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Nonlinear effects of sublevel coherence on resonant backward-degenerate four-wave mixing are ana-

lyzed in the saturation regime of an inhomogeneously broadened and optically thin gas medium, com-

posed of A-type three-level atoms. No limitations are set to the pump-field intensities, and an analytical

approach is presented in the Doppler limit and efficient transverse-optical-pumping regime. It is shown

that coherent population trapping due to strong pump-field coupling has a negligible incidence in phase
conjugation, while interference of two imbalanced coherent-population-injection channels determines
the mixing process. Level-crossing emission resonances are found to exhibit particular line-shape

characteristics: (1) an insensitivity to power shifts, (2) strong power-broadening accompanied by incom-

plete line splitting, or (3) field-induced line-broadening inhibition. The conditions under which these

effects should be observable are identified, and their dependence on pump imbalance is remarked.

PACS number(s): 42.6S.Hw, 32.80.8x, 32.70.Jz

I. INTRODUCTION

Resonant four-wave mixing is a subject of continued
interest since the phase-conjugation experiments in va-
pors [1,2]. Extensive investigations have provided a lot
of information on the nonlinear mixing properties of gas
media and pointed out the decisive role of the atomic ve-

locity distribution and high-order saturation effects. Par-
ticular attention is being paid to the incidence of two-
photon coherence mechanisms. Phenomena arising in
the saturation regime that alter the polarization proper-
ties and fidelity of vectorial phase conjugation [3], the
generation efficiency, and spectral emission characteris-
tics [4—9] allow inversionless amplification and oscilla-
tion [10,11], but also result in field-induced extra reso-
nances [9,12] or optical bistability [13,14] have been re-
cently reported.

Multilevel and level-degeneracy effects not only allow
the possibility of both wave-front and polarization conju-
gation [15], but also lead to distinct nonlinear mixing
mechanisms. The phase-conjugation process may often
be related to the selection of a predominant optically in-

duced population or Zeeman-coherence (ZC) grating
mechanism [16] that resists the washout effects of atomic
motion [17],and on which a pump beam is diffracted into
the path of the signal wave. Compared to the well-
studied population generation mechanism, basically ana-
log to a saturated absorption process induced by a spa-
tially modulated pump field [18], saturated sublevel-
coherence mechanisms and their interplay with trans-
verse optical puinping (TOP) have only begun to be ex-
plored thoroughly [4—10]. Most analyses of ZC genera-
tion mechanisms have been limited to the extent of the
traditional third-order perturbation theory [16,19—22]
and are often related to the study of pressure-induced ex-
tra resonances [22], where the nonresonant optical excita-
tion does not generally induce a strong saturation or
optical-pumping regime.

Reported saturation effects involving ZC mechanisms
are intriguing and rather divergent. The enhanced gen-
eration of sublevel coherence through TOP is well known
to originate nonabsorption resonances and dark fluores-
cence lines [23] or inhibition of polarization switching
[13],owing to the destructive interference of two adjacent
transition channels and resultant coherent population
trapping [24,25]. Such nonlinear coherence effects have
also been ascribed to the origin of a drastic level-crossing
emission reduction [4,5], occurring already at very weak

pump intensities, much lower than those required for sat-
uration of the optical transitions. But also a complemen-
tary signal cancellation phenomenon has been recently
identified, when the frequency difference of two applied
fields becomes equal to the frequency splitting of the
lower levels [9]. There, dipole-dipole interference does
not enhance sublevel coherence, but may on the contrary
annul the generation of sublevel coherence. Nevertheless,
resultant line-shape splitting of level-crossing [4] or
laser-frequency tuned emission resonances [9] has been
predicted with simple stationary three- and four-level
atom models, respectively. Such models may provide
misleading conclusions in Doppler-broadened gas media
as they neither account for motional washout effects nor
for the directional anisotropy of saturation [26].

