominates in response to rapidly increas-
ing, magnetic-field-induced strain, favoring the formation
of highly branched, metastable stripe configurations.
Striking patterns, composed of ordered arrays of alternat-
ing disclination dipoles, are observed in this situation.
The competition between nucleation and unbinding of
disclination pairs is shown to be biased by the rate of
external "forcing, " that is, in the present context, the rate
of change of magnetic-field-induced strain, relative to the
rate at which local strain is accommodated via transverse
motion of domain walls as the stripe period evolves.
These findings suggest the existence of distinct classes of
metastable, amorphous structures, distinguished by the
relative preponderance of branching over defect-dipole-
unbinding events in the course of disordering. We argue
that the morphology reflects the loca1 strain distribution
during the evolution of disorder.

The remainder of this article is organized as follows.
In Sec. II we provide a description of experimental ap-
paratus and procedures; a detailed discussion of the
methods of digital image and pattern analysis employed
here is given elsewhere [30]. Section III contains the bulk
of our results pertaining to the evolution of disordered
patterns from well-defined initial states. In particular, we
examine the case of magnetic-field-induced strain. The
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discussion of these findings in Sec. IV is guided by refer-
ence to concepts from the theory of defect-mediated
melting as well as to the description of amorphous struc-
ture. Comparison is also made with pertinent phenorne-
na in related systems —notably ferroAuidic and amphi-
philic films.

II. MATERIALS AND EXPERIMENTAL
PROCEDURES

A. Garnet Alms

Experiments were performed on thin, transparent films
of magnetic garnet, grown by liquid-phase epitaxy on
single-crystal substrates of gadolinium gallium garnet
(GGG) of (111) orientation. Garnet crystals have cubic
symmetry, with 160 atoms per unit cell arranged in a

complex structure. These crystals were prepared without
dislocations in the form of 2-in. diameter wafers. The ep-
itaxial films were sufficiently thin to eliminate closure
domains of magnetization near the surface [4,31]; in the
present case, a thickness of about 13 pm was chosen.
Their composition, (YGdTm)3(FeGa)60, 2, was confirmed

by means of x-ray fluorescence analysis.
These magnetic garnet materials, originally produced

to study their potential application in a variety of devices
such as computer "bubble" memories, are ferrimagnetic
and contain two opposing iron sublattices. The large
amount of gallium on the majority iron site reduces the
magnetic moment to a low value (4vrM, -70 G at room
temperature), resulting in relatively large domains for
enhanced visibility. The substitution of rare-earth ions
on the yttrium sites gives rise to a large, growth-induced
uniaxial anisotropy with the easy axis of magnetization
perpendicular to the plane of the film. The field required
to saturate the films parallel to the surface is a factor of
about 30 larger than the perpendicular saturation field.
The films therefore exhibit the behavior of an Ising fer-
romagnet over a wide temperature range, with alternat-
ing domains of "up" and "down" magnetization in the
characteristic "stripe" and "bubble" configurations. In
spite of their intricate atomic structure, (111) films with
uniaxial magnetic anisotropy are isotropic in the plane,
i.e., there is no preferred orientation of domain walls.
Extremely low coercivities were achieved, ensuring low
friction and smooth domain-wall motion, particularly at
elevated temperatures.

B. Experimental arrangement and procedures

OA

2I

4
3

2

4

sJQ &Ls

proximity to the garnet film by reading a 10-kA thermis-
tor (YSI, Yellow Springs, OH) into a high-resolution digi-
tal voltmeter (HP 3456A, Hewlett Packard, Palo Alto,
CA). The furnace was designed to fit into the 1-—,'-in. —

diam bore of an air-cooled solenoid of 2-—,
' in. length, cap-

able of generating an axial magnetic field of up to approx-
imately 500 Oe. Fields were calibrated using a solid-state
Hall sensor (SS94A1, MicroSwitch, Freeport, IL) in place
of the sample; the pertinent resolution, achieved via an
analog controllable power supply (HP6269B, Hewlett
Packard, Palo Alto, CA) was approximately 1 Oe.

The entire assembly, sketched in Fig. 1, was placed on
a stage to fit a standard Zeiss Universal microscope,
equipped for polarization microscopy, and aligned for
Koehler illumination [32]. The observation of domains
of magnetization relies on the Faraday effect, that is, the
rotation of the plane of polarization of light transmitted
through the film in a direction parallel or antiparallel to
that of the magnetization. A charge-coupled device
(CCD) video camera with external control of gain and
black level (CCD 72, Dage MTI, Michigan City, IN) per-
mitted us to take advantage of well-known contrast and
resolution enhancement [33]. In addition, time-resolved
video microscopy was aided by employing an optical
memory disk recorder (TQ-2028F, Panasonic, Secaucus,
NJ) facilitating frame-by-frame analysis of rapidly evolv-
ing patterns [34].

