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Dynamical model of an earthquake fault with localization
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We consider the one-dimensional dynamical Burridge-Knopoff stick-slip model for an earthquake
fault with spatially inhomogeneous friction. The model is self-organizing under the externally imposed
constraint of a spatial irregularity of strength which is designed to simulate residual damage to the sys-
tem due to earlier earthquakes. The dissipation due to seismic wave radiation is adjusted so that the sys-
tem is asymptotic to elasticity at all wavelengths. The model yields a self-organizing, spatially localized
sequence of seismic events constrained by the spatial fluctuations. Repetitive, localized patterns of
seismicity are erratically interrupted due to dynamical breaching of friction barriers. The model simu-
lates an earthquake phenomenology that includes (1) the usual Gutenberg-Richter power-law energy-
rate distribution at low energies with a rolloff at large energies, (2) spatial localization of large events on
parts of a fault system and small events in the other parts of the system, (3) an ability to radiate seismic
energy to distances far from the fault, and (4) a set of fractures whose lengths are never equal to the di-

mensions of the lattice or that intersect a free edge.

PACS number(s): 05.40.+j, 91.30.Px, 62.20.Mk, 05.45.+b

The scale independence implied by the Gutenberg-
Richter frequency law for the number rate of occurrence
of earthquakes with energies E, N(E)dE ~E 7~ \dE [1]
suggests that the physical process for earthquake oc-
currence should also be scale independent. As a conse-
quence, a number of models of the self-organization of
fracture events on individual, isolated faults have been
developed for a geometry-independent, i.e., homogeneous
landscape, that yield this relationship. These models in-
volve a globally uniform rate of loading of the system, a
stick-slip model of fracture, and stress redistribution after
fracture. Among the models are a number of variations:
some include dynamics in one dimension (1D) or 2D
without instantaneous healing [2], some involve static
fracture criteria in 2D or 3D with instantaneous healing
[3], and there is a static 2D model without instantaneous
healing [4]. In these homogeneous models, the stress field
on a fault shows fluctuations on all scales; the fluctua-
tions arise because of the history of stress drops on the
fractured segments and the redistribution of stresses to
neighboring locations. The final size of any growing frac-
ture is defined by its encounter with local fluctuations in
stress. Many of these models are variations of a model
due to Burridge and Knopoff [5].

If the rate of energy released in earthquakes
J EN(E)dE is to be finite, then the upper limit on the in-
tegral cannot be infinity [6] since p ~2. Hence, the scale
independence implied by the G-R law cannot extend to
the largest earthquakes, and there must be a cutoff to the
size spectrum at the large-energy end, with impact on the
arguments for homogeneity at all scales.

From scaling arguments that relate the dimensions of
fractures to the energies released [7], the existence of a
maximum energy cutoff argues in favor of a maximum
fracture length. Thus we suppose that significant barriers
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of fracture strength exist on the faults that confine frac-
ture growth. If these barriers are spatially fixed, then the
largest earthquakes must be localized and recur on the
same fault segments repeatedly; this is the seismologists’
characteristic earthquake model [8].

The spatial distribution of earthquakes strongly sug-
gests a model favoring significant long-term spatial locali-
zation. Although the power-law distribution for the rate
of energy released describes seismicity on a broad two-
dimensional network of faults, it is rare, if ever, that the
power-law energy-rate distribution has been observed for
an individual fault segment. Seismicity on the network of
faults is highly irregular spatially, with large activity of
small earthquakes on some faults of the system, while on
a restricted subset of the fault system, only the largest
earthquakes seem to occur. Thus the regional energy-
rate power-law distribution that is a target for modeling
is a large-scale spatial average of the seismicity over an
extremely heterogeneous but localized geometry. Tem-
porally the distribution density also shows fluctuations on
the time scale of occurrence of aftershocks, which is typi-
cally a small number of years; but on longer time scales
the spatially averaged time-rate distribution may be
stable.

The localization of earthquakes is in contrast with ex-
pectations from models of uniform faults on which frac-
tures can take place with equal probability along their
length [2-4]. Carlson and Langer [2] have described a
dynamical model for developing an energy-rate distribu-
tion with an upper cutoff, but because of homogeneity in
the model, long-term spatial localization is absent. In [2],
the deviations from self-similar scaling at large energies
arise because of a characteristic distance scale in units of
the lattice spacing. We use a lattice model that has no
characteristic distance scale that depends on the internal
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lattice physics of a homogeneous system, but instead de-
velops the cutoff in the distribution at large fracture sizes
as a consequence of an assumption that there are geome-
trical fluctuations in the physical properties of the sys-
tem. We show that this model produces long-term aver-
age spatial distributions of events that are locally restrict-
ed in their size range, but averaged over a large space
scale, have the power-law property for small enough
earthquakes.