An unexpected sensitivity of the phase-conjugate emis-
sion (PCE) behavior to the field polarization has been

lately detected, evidencing that line splitting does not al-

ways characterize the saturated response of Doppler-
broadened and optically thin three-level media [7,8].
This line-shape behavior is intimately related to ZC
mechanisms and has been studied in the particular case
of unilateral forward [7] or backward [8] saturation,
when, moreover, TOP effects are not effectively enhanced

by the passive contribution of relaxation mechanisms.
In this paper, we analyze the actual incidence of non-

linear coherence and related TOP effects in the mixing
process of inhomogeneously broadened three-level sys-
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tems. PCE characteristics are evaluated for an optically
thin medium using the framework of optical Bloch equa-
tions. We show that the population trapping coherence,
avoiding saturating pump-field absorption and previously
attributed to PCE inhibition [4], has a negligible in-
cidence. A simple analytical approach that allows quan-
titative predictions and a clearer physical understanding
of the mixing process is thus introduced. The approach
is based on a single effective ZC mechanism in agreement
with thermal washout effects, and has optimum validity
whenever TOP dominates the effective saturation of the
atomic system. PCE is shown to arise from an imbal-
anced ZC mechanism, basically supported by the
coherent coupling of copropagating strong and weak
fields that preserves the characteristic insensitivity to
light shifts of coherent population trapping, but is
markedly

influenced

by counteracting coherent-
population-injection mechanisms induced by the counter-
propagating pump beams. Saturation anisotropy effects
such as field-induced line-narrowing mechanisms are
studied in detail.

The paper is divided as follows. Section II introduces
the considered degenerate four-wave mixing (DFWM)
scheme and the theoretical formalism is presented in Sec.
III. The general expression of the phase-conjugated field
intensity is determined and the distinct contributions of
atomic velocity groups are pointed out. Average over the
velocity distribution is discussed and an analytical ap-
proach to the macroscopic medium response is intro-
duced in Sec. IV. Its range of validity is established by
comparison with numerical results obtained in the
Dopper limit. Physical interpretations are proposed
along with the simple analytical formalism and main
PCE features are analyzed in Sec. V. Conclusions are
presented in Sec. VI.

II. DFWM INTERACTION SCHEME

We consider a backward DFWM interaction in an in-
homogeneously broadened gas medium composed of A-

type three-level absorbers, as schematically depicted in
Fig. 1. The incident laser field comprises two orthogonal-
ly polarized components E, and E2 that respectively con-
nect by one-photon transitions the ~1) and ~2) degen-
erate ground-state sublevels to a common upper state

Intrinsic to the two-photon coupling of these dipole-
allowed transitions is the generation of sublevel coher-
ence that plays a decisive role in the considered mixing
process. In particular, and referring to the often used
grating analogy of low-power DFWM [16], the phase-
conjugation process results from the diffraction of back-
ward pump (BP) wave E, on an atomic-motion-resistant
sublevel-coherence grating, induced by the interaction of
the copropagating probe EP and forward pump (FP)
wave Ez in the sample.

The mixing process is controlled by means of an exter-
nal perturbation that allows the removal of the ground-
state degeneracy and reduces the incidence of sublevel
coherence as the splitting 25 increases. Experimentally,
this situation can be realized using the J= 1 to J =0 tran-

FIG. l. Field and level configurations used in the theoretical
analysis of DFWM. The forward pump interacts with the 0~2
transition, while the backward pump and probe waves couple
only to the 0~1 transition. An external perturbation mecha-
nism is allowed to induce a variable ground-state splitting 25.

and

Ez(z, t) =
[ A 2ezexp[ i ( Wt —p~Kz)—)+c c ]/2, . . (2)

with p, = —1 and p, =pal=+1, and where the super-
scripts 5 and N denote the saturating and nonsaturating
waves, respectively. The detuning of the crosspolarized
field components E, and E2 is respectively defined by

6,= —5, 62=+5 .

The considered field configuration fulfills the basic re-
quirements for vectorial phase conjugation [15] and the
generated signal wave

E2 =
[ A z e2exp [ i ( Wt +K—z) ]+c.c. ] /2, (4)

counterpropagating with respect to the probe beam, has
the adequated polarization state e2 to interact only with
the 0~2 transition.