The source of illumination was usually a standard
100-W Hg lamp, in combination with a Rat-field correct-
ed condenser of numerical aperture (NA) 0.32 (Zeiss,
Thornwood, NY), matched to the NA of the normally
employed fiat-field corrected objectives of NA 0.1 (4 X ) to
NA 0.3 (10X) (Wild-Leitz, Rockleigh, NJ). Diff'raction
spectra were recorded by imaging the depolarized com-
ponent of the input illumination, in this case provided by

10 10

Samples approximately 10 rnmX10 mm in size were
cut from the original wafers and placed into a small,
ceramic (A1203) furnace of cylindrical shape, heated via a
10-fl bifilar winding (Minco Products, Minneapolis, MN)
and equipped on top and bottom with double-paned win-
dows (Meadowlark Optics, Longmont, CO), also ern-

ployed in a commercial microscope hot stage (Instec,
Boulder, CO). Temperature control (DRC 91C, Lake
Shore Cryotronics, Westerville, OH) relied on a 100-0 Pt
resistance temperature device (RTD) (Omega Engineer-
ing, Stamford, CT) cemented to an interior wall of the
furnace; the actual temperature was monitored in close

FIG. l. Experimental assembly, shown in side view, contain-
ing the ceramic furnace, surrounded by a solenoid, as described
in Sec. IIB of the text. OA, optic axis; 8, sample; 1 and 6,
thermally insulating end caps, also serving as locating devices,
machined from Vespel (DuPont, Wilmington, DE); 2, double-

paned windows (see Sec. IIB); 3, bifilar winding; 4, removable

top piece of ceramic furnace; 5, body of ceramic furnace,
machined from alumina ceramic (Cotronics, Brooklyn, NY); 7,
feedthroughs; 8, aluminum spacer; 9, solenoid, of 4-in. diameter,
machined from Macor (Corning, Corning, NY); 10, aluminum
baseplate.
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the 514-nm line of an argon-ion laser (Innova 90-5,
Coherent, Palo Alto, CA), in the back focal plane of a
10X, NA 0.3 objective. This is accomplished by means
of a Bertrand lens inserted in the optical train of the mi-

croscope.
Computer control of all measurement and video

recording functions allowed for convenient and reprodu-
cible ramping of temperatures and magnetic fields and
the capture of images as well as experimental parameters
on videotape for subsequent analysis. A detailed exposi-
tion of the methods of digital pattern analysis is given
elsewhere [30].

III. EVOLUTION OF LABYRINTHINE
STRIPE-DOMAIN PATTERNS IN RESPONSE

TO MAGNETIC-FIELD-INDUCED STRAIN

In this section we elaborate on the findings briefly sum-
marized in Sec. I. Invoking extensive digital line-pattern
analysis, we examine in detail the mechanisms mediating
the evolution of disorder in stripe-domain states and the
formation of several types of labyrinthine patterns.

In all experiments analyzed here, disordering is driven
by externally imposed strain, controlled via the
magnetic-field [5] dependence of the characteristic modu-
lation wavevector, q =q(H, T), described in Sec. III A of
I. In particular, we note that, over the range of parame-
ters relevant to the present report, temperature is not a
relevant variable: No fluctuation effects are in evidence,
in contrast to what is observed in the "critical" region
[35].

A. Disclination unbinding in response to field-induced strain

According to the temperature dependence of the stripe
period, d, discussed in Sec. III A of I and sketched there
in Fig. 1, the largest variation in temperature-induced
strain is achieved near the mean-field critical tempera-
ture. However, image contrast is due to the Faraday
effect and vanishes with decreasing magnetization ampli-
tude, rendering difficult the recording of patterns with
high contrast in the critical region. Conversely, the
stripe period may be varied over a large range, i.e., by a
factor of 2 to 3, via its dependence on magnetic field, also
sketched in Fig. 1 of I. To record data for a detailed
analysis of the unbinding process as well as for the study
of kinetic effects on defect proliferation, to be described
in Sec. IIIB, it proved to be advantageous to rely on
magnetic-field-induced strain, as discussed in what fol-
lows.

Figure 2 contains a sequence of stripe configurations
representing intermediates in the transformation of a la-
byrinthine into a lamellar stripe pattern. That is, the se-
quence was actually recorded in reverse order from that
displayed: Starting with the labyrinthine pattern in Fig.
2(d), generated from an initial lamellar state via
temperature-induced strain accumulation as discussed in
I, the return of the pattern to the ordered lamellar state
was accomplished by relieving the stored strain via the
magnetic-field dependence of the stripe period. In this
sense, temperature and external magnetic field are com-
pletely equivalent within the respective ranges pertinent
to the present experiments: Both serve as a means to

vary the stripe period d.
It should be noted that the sequence of transformations

depicted in Fig. 2 is completely reversible, provided that
disclination dipoles are not actually annihilated. That is,
if the field is raised to sufficiently high values to decrease
stored strain below the yield threshold, disclination pairs
vanish and a lamellar state eventually appears, here at
H =0.95H, with H, (T= 150'C) =65 Oe. A return to
the branched labyrinth, otherwise accomplished by
lowering the field back to H=O, then becomes impossi-
ble: Instead, a banded labyrinth is formed, exhibiting a
completely asymmetric distribution of disclinations be-
tween its two components [22,23,30].

The left-hand column of Fig. 2, containing panels
(a) —(d), has been previously presented [22]. It is the
configuration of the "tethers" joining oppositely charged
disclinations as shown in the figure s right-hand column
which permits the identification of global descriptors
capturing the essence of the disclination-pair unbinding
transition. Thus, it is apparent that in the course of the
evolution of disorder, the tether contour is greatly
elongated, while, concomitantly, its shape becomes in-
creasingly irregular. That is, the trajectory of the path
between joined countercharges is transformed from a
straight line characterizing disclination dipoles into a
meandering contour.