We investigate the occurrence of earthquakes as a self-
organizing process on a model system that we assume has
the strong imprint of damage due to a long history of ear-
lier earthquakes. We assume the earlier events have left
the fault system in a state of considerable irregularity
that represents a set of externally imposed constraints on
the subsequent self-organization of the system under its
more usual internally expressed rules. Our point of
departure in these simulations is a 1D Burridge-Knopoff
model (Fig. 1) that is homogeneous in all respects except
for the distribution of static frictions. We adopt a sug-
gestion that geometrical irregularities of fault surfaces
and the geometry of fault networks can be described by
heterogeneities of strength or friction [9]. We assume
that we can map the 3D geometry of a real fault system
into a 1D model with fluctuations in frictional breaking
strengths. We assume that the distribution of breaking
strengths will be fractal with exponent 1.2 or 1.3 [10] to
correspond to the fractal exponent of the surface trace of
the San Andreas Fault, and hence that barriers to exten-
sion of fractures are to be found not only at the largest,
but at all scales [11]. We have no confirmation of the
correlation between the exponents.

The model consists of a 1D lattice of N identical parti-
cles; each is coupled to a massive block via a frictional
contact, and connected to its nearest neighbors by identi-
cal linear longitudinal springs with constants k& and to a
second massive block by identical linear transverse
springs with constants /. The two blocks move relative to
one another with a slow, constant velocity v; the force in
the transverse springs increases slowly at the constant
rate Jv. The distributions of static frictions are generated
by standard methods for fractals, and to ensure self-
affinity, we add a bias constant to all values; all frictions
are positive.

If the force F, on a mass is equal to the local static
friction B, the frictional resistance drops instantly to a
lower value f (Fig. 2) and sliding begins. The motion of a
particle contributes a force to its nearest neighbors. If
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FIG. 1. (a) Schematic diagram of 1D Burridge-Knopoff mod-
el. (b) Friction-velocity relation in the sliding regime.
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the motion of a neighbor raises the total force on an un-
broken lattice site to the level of its static friction, then
this site breaks and the “crack™ grows. A particle stops
when its velocity becomes zero and the static friction is
reestablished at this moment. We solve the coupled
linear equations for the relative motion u, describing
sliding between the walls of the fault,

mii, +kQu,—u, —u,,)tlu,=7,=F,—¢(u,), (1)

where 7, is the dynamical force drop, F, is the force on
the nth particle at the instant that the first particle begins
to move in an individual event, and ¢ is the dynamical
friction. In the interval between events, dF,/dt=1Iv,
v <<, where c is the velocity of sound on the lattice. The
force F,, is reset to the value of the force on the nth parti-
cle immediately after each event. Immediately after a
fracture, the forces F, on a broken segment can have
values less than ¢,(0) due to dynamical overshoot of the
equilibrium position. The particles stop progressively
with the freezing of one particle and the triggered freez-
ing of neighbors, with dynamically derived time delays.
The force drop across the advancing tearing edge be-
tween broken and unbroken sites due to the dynamical
state of the broken sites is mirrored by a force drop
across the contracting freezing edge between adjacent
broken and unbroken sites, accounting for the overshoot
in force.

In our model ¢=f+au,, ie., the friction drops
abruptly upon fracture to the lower value f. As the mass
accelerates, the sliding friction increases by an amount
proportional to the velocity, corresponding to radiation
damping energy loss by seismic waves [5].

A fault such as the San Andreas Fault of California is
significantly longer than the fracture length of even the
largest earthquakes. In our models we (a) impose period-
ic boundary conditions to reduce 1D surface-to-volume
effects, and (b) make the system sufficiently rough and
stiff that all fractures are confined, i.e., so that no fracture
can have a length equal to the lattice size [12]. We
roughen by increasing the ratio of the peak-to-peak fluc-
tuations to the mean of the breaking strengths; we stiffen
by increasing the ratio of the transverse to the longitudi-
nal spring constants.

Without radiation damping, particle motions in the
system (1) have strong supersonic dispersion at long
wavelengths in units of the lattice size [5], which can lead
to rupture shock fronts for larger fracture events on this
lattice [13]. However, the theory of fractures in an elastic
continuum indicates that strains on the fracture surface
be transmitted with the ordinary, nondispersive, sound
wave speed [14] at all wavelengths; the cohesion B slows
the rate of rupture below the sound wave speed [13]. The
eigenfrequencies of (1) are

2 }1/2

p=12,...,N—1 (2
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if N —1 particles are in motion. If we set the attenuation
factor a=(4Im)!/?, strains in the system will be transmit-
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FIG. 2. Fracture history on a model fault with periodic boundary conditions. The system is homogeneous except for the friction,
which is a fractal with exponent 1.3. The maximum to minimum fluctuations in friction B are in the ratio 5:1; //k =0.25. k =m =1.
=10"*%. Lattice length is 100. 5000 events are shown; initial transient is removed. The unit of time is 40B ;, /v.