For an optically thin sample of length L and invoking
the slowly varying envelope approximation, the incident
field amplitudes are almost constant along the whole sam-
ple and the weak radiated field amplitude is simply relat-
ed to the induced polarization by

—sKL @pc
2

Eo

sition of an atomic system and applying a static magnetic
field, directed along the propagation axis of the orthogo-
nally and circularly polarized fields.

The DFWM response is analyzed in a collinear laser-
beam configuration in order to avoid results dominated
by residual Doppler broadening. The three incident field
components are thus given by

E,(z, t)= g [ A, e,exp[ i(Wt—p, Kz)]+c c ]—/2. .
T=S,N
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where K = 8 /c is the free-space wave number and P
the amplitude of the phase-matched polarization com-
ponent,

P =P e2exp[ —i(Wt+Kz)]+c. c. (6)

III. THEORY

—+v p;= — [Hp—);+1 dp
Bt Bz " A' ' " dt

relax

(i,j =0, 1,2),

The considered DFWM interaction is readily treated in
the semiclassical formalism of the density matrix p(u, z, t).
The evolution of an ensemble of three-level atoms with
velocity U along the laser propagation axis z is described
according to the master equation [27]

and Oz of the pump fields are supposed real without loss
of generality. For a weak probe beam (0 (0 ), the
equation of motion for the density matrix can be solved
using the well-known semiperturbative approach of
saturated-absorption spectroscopy [28]. The effect of the
strong pump fields on the medium is dealt with exactly,
whatever their intensity, while the interaction with the
probe is described perturbatively by expanding the solu-
tion in powers of the weak-field half-Rabi frequency

gX
p =p '+p"'+p' '+ with p;"'~ . (12)

Laser interaction induces spatial modulation of popula™
tions and coherences, described through the Fourier com-
ponents

p(t"(u, z, t) =exp[ i Wt(—50; —
50' )+i (p, , p, )K—z ]

where

H= g A'W ~j)(j ~ pE(z, t—)
j =0, 1,2

(8)

X g p(~() )(u)exp(imKz),
m ~2p

is composed of the unperturbed atom and interaction
Hamiltonian, p being the electric dipole moment opera-
tor with nonzero matrix elements ( 1

~ p ~0 ) =)Me) and
(2~@~0)=p,e2. Relaxation mechanisms are accounted for
in

dp =5;,(A, —y;p, , )
—(1 —5;, )I;,p,,

relax

through the phenomenological population decay rates y
and coherence decay constants I, =(y, +y, )/2+I';, ,
where I', is a possible nonzero contribution due to
phase-interrupting collisions. Because of lower-state sub-
level degeneracy, we assume y, =y2 =y and
I 0, = I 02

= I . The velocity distribution of population at
therma1 equilibrium is established along with the in-
coherent pumping mechanisms described by the rates
Ai=yJNJ(v) Only the g. round-state sublevels are equal-
ly population filled in the absence of optical excitation,
and corresponding population differences between upper
and lower levels are defined by

Noi(v) =No(v) —XJ(v) = P,M(u), P, =P2—=P, (10)

where 2P is the total density of absorbers per unit cell
length and M(v)=(n' u) 'exp( —v /u ) is the normal-
ized velocity distribution with most probable velocity u.

The net induced polarization P(z, t), is given in terms
of the density matrix by P(z, t) = f "Tr[p,p(v, z, t)]dv, is

evaluated within the standard rotating-wave approxima-
tion. The Hermitian interaction energy matrix is thus
given by

(pE)0~ =A' g Qj exp[i( Wt pKz)] (j =1,2)—,
T=S,X

where, assuming an optically dilute medium that pro-
vides phase-conjugate reflectivities far less than unity, we
are enabled to ignore the interaction effects induced by
the generated signal wave E2 . Furthermore, the
penetration-depth-independent half-Rabi frequencies 0,