A detailed shape analysis of the tether trajectory is
possible on the basis of a variety of measures employed in
the theory of random flights [36], also briefly alluded to
elsewhere [30]. Here, we have relied on a quantitative
description of the dipole unbinding process in terms of
two simple global descriptors of the tether contour,
namely, the contour length I and the ratio d„/l of end-
to-end distance and contour length. These two quantities
capture essential features of the unbinding process as
identified above: contour elongation and "randomiza-
tion" of orientation. Given a sample of sufficient size,
comparison of the behavior of the ratio d„/l with per-
tinent results from the study of polymer chain statistics
[37] and nonintersecting space filling walks [38] may be of
interest. Results obtained by analyzing the data set from
which the configurations in Fig. 2 were drawn have been
presented elsewhere [22]. In Fig. 3 we summarize the
analysis of a second data set, recorded under similar ex-
perimental conditions. Comparison with the earlier
analysis is gratifying, because it reveals that the descrip-
tion chosen here is quite robust, yielding virtually identi-
cal behavior for the evolution of both ( I ) and (d„/1) as
a function of dilative strain E= (do —d ) /do.

The behavior of (I ) may be understood from the fol-
lowing argument, based on the assumption of stripe
elongation. Consider an Archimedean spiral (of constant
curvature) in a circular area of radius R o =Xd; if
r(P) =(d /2m )P, the spiral will complete 1V revolutions as
its radius increases to Ro. The contour length l may be
estimated in the form

With r =r(P) from above, one has l„=m.d(2n+1) and
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I —~dN; given N=RO/d, this implies I —1/d. That is,
we expect the total contour length to increase linearly as
the period d decreases. Application of this argument to
the elongation of tether contours joining oppositely
charged disclinations suggests a linear functional form:

I =ad '+b. In general, b&0, reflecting the experimen-
tal observation that I, the tether contour length, vanishes
at some finite value d * of the period. For I =0,
b = —a/d*; hence, 1=a(1/d —1/d') and
ld —( d * —d ) /d *. That is, the product Id is expected to

FIG. 2. Intermediate states in the course of disclination-dipole unbinding, formed in response to magnetic-field-induced dilative

strain; T= 160'C ( =0.8T, ). The bottom row depicts a branched labyrinth pattern at H=O Oe. Preceding the pattern in the top row

is a lamellar pattern, not shown here. The right-hand column contains ——' ("6")and + —„' ("0")disclinations as well as the connect-

ing tether, identified in the corresponding stripe pattern by a set of algorithms for line-pattern analysis [30]. In the left-hand column,

disclination charges ("b.," "o")and the connecting tethers are superimposed on the original stripe pattern [22]. The stripe patterns

displayed in the two lower panels on the left were treated by application of low-pass and dilation filters. The shading so generated

makes it readily apparent that disclinations are located along the boundaries of "segment" clusters, i.e., order regions composed of
parallel stripe segments [23,30]. An analysis of this data set has been previously presented [22]. The horizontal dimension of each

field of view is 570 pm.
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scale linearly with dilative strain e, evaluated with
respect to the reference state with d =d *.

In constructing the linear fit to the data in Fig. 3, we
have simply equated d with do ~ This is justified if one
considers the value of d obtained by extrapolating the
linear portion of the plot to 1=0. As may be judged from
the figure, the linear fit captures the essence of the opera-
tive disordering mechanism. In this context, it is impor-
tant to note a crucial assumption on which the validity of
the linear scaling of ld —e is based: The nucleation of ad-
ditional disclination dipoles in the course of the unbind-
ing process is neglected. The contribution from such a
mechanism to strain relief would result in a sublinear
dependence of I on 1/d. A dramatic realization of this
expectation will be discussed in Sec. III B in connection
with the highly branched, interdigitated "comb" patterns

of Figs. 4 and 5. For the cases analyzed here, we con-
clude that the evolution of disorder is mediated primarily
by disclination-dipole unbinding, that is, by elongation of
tether contours.

Importantly, elongation is accompanied by a continu-
ously advancing randomization" of the tether contour
orientation: Straight connecting tethers evolve into
meandering, self-avoiding curves. This is the content of
the plot displaying the dependence of (d„/I) on dilative
strain. The randomization constitutes an essential ele-
ment in the disordering, because it leads to the complete
loss of globally preferred directions of the pattern, with
corresponding Fourier spectra ultimately exhibiting com-
plete global averaging, as discussed in related articles
[23,30]. No theoretical understanding of this process
currently exists. Similarly, the continuous broadening of
the distributions of both (I ) and (d„/I), indicated by
the vertical bars in Fig. 3, represent a significant feature
of the disordering process which remains to be under-
stood in detail.