ted along the fracture with the sound wave speed. The
eigenfrequencies are now those of the usual linear elastic
chain, and hence the system is asymptotic to elasticity in
the continuum limit. The particle motions are decelerat-
ed due to the energy loss because of radiation damping.
Although the system is asymptotic to elasticity in the 1D
continuum limit, the model has displacements and
stresses that are inconsistent with fractures in 2D or 3D.
We avoid errors due to numerical integrations by solv-
ing (1) as a piecewise linear problem, by expanding the
solution in terms of the usual basis vector sin(mpn /N),
with initial conditions determined by the coordinates and
velocities of all the particles at the end of the preceding
interval. The coefficients in the expansion, of course, de-
pend on the inhomogeneous excitation stress drop vector
7,. We trace the coordinates and velocities and increase
the dimension by one if an additional particle is triggered

into motion, or reduce the dimension of the array if a
particle freezes.

One example of these simulations is shown in Fig. 2.
The static friction is shown at the right of the diagram.
The extent of a fracture, defined as an interactive set of
motions on the lattice, is shown as a vertical stroke on
this time scale. In general, the fractures with the smallest
lengths occur near places of least stress drop, or least
strength, and conversely those events with the greatest
fracture lengths often begin at places of greatest stress
drop, which are usually the places of greatest strength.
Large fractures stop at large fluctuations in strength,
while small earthquakes stop at smaller fluctuations.
Thus localization of fractures of a given size and re-
currence rate corresponds to the distribution of breaking
strengths. Since the long-term average velocity of parti-
cles is constant, the events have an average time interval

100_—, “',gl\r\l \1 :lu Ll |r1*|!1 ‘ l|| || 1 ) l\ww'l} !"')”1 1 I,,lqi,r; Friction
] i i
: soﬂl“lw r||1! UH H‘” H"IW !ll“'ll’fk‘l“{llwwt}(
s l’” i “'H JI\I"I\“"I HHWHI[IHHW\'\ \i\lp" H‘H \
o d'l".ww {' r|"’||'lf|l.'!|ﬂlfll w"JllemJ"l‘l' ]

FIG. 3. Portion of Fig. 2 with time scale expanded fivefold.
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between them that is proportional to their size. The spa-
tial localization implied by these simulations is in con-
trast with its absence in homogeneous models, wherein
events of any size can occur with equal probability along
the length of a fault.

No events are wholly periodic locally (Fig. 3). After
several repetitions of a sequence, seemingly regular pat-
terns of larger events dissipate, occasionally in a sequence
of smaller events. Large events often interrupt a se-
quence of smaller events intermittently. After dissipation
or interruption, patterns form again in the same places
and with similar periodicities. The interruption of locally
regular patterns is due to the occasional breaching of the
barriers that define localization; even locally strong bar-
riers that delimit characteristic earthquakes must ulti-
mately themselves rupture. Such ruptures act as gates
for the diffusion of stress from one characteristic earth-
quake basin to another. The stress diffusion over distance
appears to be episodic.

We calculate the distribution of the energies released in
lattice events for comparison with the observed power-
law energy-rate distribution. The near saturation at
small energies in the logarithmic cumulative energy-
frequency diagram (Fig. 4) is identified with finite lattice
spacing effects. The rolloff at large energies is associated
with the constraint that all fractures are confined and
hence that there must be a maximum energy. There is a
linear or scaling region for intermediate energies that is
due to the distribution of sizes of localization basins for a
sufficiently long lattice. We have verified the near lineari-
ty of the intermediate region by simulations with lattices
of different lengths; for sufficiently short lattices the inter-
mediate region disappears. The exponent in the
intermediate-energy range is found from the differential
energy-frequency distribution to avoid bias in the cumu-
lative distribution; in the example, the exponent is 0.8.
The exponent can be fine tuned to values such as 2 by ad-
justing the damping coefficient or the ratio of the extreme
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FIG. 4. Cumulative log,oN vs log,oE diagram for lattice with
parameters as in Fig. 2. Lattice length is 400. Statistics of
100000 events; initial transient is removed. The unit of energy
is BZ,, /(2k +1).

values of the breaking strengths; there is an infinite num-
ber of combinations that yield a given exponent.

Since the linear and the rolloff intervals are caused by
the same mechanism, they should be fit by a common re-
lation that spans both. These distributions are consistent
with the gamma distribution E ? lexp(—E/E,,),
which is asymptotic to the power law at small energies
and has a large-energy rolloff scaling factor E [15].

Although the mechanism of interactive fractures is
deterministic, a probabilistic interpretation for predicta-
bility is difficult on this model. We have found no clear-
cut way to predict the time of persistence of a locally reg-
ular pattern from observations of the local pattern alone.
Since the truncation of a pattern is a consequence of the
breaching of a barrier at an edge of the local region, pre-
dictions of truncation of regularity must depend on ob-
servations of the stress field at the barriers.
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