P J( ) (O'J( — )) (14)

where p&=0, 50 are Dirac functions, and p'; ('
)

are non-

vanishing coeKcients as long as the integers m are even.
The present formalism allows an iterative determina-

tion of the atomic response to any desired order in the
probe strength (see Appendix). But for a nonsaturating
probe beam, calculations up to first order yield already
the steady-state polarization term P of Eq. (6), and the
emitted field intensity acquires the expression

2—iKI.
Pe2(P02( —2) )

E0

IPc —
~

Ax (15)

(1)
P02( —2) PZ+PC+PH ~

defined by

1 2 1 1 Nol(0) +D2 N02(0)
+ * (o) + (0)

(1 —i52 )I" z++

—i0, 1 ~(1)Pc
(1

.
5 )

o2( —2)
2

(16)

(18)

iI, n",

(1 i52 )I—
+ (1) (1)D
1 +01(—2) + 2 +02( —2)

z++

(0) + (0)QI)I2 D, No, (0) +D2 No2(o)

(1 i 52+ )
—Z +Z++

where the Fourier components of the population
differences

Ng, '(u, z, t)=p~~' p'~~'=N~~I )(u)exp(i—mKz) (20)

where the ( ) symbol denotes the velocity average.
The mixing response due to the distinct atomic velocity

groups may be decomposed into three physically distin-
guishable contributions
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indicate with m =(p, —pi ) = —2 the influence of the spa-
tial inhomogeneity induced by the quasistanding wave E&.
The dimensionless detuning parameters are defined by

pz

5~=(~, —pIcu)/r,

D,"=(1+i5",)/[1+(5j ) ],
and the saturation denominators

(21)

(22)
0-

i(5~—5;)r
Z~ =1+C+ +I,D2 "+I2D)' (23)

with

c=r'„/y (24)
—3 —2 —1 0 1 2 3 —3 —2 —1 0 1 2 3

KV/r K&//I

J

I& r yoI
(25)

describe the resonance behavior of the ZC induced by the
crosspolarized E, and E2 field components, p and v being
either positive or negative signs in correspondence with
the propagation direction of the coupled field com-
ponents. The normalized pump intensities

FIG. 2. The total po2( 2) and partial pz, p&,pH, mixing con-
tributions are separately shown as a function of the normalized
velocity KU /I, for the case of exactly resonant fields 5& =52 =0
and equal forward and backward pump saturation parameters
I]

=I2 =2. The medium is characterized by a decay ratio
r =0.01 in order to enhance the efficiency of TOP and point out
the influence of different nonlinear sublevel-coherence effects.

with

y
To

(26)

clearly express the influence of TOP on the effective satu-
ration intensity Iz of the three-level system. In particu-
lar, if r (&1 is satisfied, accumulation of atoms in a
coherent superposition state of the ground sublevels al-
ways dominates over the optical transition saturation,
which only begins to be appreciable when I =2rI =1
[29].

Two of the above-indicated mixing contributions can
be related to the low-power grating generation mecha-
nisms [16]. In particular, the first term pz describes for
I

& I2 && 1 the so-called ZC grating mechanism induced
by the copropagating incident waves. The second term
pc accounts for a saturated cross-population grating
mechanism. Of course, the physical picture of isolated
grating contributions with a well-defined interaction or-
dering (grating formation and subsequent readout of the
grating) is not well adapted for strong saturating pump
fields. In fact, sublevel coherence induced by the two sa-
turating pump fields and resultant coherent population
trapping may affect both pz and p& contributions. Addi-
tional saturation effects, as high-order contributions ow-
ing to the interplay between Zeeman coherence and
modulated population mechanisms, also intervene and
are reckoned with in the third term pH.