Q 9— B. Disordering of minority stripe phase
invading homogeneously magnetized initial state

We turn next to the description of the evolution of
"banded" labyrinths, generated by the extensional
growth of a single (or a few) stripe(s) of minority com-
ponent nucleated from a homogeneous initial state in the
course of demagnetization. By definition, demagnetiza-
tion implies a decrease in value (from l to 0) of the pa-
rameter
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0.3 I ] lg

0.3 0.4 0.5 0.6 0.7
D I LATIVE STRA I N 8 —= (Io d)/lo
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FIG. 3. Analysis of magnetic-field-induced disclination un-
binding at T= 160'C ( =0.8T, ), in terms of two global descrip-
tors of the curvilinear contour ("tether") joining —

2
and +

2

disclinatiou charges, namely, the tether contour length (I ) and
the ratio (d„/I) of end-to-end distance d„to contour length.
Displayed is the dependence of both quantities on dilative
strain, e—= (do d)/do here, do denotes the stripe period of the
lamellar stripe pattern realized at high magnetic field, as dis-
cussed in the text. The solid line in the lower plot results from a
linear fit, suggested by a scaling argument discussed in Sec.
IIIA of the text. Vertical bars indicate +—'o., o. denoting the
standard deviation; ( ) implies an average over a field of view
(see, e.g., Fig. 2).

as the magnetic field is ramped from H )H„,to H=O.
Thus, an increasing amount of minority phase is being
generated via the extensional growth of individual stripe
domains. In the course of the elongation, the stripe
width also increases in the manner shown in Fig. 1 of I:
The width is identical to d &(8); the magnetic-field depen-
dence of this quantity is given in that figure.

The process of stripe elongation is reversible, that is,
the retraction of a meandering stripe may be accom-
plished by magnetizing a given film. This process entails
the "dilution" of the minority component of magnetiza-
tion while increasing the stripe period and represents an
interesting analog to the "swelling" of lamellar surfactant
assemblies [24].

Before elaborating on the evolution of patterns, we first
note that the very nucleation of stripes from a state of sa-
turated magnetization is at variance with the mean-field
description of the phase behavior, discussed in I: Demag-
netization of a saturated initial state should, according to
that picture and the phase diagram depicted in Fig. 1 of
I, lead to the nucleation of a hexagonal bubble lattice. As
will be discussed elsewhere [35], bubble nucleation is
indeed observed under certain conditions of demagnetiz-
ing, provided that T~0.98T, . Otherwise, the scenario
depicted in Fig. 4 unfolds: Individual sites of heterogene-
ous nucleation become the origin of an (eventually)
'infinitely" elongated, meandering stripe domain of

minority phase. The growth of such stripes appears to
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preempt nucleation of additional domains.
The evolution of a well-defined local structure in the

banded labyrinth requires the correct "folding" of a sin-

gle (or generally a small number of) meandering stripe
domain(s) to replicate the well-defined structural attri-
butes of a labyrinthine pattern, as detailed in related arti-
cles [23,30]. Remarkably, this is accomplished at elevat-
ed temperatures without introducing a single topological
defect in the evolving pattern, as we will presently discuss
in connection with Figs. 4 and 5. We have previously
pointed out the completely asymmetric distribution of to-

(c)

FIG. 5. Snapshots depicting intermediate states in the second
stage of the evolution of a banded labyrinth pattern at a temper-
ature T=160 C (=0.8T, ) from a homogeneously magnetized
initial state (shown in black). The initial stage of evolution is
discussed in the text in connection with Fig. 4. The fully
formed pattern "contracts" in response to the external field de-
creasing from 62 Oe (a) to 60 Oe (b) and 55 Oe (c). The respec-
tive stripe periods, in units of the period, d =11.5 pm of the
final banded labyrinth state (H=O Oe), are 3.2d (a), 2.9d (b),
and 2.0d (c). The pattern topology is essentially fixed, remain-
ing unaltered while the field is lowered to 0 Oe. During this
process, disclinations, completely confined to the majority com-
ponent, continue to unbind.

pological defects between minority and majority com-
ponents of the banded labyrinth pattern [23,30]. This
broken symmetry distinguishes "banded" from
"branched" labyrinths, such as those in Fig. 2, and
reAects the history of pattern preparation involving, in
this case, a distinct minority component.

We now show that the evolution of banded labyrinths
involves a distinct initial stage, required precisely for the
reason that, immediately following minority stripe nu-
cleation, large-scale spatial inhomogeneities exist in the
evolving pattern. A sequence of snapshots documenting
this initial stage in the evolution of a banded labyrinth
pattern is displayed in Fig. 4.

As may be ascertained from this sequence of
configurations, the growth of individual stripes is charac-
terized by the formation of hairpin turns or loops. These
are formed in two ways: first, by individual elongating
stripes switching back on themselves and, second, by
transverse protrusions from individual stripes, originat-
ing predominantly near spontaneously formed "bulges"
(see Fig. 4) in the parent stripe and extending into pris-
tine regions of majority component. Following small
step wise changes in the applied field, cascades of
hairpin-loop formation are triggered which require
frame-by-frame resolution ( —,', s) to track. Remarkably,
the (normal) distance between the legs even of isolated
hairpins [see, e.g. , Figs. 4(a) —4(c)] is very well defined and
appears to be identical to the period of the stripe pattern
which first realizes a (very nearly) homogeneous coverage
of the available sample area with minority component, as
may be ascertained from the comparison of Figs. 4(a) and
4(i), and their respective insets. It is when this homo-
geneous state is attained that large lateral gradients in the
strain are eliminated, signaling termination of the initial
stage of evolution. As may be judged from Figs.
4(a) —4(i), the stripe width remains essentially unchanged
during this first stage; referring to Fig. 1 of I, this is a
direct indication that the process of eliminating lateral
inhomogeneities is complete within a very small interval
of applied field following nucleation (see also the caption
of Fig. 4). Stated diff'erently, the initial stage of evolution
of banded labyrinth patterns eliminates large inhomo-
geneities in the distribution of minority component
within the background of the majority component, there-
by eliminating lateral gradients in the strain. During this
evolution, a crossover occurs from single stripe to collec-
tive stripe properties: an area-filling pattern with a
period, well defined over the available sample area,
emerges at the completion of the initial stage of evolu-
tion. The nature of this crossover and the behavior of the
single stripe, especially the mechanism driving hairpin
formation, are not presently understood.

As Fig. 4 reveals, essential topological features of the
ultimately attained banded labyrinth are determined at
this very early stage of the evolution. In particular, the
density of disclinations, all in the majority component, is
essentially fixed, and given by the number of hairpin
turns of the meandering stripe of invading minority com-
ponent. That is, elongating stripe domains, by generating
the appropriate density and distribution of hairpins, very
remarkably, replicate the morphology of the branched la-
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byrinthine pattern by "folding" into the correct local
structure.

In the course of the ensuing second stage of the pattern
evolution, illustrated in Fig. 5, the now completely
formed stripe pattern responds to the decreasing applied
field by "contracting, " i.e., by decreasing its modulation
period. The overall configuration, however, is essentially
fixed and undergoes, if any, only minor local rearrange-
ments. Further analysis in fact shows that this second
stage of the evolution is mediated by the elongation of al-
ready unbound pairs of disclinations, present in the ma-
jority component, in a manner identical to that mediating
the evolution of the branched labyrinth patterns, as dis-
cussed in Sec. III A and in I.

A crucial aspect of the late stage of the disordering
process is the necessity to accommodate the local
compression of the evolving stripe pattern, implied by the
field-induced decrease of the characteristic period ap-
parent in Fig. 5. The requisite adjustment involves the
motion of domain walls transverse to the locally prevail-
ing stripe orientation. A lag in the response of the pat-
tern with respect to the rate of change of magnetic
field —for example, due to domain-wall pinning —implies
the accumulation of local strain. Given a finite mobility
of domain walls [39] and a sufficiently rapid rate of
demagnetization, local strain may exceed the threshold
for nucleation of disclination dipoles. This is precisely
the scenario setting the stage for the proliferation of de-
fects and line-branching events characterizing a new class
of metastable patterns to whose description we turn next.

ported [40], exhibits a very high density of topological de-

fects, generally in the form of chains of interdigitating
disclination dipoles. The new type of patter displays
none of the local structural attributes identified and ana-

lyzed in the case of both branched and banded labyrinths

[30]—in particular, there are no oblong polygonal seg-
ment clusters.

In contrast to the asymmetry in the distribution of to-

(b)

C. Kinetic efFects: Disclination unbinding versus nucleation

The evolution of the branched and banded labyrinthine
states we have described in Secs. IIIA and IIIB origi-
nates in very different initial states and involves distinct
mechanisms: In the first case, the "smectic" instabilities
of an ordered state and the formation and subsequent un-

binding of disclination dipoles and, in the second case,
the hairpin folding of individual stripes of minority com-
ponent, a process delineating disclination dipoles in the
majority component, and the subsequent unbinding of
these defects. Quite surprisingly in view of these
differences in the respective processes of generating the
final, disordered state, the local structural attributes and
characteristic motifs of both types of labyrinthine pat-
terns were demonstrated to be virtually identical and
reproducible. Common to the preparation of both these
patterns is a choice of conditions permitting the rapid
equilibration of strain in response to changes in external
parameters, i.e., temperature and magnetic field —that is,
"adiabatic" conditions prevail. This prevents the buildup
of significant local gradients in the strain field.

In contrast, magnetic-field-induced strain in an evolv-

ing pattern may be increased sufficiently rapidly, particu-
larly in the low-temperature region of the phase diagram
where domain-wa11 mobility is decreased, so that a new
class of metastable patterns is produced. An essential
distinction between patterns representative of this new

type and the former branched and banded labyrinth pat-
terns becomes apparent when inspecting Fig. 6: This new
class of pattern, described as "comblike" when first re-

(c)

c,F'

FIG. 6. "Comb" pattern, generated at room temperature by

rapid demagnetization from a saturated state. This type of pat-

tern is characterized by an unusually high density of line-

branching events and hence disclinations; these are paired into

dipoles which interdigitate and form linear chains. (a) (top) de-

picts the pattern itself, (b) (middle) depicts its topological de-

fects and connecting tethers identified by a set of algorithms for

line-pattern analysis [30]. The horizontal dimension of the field

of view is 570 pm. (c) (bottom) contains the Fourier spectrum

computed from the pattern in (a).
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pological defects with respect to the pattern components
in the banded labyrinths obtained by demagnetization at
elevated temperatures, defects are now present in virtual-

ly equal numbers in both components. In addition, a pre-
ferred orientation is retained over macroscopic distances,
yielding Fourier spectra exhibiting basically fourfold
symmetry as illustrated in Fig. 6(c). The dipole chain
morphology is reminiscent of that previously encoun-

(c)

tered as an intermediate in the transformation of a chev-

ron to a branched labyrinth and described in connection
with Fig. 10 of I. These two observations may indicate
that the initial stage of pattern evolution involves the
generation of a quasilamellar pattern. However, it has so
far been impossible to achieve the requisite time resolu-
tion to track the evolution of "comb" patterns.