In order to assess the different incidence of the mixing
contributions as well as the distinct role of sublevel
coherence effects, Fig. 2 illustrates the spectral profile of
the individual contributions as a function of the normal-
ized atomic velocity Eu/I . Characteristic TOP effects
are enhanced by subjecting a degenerate three-level sys-
tem (5=0) with small lower- to upper-level relaxation ra-
tio (r =0.01) to the resonant irradiation of two equally
saturating pump waves (I, =I2 =2). The coherent

pump-field coupling clearly affects all mixing contribu-
tions, but is only effective on stationary or very slow
atoms that do not detect during their field coupling time
t, = 1/y the difference between the Doppler-shifted fre-
quencies of the two counterpropagating pump waves.
The tuning behavior of this ZC resonance is basically
characterized by the denominator Z + of Eq. (23),
which exhibits the resonance condition 5&

—52 =0 and
an effective half-width of ~Eu~, s.~ —,'y(l+Ii+I2). This
strong and velocity-dependent TOP resonance enhances
pz, but also coincides with the opposition of phase in pc.
Its overall effect, including pH, is to diminish the mixing
contribution of slow atoms. In point of fact, during yo/f
successive optical interactions, the strong and balanced
pump-field coupling leads to the accumulation of an in-
creasing number of slow atoms in a pure coherent super-
position state of the ground levels, in which they are no
longer eligible to absorb the pump fields and thus do not
contribute to PCE. This coherent population trapping
effect is responsible for a drastic reduction of line-center
PCE and for the predominant dispersive character of
level-crossing resonances in stationary three-level systems
with r (1 [4].

This mixing inefficiency increases with pump intensity
and is most pronounced when I, =I&, that is, when both
pump fields are subjected to an equal absorption reduc-
tion due to balanced TOP among the two ground levels.
However, a striking feature at first sight is that PCE nev-
er completely annuls at line center due to a coexisting
subleve1 coherence induced by FP and probe beams.
High atomic velocity groups also contribute to PCE via
this Doppler-free coupling, accounted for in pz. This
much weaker but atomic-motion-resistant ZC is thus ex-
pected to dominate the velocity-averaged mixing
response. Due to the coupling of a strong and a weak
field, imbalanced depopulation-pumping mechanisms are
foreseen to affect PCE. It should be noted that inherent
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to this imbalanced ZC is a strong decrease of the weak
probe field absorption. These nonabsorption resonances
affecting only the nonsaturating fields actually allow
coupled-mode oscillation [30] in an absorbing optically
thick medium [10].

IV. ANALYTICAL APPROACH
TO THE DFWM RESPONSE

When the exact form of poli 2i [Eqs. (16-19)] is used to
obtain the emitted field amplitude [Eq. (15)], a numerical
Doppler integration is required. But as inferred from
Fig. 2, strong velocity-dependent nonlinear coherence
effects may basically average to zero in an inhomogene-
ously broadened medium, even in the-case of very high
pump intensities. The behavior of PCE may be thus de-

I

scribed by (pz ), whenever the coherent population trap-
ping effects due to pump-field coupling are here also ex-
cluded (see dashed lines of Fig. 2). Within this "effective
ZC approximation" (EZCA), zero-order population
differences evolve according to the superimposed optical
excitation of both dipole-allowed transitions. In particu-
lar, they are characterized by

No~[1+2(1+r)I3 ] NO—3 2rI3~(0)
[1+2(1+r)I ][1+2(1 +r)I3, ] 4r I—3,I,

(27)

where the velocity-dependent pump-field coupling terms
have been neglected (see Appendix for details). The
simplified PCE contribution is thus given by

1 + exp[(Kv/Ku ) ] i Qi *+I,I~
dKv, (28)v'~au -- r(1 —ib;) '1 [1+C+i(a, a, )/y—+I, (1 i5; )

—'+I, -(1+i5,+)-']

where

P[(1+2—Iq )(1+i5i+) '+(1+2I) )(1 i52+) —']
P~=

1+2(1+r)(I, +I2 )+4(1+2r)I&Iz

(29)

Insofar as we are interested in nonlinear coherence
effects, we restrict the following analysis to the case of
r &&1 and (pz )Fzc~ acquires a simple analytically tract-
able expression in the Doppler limit. Velocity integration
is straightforwardly performed by using the residue
method [27] to give

with P =P, =P2 acquires for r « 1 the simple form

—P —P

(1+2I, )(1+i5i+ ) (1+2I2 )(1 i 5~+ )—

and the intensity parameters

I, =I, /[1+(5, ) ], I2 =I2/[1+(52+) ] (31)

2iv 7r gNe
~pz~Ezcw & QI, I2 I g T,

j=1,2

composed of two terms:

P)I)
S,(1+S,+2ib, /I )[1+S,+i(b, ,

—h~)/I ]Z,

(32)

(33)

take into account the decrease of saturation with the op-
tical detuning 6".