The density of defects is exceptionally high, exceeding
that typical of branched and banded labyrinths by a fac-
tor of 5 or more in the cases we have analyzed. Impor-
tantly, in the present patterns dipoles remain essentially
intact even in the final state. A typical value for (d„/I),
obtained for the pattern in Fig. 6, is 0.94. We also note
that the density of defects and the average tether contour
length are correlated so that, approximately,
nD(l ) =const. We are led to conclude that the process
of disclination-dipole unbinding has been suppressed in
favor of continued defect nucleation: The result is a
highly branched, essentially lamellar pattern of incorrect
spacing, spawning interlocking sidebranches to achieve
the correct local periodicity.

The emergence of the highly branched comb patterns
with the striking ordered superstructure of chains of in-

terdigitated disclination dipoles is unusual. We have ob-
served it most frequently in "new" samples, believed to
be free of imperfections and thus expected to display a
uniformly low coercivity. More typical under very simi-

lar experimental conditions, namely, rapid demagnetiza-
tion at room temperature, is the observation of patterns
such as that of Fig. 7. In terms of the structural attri-
butes we have employed to analyze labyrinthine patterns,
metastable patterns such as the one in Fig. 7 may be
viewed as being composed of coexisting regions of comb
and branched labyrinth patterns. For example, the densi-

ty of disclination pairs and the mean values for ( t ) = 58
and (d„/l) =0.86 are all intermediate between those of
branched and banded labyrinths, on the one hand, and
the comb pattern, on the other. Moreover, the pattern of
Fig. 7 is seen to contain the structural motifs of both
types of pattern. That is, chains of interdigitating dis-
clination dipoles coexist with segment clusters: In re-
gions exhibiting the former morphology, the defect densi-

ty is high, while tether contours are short; in regions ex-
hibiting the latter morphology, a smaller number of
elongating or unbinding disclination dipoles emerge.

Within the context of attributing the proliferation of
disclination dipoles to gradients in the strain field and lo-
cal accumulation of strain, in turn reAecting limits in the
mobility of domain walls, one must conclude that the
coexistence of different types of pattern morphologies in-

dicates inhomogeneities in domain-wall mobility, perhaps
due to an inhomogeneous distribution of pinning sites.

FIG. 7. Coexistence of "comb" and branched labyrinth mor-

phologies in stripe patterns, generated by rapid demagnetization
from saturation at room temperature under conditions dis-
cussed in Sec. III C of the text. (a) (top) depicts the pattern it-
self, and (b) (rniddle) its topological defects and connecting teth-
ers, identified by a set of algorithms for line-pattern analysis
[30]. The horizontal dimension of the field of view is 570 pm.
(c) (bottom) contains the Fourier spectrum computed from the
pattern in (a).

IV. DISCUSSION

In Sec. III and in I we have addressed the evolution of
disordered stripe-domain states in ferrimagnetic garnet
films. This process, mediated by temperature- or field-
induced strain, enables the selection of a stripe pattern of
globally correct period, d=d(H, T). In general, this
period adjustment is not possible while maintaining the
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lamellar stripe configuration of globally minimal free en-
ergy; consequently, disordered patterns appear. The pat-
tern morphology represents the optimal realization of a
stripe phase of correct period under a set of additional
constraints which eliminate the lamellar pattern. For the
garnets studied here, such a constraint generally arises in
the form of suppressed nucleation of additional lamellae.
That is, the actual number of stripes NL is incorrect:
NL &Lo/d, Lo denoting the linear sample dimension. As
a result, the available area Ao =L o must be filled with a
stripe pattern of minimal free energy which exhibits the
required period d as well as the correct stripe width, or
equivalently, produces the correct magnetization m.

We have characterized the process of disordering by
explicitly focusing on topological point defects —notably,
disclinations. Two mechanisms of introducing disorder
into a given pattern were distinguished, namely, the pro-
liferation of defect pairs by continued nucleation and the
topologically constrained "unbinding" of disclination di-
poles whose constituent charges remain linked by a we11-

defined "tether. " Different pattern morphologies emerge
depending on which of the two processes is favored. Un-
der most conditions, disclination-pair unbinding predom-
inates over nucleation of additional defects. That is, the
elongation of existing stripes, accompanied by the loss of
orientational order, takes precedence over stripe branch-
ing, a mechanism by which additional lines may be inject-
ed into an existing pattern. Strong topological con-
straints govern this process; in particular, rupture and
self-intersection of evolving stripes or tethers are forbid-
den. These constraints severely restrict the range of ac-
cessible configurations of labyinthine stripe pattern: In
fact, its morphological properties turn out to be statisti-
cally robust [30] and lamellar ordering is realized locally
within "cybotactic" segment clusters.

An extreme case of extensional growth is encountered
in the evolution of banded labyrinth patterns, mediated
by the formation of hairpins during longitudinal as we11

as transverse elongation of one (or a few) individual
stripe(s) occurring without a single branching event.
Here, one generates a pattern of predetermined d and
m =0 from an initial state without domain structure,
characterized by m =1. In the absence of a domain pat-
tern, no stripe period is defined: Consequently, the
period itself has to emerge during pattern evolution, and
we have shown that this occurs during an initial stage
characterized by cascades of hairpin formation, as docu-
mented in Fig. 4.

There is currently no explanation for the occurrence of
the ostensibly spontaneous 180 reversals of the growth
direction of individual stripe domains, nor for the forma-
tion of hairpins in the form of transverse protrusions in
the early stages of elongation. In fact, the assumption in-
herent in the mean-field picture of Garel and Doniach [8]
is that the interaction between adjacent stripes of equal
magnetization and hence the self-interaction of a stripe
executing a hairpin loop are repulsive. On the other
hand, Tsebers and Maiorov [11]have carried out a linear
stability analysis of the free-energy functional governing
the shapes of individual cylindrical and stripe domains in

thin layers of ferroAuid, closely related to the system at

hand. The analysis reveals that the linear configuration
of a single stripe domain of length L is unstable with
respect to bending into U (horseshoe or hairpin) and S
shapes, with corresponding unstable modes 2'/L and
m. /L, respectively. An instability of large amplitude,
presumably governed by an effective bending stiffness,
might indeed produce a U-shaped configuration.

However, one may also wonder whether the formation
of hairpin turns is favored by additional magnetic in-
teractions between domain walls involving intralayer
components of the magnetization, not considered in the
original Garel-Doniach treatment. Whatever the direc-
tion chosen by the very first stripe invading a pristine re-
gion of majority component, it appears that this breaks
azimuthal symmetry locally, defining a preferred orienta-
tion for successive portions of stripe. A situation some-
what reminiscent in terms of the prevailing hairpin mor-
phology is encountered in nematic liquid-crystal poly-
mers where hairpins arise from the competition of nemat-
ic alignment of the polymer chain and its configurational
entropy [41]. In contrast to the global symmetry-
breaking inherent in the nematic ordering, however,
there is no such preferred direction in our patterns which
are in fact globally disordered.

The mode of pattern evolution leading to banded la-
byrinths may be viewed as a "space-filling, " self-avoiding
walk. Simulations were undertaken on a square lattice to
assess the effect on the configuration of the walk of im-

posing local constraints. Thus, the probability of turns
taken by the growing ends of a stripe was biased such
that the greatest weight was given to continuation in the
forward direction and turns by more than +n/2 were.
forbidden; in addition, self-avoidance was locally en-
forced. These simulations [42] lead to rapid self-trapping
of growing stripes and produce irregular shapes, clearly
demonstrating that local constraints are insuScient to
generate the "cybotactic" segment clusters of parallel line
segments characterizing banded labyrinth patterns
[23,30]. Recent Monte Carlo simulations employing the
full, nonlocal repulsive interaction of the Garel-Doniach
Hamiltonian have been successful in generating typical
labyrinthine stripe morphologies of the type observed
here [43]. It would be of interest to replicate the peculiar
evolution of banded labyrinths and to determine how the
characteristic density and spatial distribution of hairpins
arise.

A pattern of identical features also evolves from a
lamellar initial state, characterized by a given
d=d(TO)=do and m =0 upon heating along the H=O
symmetry axis in the mean-field phase diagram. In con-
trast to the predominating nonlocal interactions govern-
ing the initial stage of evolution of banded labyrinths, the
smectic elastic response of the ordered lamellar state to
the accumulation of dilative strain appears to be well ac-
counted for by a local theory. These lamellar instabilities
lead to undulation and chevron patterns, exhibiting, re-

spectively, curvature and discontinuity walls. The chev-
ron pattern eventually becomes unstable with respect to
the formation of disclination dipoles in which a charac-
teristic number of line-branching events serve as a mech-
anism of nucleating additional lamellae. The subsequent
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topologically constrained disclination-dipole unbinding
also constitutes a form of elongation. The final disor-
dered state represents a realization of a "branched" la-
byrinthine pattern. The same topological constraints as
those encountered before govern the process of formation
'of branched labyrinths, ensuring that evolving lines do
not break and do not self-intersect.

Since the analysis of morphological and structural at-
tributes reveals the identity of banded and branched la-
byrinths from a statistical structural point of view, we are
led to conclude that the elongation of existing lines under
the operative topological constraints produces a well-
defined final state corresponding to the constrained
minimization of a suitable free-energy functional. The la-
byrinthine patterns exhibit many of the structural
features generally associated with amorphous structure,
discussed in Sec. III of I. In particular, they contain a
network of disclinations and retain the structure of the
ordered state, in this case lamellar stripe configurations,
over some intermediate distance scale.

There remains the challenge of providing a detailed un-
derstanding of the robust local structural attributes, and
characteristic defect density of the labyrinthine patterns.
It is conceivable that a model of constrained optimiza-
tion, implemented in the form of space-filling walks, may
provide a useful approach, particularly for computer
simulation. Another possibility, suggested by Huse [44],
might be to consider the configuration of the network
formed by segment cluster boundaries [30].