In order to illustrate the validity range of the EZCA
approximation, EZCA results and the complete (piizi, i )
DFWM response are plotted together in Fig. 3 as a func-
tion of the normalized pump intensity I&=I, =I2. A
large Doppler width of Ku =800yo has been considered
in order to avoid finite velocity distribution effects. Com-
parison directly reveals that EZCA results are markedly
close to the exact solutions, to an exceptional degree
when r «1. Coherent population trapping due to bal-
anced pump-field coupling has indeed, even at extremely
high normalized pump intensities (I —10 ), a negligible
incidence. Moreover, the counteracting crosspopulation
grating mechanisms do not effectively contribute to
DFWM whenever collisional relaxation of ZC is small
and saturation of the optical transition does not partici-
pate in the nonlinear interaction. This is readily satisfied
in various experimental situations, particularly when the
lower levels correspond to the ground state of the system.
In point of fact, phase-perturbing collisions generally
have a major effect on the optical coherences, but these
do not alter the validity of EZCA.

—P~(1+S2)
T2=

2S~(1+S2—2ib, 2/I )Z~
(34)

where the saturation parameters S are given by

S, =)/2I, +1 (35)

I2+ 1+S +i(b, , b, )/I—(37)

Two remarkable PCE characteristics are clearly revealed.
First, directional anisotropy of saturation inherent to
Doppler-broadened media naturally appears through the

and the Zeeman coherence resonance denominators Zj
by

I,
Z, =1+C+i (b, ,

—62)/y+ 1+S,+i(~, b,,/I—
I2+

1+S&+2ih r /I

Ii
Z2= 1+C+i(5& &2)/j +
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y(~ )=y 1+C+ I, +I2
1+g 1 +2I,

(42)

Of course, the detectability of the dip is strictly deter-
mined by the ratio of line center T, and T2 amplitudes
or, equivalently, by the condition y(~ )&y(z- ) fulfille

2 1

whenever I& )I2.
A remarkable feature due to BP saturation effects is

however a strong peak enhancement accompanied by
line-narrowing rnechanisrns. This occurs when
1 &I, &I2 and C-0 as shown in Fig. 6(a). In particular,
as BP intensity is increased above saturation level to-
wards a high FP saturation intensity, the PCE resonance
is subjected to power-broadening inhibition effects and
maintains the half-width

yef I2

1+Q 1 +2I2
(43)

Important power-broadening effects described by y(z )2

only become effective when I
&

approaches I2 and I, I2.
This particular behavior is easily understood on the basis
of the following summary of BP saturation effects. On
one hand, BP power enlarges the atomic velocity band
that resonantly interacts with the counterpropagating
diffracting and grating waves. The T2 contribution is
thus enhanced due to the increased diffraction efficiency
of intense BP into the path of the signal wave. On the
other hand, counterphase coherence effects supported by
the diffracting ground-level population reduce through
T& the basic ZC mechanism. At comparatively moderate
BP saturation (I

&
& I2 ), the increase of diffraction

efficiency dominates over the counterphase mechanism,
which primarily affects the most saturated resonant
atomic groups. This naturally implies that power-
broadening effects on the PCE resonance are reduced. At
high BP saturation, destructive interference effects are
strong enough to induce a narrow saturation dip as ob-
served in Fig. 6(b).

VI. CONCLUSION

In this paper, we have studied the influence of non-
linear coherence effects on the PCE line shapes. Particu-
lar attention is paid to optically dilute media, where satu-
ration of the coupled optical transitions is overwhelmed
by TOP. We introduced in this situation a very simple

jected to important counteracting population injection
effects induced by BP and described through term T, .
However, as clearly seen from Eq. (31), BP saturation
effects have, in contrast to T2, a higher atomic velocity
dependence and thus a limited incidence. As easily de-
duced from Eqs. (33) and (34), a saturation dip reaches at
the very most the half maximum of the basic T2 contri-
bution, i.e., T&,„—-—T2/2 at line center, particularly
when only BP strongly saturates the medium and col-
lisional dephasing of the ZC is absent (C =0).

Spectral characteristics originated from the counter-
phase effects are fundamentally described by Z& of T,
and the width of the narrow central dip approaches

analytical treatment, demonstrating that nonabsorption
resonances of the counterpropagating pump fields have a
negligible incidence in the Doppler limit, even at very
high pump intensities. The PCE process is thus not can-
celled, and the absorption of two photons of the pump
beams and subsequent emission of two photons in the
weak phase-conjugated field modes is not hindered.

The main conclusion is that all the most interesting
features pointed out here can be interpreted in terms of
two counteracting coherent-population-injection mecha-
nisrns, induced by either pump field, and where the
choice of pump intensity imbalance allows the degree of
interference between the two mechanisms to vary. As a
result, for BP &FP saturation, single-peaked and even
line-narrowed resonances occur, while for BP & FP satu-
ration a narrow central dip appears in the level-crossing
PCE spectrum. An interesting point to note is that both
the asymmetric and counterphase characters of the two
generation contributions arise from atomic motion.
Therefore total cancellation of line-center PCE does not
occur in the case of stationary atoms [4].

The characteristic absence of complete line splitting
due to sublevel-coherence generation mechanisms has
been also confirmed in previous experimental studies of
backward DFWM with weak crosspolarized grating
waves and a single saturating BP [8]. However TOP was
ineffective there and the distinct role of ZC and popula-
tion grating mechanisms could not be distinguished. In
fact, reported comparatively low PCE efficiencies may
now be ascribed to saturated population grating mecha-
nisrns, which always counteract the sublevel-coherence
generation process, and have an important incidence
when saturation of the optical transition also participates
in the mixing process. Higher PCE efficiencies with weak
pump fields of several rnilliwatt power, can be actually
obtained in the TOP regime. Moreover, the prediction of
a saturation-induced line-narrowing mechanism accom-
panies with signal peak enhancement would be only ob-
servable under efficient TOP conditions.

Examples of atomic systems with degenerate ground
states that offer the experimental opportunity to study
the quantitative predictions in the TOP regime are pro-
vided by the F,~ Fz 570.68-mn transition of SmI va-

por or by the D~ transition in Na (though the Na level

structure is not simple, it is often considered as a A-type
three-level system [5,23]). However, our predictions can-
not be directly applied to the PCE studies performed ear-
lier in atomic sodium by Mlynek et al. [5], where due to
a different adopted field polarization scheme all the fields
basically interact with both coupled transitions and
different nonlinear coherence effects compete.

We have focused our attention on the usual field
configuration of phase conjugation using two strong
counterpropagating pump waves, and a signal wave that
is vectorially phase conjugated with respect to a weak
probe beam is the analyzed response. Nevertheless, the
present study suggests that higher mixing responses
should be obtained in the complementary diffraction set-
up, where the grating waves have comparable saturation
intensities and the diffracting beam is weak. In fact,
counterphase effects would be thus eliminated and only a
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strong balanced coherent trapping grating would come
into effect. This situation requires, however, numerical
evaluations and is planned to be reported in the future.
An additional extension would be, of course, the case of
four arbitrarily intense waves, of particular interest in in-
trinsic optical bistability.