Under experimental conditions favoring the rapid ac-
cumulation of local dilative strain, proliferation of dis-
clination dipoles is favored over dipole unbinding. In
that case, highly branched patterns emerge in which (im-
perfectly) ordered linear arrays of interdigitated disclina-
tion dipoles constitute the predominant motif. The
preservation of preferred orientations and the spontane-
ous formation of defect arrays suggest a collective pro-
cess. The defect density in these comb patterns is so high
as to preempt disclination-dipole unbinding; it appears
that it is this latter process which must occur to destroy
global orientational order in the pattern.

The pattern morphology permits an unequivocal dis-
tinction between the kinetically favored, highly branched
and the fully evolved labyrinthine patterns. Invoking our
suggestion that it is a lag in the (transverse) motion of
domain walls which permits the accumulation of local
strain and thus favors defect nucleation, we may say that
a macroscopic record exists, in form of the pattern mor-
phology, of the distribution of microscopic material prop-
erties, such as pinning sites.

It is interesting to speculate about a similar relation-
ship between line branching, that is, defect proliferation,
in the stripe pattern and microscopic domain-wall
structure —specifically, vertical Bloch lines. These are
topological defects, considered to hold promise for future
technological applications [45]. They are found along
Bloch domain walls and result from chiral symmetry
breaking: The transverse component of magnetization in
the center of a Bloch wall displays opposite signs on ei-
ther side of such a defect. A connection of this nature be-
tween macroscopic pattern features and microscopic

(b)

FIG. 8. Interlocking spirals, illustrated in the upper left qua-
drant of (a) (top), are frequently observed in branched la-
byrinths. They give rise to a "rosette" structure in the pattern
morphology, exemplified by (b) (bottom): "Segment clusters"
share the core of the spiral as a common vertex [23,30]; the left
portion of another rosette structure is visible near the right-
hand edge of the figure. These structural features are very
prominent in color-coded images [23]. The horizontal dimen-
sion of the field of view is 570 pm.

structure was surmised in the initial report of comb pat-
terns and may represent a subject for fruitful further in-
vestigation; direct imaging of vertical Bloch lines looks
particularly promising [45].

Events analogous to line branching are also observed in
other physical systems exhibiting modulated phases,
specifically in ferrofiuid [12,13] and amphiphilic
monomolecular (Langmuir) films [17]. As with magnetic
garnets, the kinetics governing local domain-wall motion
is crucial, especially in the aforementioned systems whose
order parameter is conserved. For example, the shape in-
stability transforming an individual distorted circular
domain in a Langmuir film into a stripe [6] produces
different morphologies under rapid and slow tuning of
the relevant parameter, in this case the compression of a
film of fixed composition, confined to an air-water inter-
face. Rapid compression leads to what we have in fact
previously referred to as a "branching" instability of a
given domain [17] while a very slow approach to thresh-
old, permitting intralayer transport to mediate the re-
quisite deformation of the domain boundary, does indeed
lead to elongation of the domain and the suppression of
branching [46]. We expect the analogous situation for
ferrofluid films.

As we have pointed out, the disordered patterns ana-
lyzed here may be considered metastable states, selected
as a result of the minimization of a suitable free-energy
functional in the presence of topological constraints. In
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particular, the absence of line breaking ensures the global
connectivity of the pattern. Consequently, one would
certainly expect resistance to shear: The disordering con-
sidered here is thus not equivalent to melting.

In the case of the branched labyrinth, the topological
connectivity of the labyrinthine patterns in the absence of
line breaking and line crossing constitutes a property that
guarantees a well-defined relationship between the final,
disordered and the initial, ordered state: the disordered
system will retrace its path through phase space and re-
cover the original representation of the ordered phase if
the external strain-inducing parameter is reversed. In
fact, one might argue that it is the very absence of line
breaking which precludes the occurrence of a phase tran-
sition: Only if such a process were permitted would topo-
logical constraints be released and the appearance of line
"ends, " or free + —,

' disclinations, be ensured. Particular-

ly suggestive in this context are regions, frequently
formed in the course of disclination-dipole unbinding and
illustrated in Fig. 8, in which two counterpropagating,
elongating lines "wind up" into two interlocking spirals;
such regions are decorated by segment clusters sharing
the core of the spirals as a common vertex in a "rosette"
conformation, as illustrated in Fig. 8(b). Line breaking
appears to o6'er the only mechanism to release the

wound-up phase of the order parameter and so ensure the
vanishing of the shear response [47].

From these considerations it would seem that the pos-
sibility of observing true stripe-phase melting in two di-
mensions requires the existence of events including spon-
taneous line breaking and the implied proliferation of free
disclinations. Such a situation may exist in magnetic gar-
nets near the critical temperature, an issue currently un-
der investigation in connection with ongoing experiments
addressing the experimental phase behavior of these films

[35]. Thermal fluctuations of the type of interest, induc-
ing line breaking, are readily observable in a binary am-
phiphilic monomolecular film where a transition between
an ordered stripe phase of twofold rotation symmetry and
a stripe liquid has been very recently observed [18].
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