APPENDIX

The iterative formalism that allows a calculation of the
atomic response to any desired order in the weak-field
strength is based on the following set of linear equations
for j =1,2:

Ppj (m) Oj [ j Oj (m)+ j Oj(m —nl "3 jP3 —jj 1m—) 3 jP3 —jj (m—+n)]
(p) ~ m S (p) Ne (p —1) S (p) Ne (p —1)

Pjo(m) jo[nj oj(m)+nj oj(m+n) n3 —jP3 jj1m)— n3 jP3—jj (m ——n11

Np~jIm) i(RQ0+ jj )[nj(pJQIm) poj(m))+nj pjo(m —n) nj poj (m+n)]

+ 1R~ [n3 (p3 'Q(m) PQ3 —'(m))+ n3 —P3 Q('m + n) n3 PQ3 'Im n1]+ [R pp Ap R 11A1]5p 0

(p) — m r S (p) Ne (p —1) S (p) N (p —1)
P12(m) 12Ln1P02(m1+n1 P02(m+21 n2P10(m1 n2P10(m+21]

(p) ~ m p S (p) N (p —1) S (p) Ne (p —1)
P21( m) 21 1 n 1P20( m) 1 P20(m —21 n2P01( m) n2 Ppl( m —21]

(A 1)

(A2)

(A3)

(A4)

(A5)

Npj(1 F3 J3 J) Np3 JFJ3 j
(1 F)(1 F3 —

J 3 j) F—j 3 JF3 j j
(A7)

being the equilibrium population differences
Np =F =Ap/yp —A /y, and

where n =25, ,
—25, 2 R;, =(R,, )*=(L,j ) ', and

L; =
—,'(y;+y )+I;,+i [6,; —b +(m —j2;+j2, )KO]

(A6)

with I,, =60=0.
These equations, valid for p )0, relate the coefficients

of a given order p and +n only to those of order p —1

and +n+2. Since the zero-order solution corresponds to
p =0 and m =0, the only nonzero Fourier coefficients are
those with

l ml ( 2p.
The zero-order Fourier components of the population

differences N o
' =poo' —p' ' basically characterize the

strong pump coupling and resultant coherent population
effects in the mixing process. Resolution of the closed set
of Eqs. (Al) —(A5) for p=m=0 is straightforward and
gives

and

I, =I, /[1+ ( V~, ) ], j2 =j23 (A15)

where j2, 5,", and I are respectively defined by Eqs. (2),
(22), and (25), Eqs. (A8) —(A13) explicitly yield

Fjj = 2IJ (1+—r)+2I1Iz Re[[ Aj(r +1)+rB]/ZI,
(A16)

F, , =2I, r —2I, I2 Re [ [B ( r + 1 ) + r A 3, ]/Z l,
(A17)

where the pump-coupling terms, proportional to I, Iz,
are characterized by

B = ( 1 —i52+ )(1+i5, ),
A, =(1+i5, )[1+(52+) ]/(1 i5, ),—
A2=(1 —i52+)[1+(51 ) ]/(1+i52+),

(A18)

(A19)

(A20)

Z = 1+C — (5, —5+ ) +I, (1 i 5+ ) +—I (1+i5, ) .
y

(A21)
F,, =2lnjl Re[H; /D ],
D'=L'L'/' +ln l'L' +ln l'L'

L 02,L020+ lns1l'

y. 7+y.
Lp L'+lns

'VO 'V+ TO

Lp»L'„+ ln2sl2

XO rO+r
Lp»L 020+ l

ns1l'
l
n', l'

y. y.+y

(AS)

(A9)

(A10)

(A 1 1)

(A12)

(A13)

C and r are the relaxation parameters defined by Eqs. (24)
and (26).

In the EZCA approximation, coherent population
trapping effects due to pump-field coupling are neglected,
owing to their negligible incidence in the Doppler limit.
These effects are accounted for in F-- and F 3 j through
the I, I2 terms, which manifest a high velocity depen-
dence through Z. Dropping them out, the population
differences are described by

Np [1+2(1+r)I3 ] N03 2rI3—
[1+2(1+r)ID][1+2(1+r)I3 ] 4r I3 I—

(A22)

I =I /[1+(5J") ], @=p (A14)

Introducing the detuning-dependent saturation param-
eters

and result for r « 1 in the very simple expression

NO
OJ-(0)

=
1+2ID

J
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