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Larmor’s theorem expresses the analogy between the motion of a charged particle in a homogeneous
magnetic field and the motion in a system in uniform rotation. This analogy suggests that effects of a
magnetic field may have a rotational counterpart. We discuss the differences and the analogies between
the magnetic Faraday effect and the analogous effect induced by a rotation of the sample. A central is-
sue is to what extent the macroscopic rotation of a material system is communicated to the wave func-

tions of the electrons in the system.

PACS number(s): 32.90.+a, 33.90.+h

I. INTRODUCTION

According to Larmor’s theorem, the dynamics of a
particle with charge ¢ and mass m in a homogeneous
magnetic field B is to first order in the field identical to
the dynamics of a particle with mass m as viewed in a
coordinate frame in uniform rotation with angular veloci-

ty
o=-18.

2m

(1.1)

This angular velocity is just the opposite of the precession
frequency induced by the magnetic field. The theorem
suggests that effects of a magnetic field have rotational
analogs. Let us consider the class of magnetic-field
effects on the polarization of light traversing a medium.
For example, when linearly polarized light propagates
through a medium in a direction parallel to the applied
magnetic field, the refractive indices for the right-hand
and left-hand circular components are different in gen-
eral, and a rotation of the polarization direction arises.
This is the Faraday effect [1]. Magneto-optical phenome-
na have been important spectroscopic tools for a long
time. In particular the Faraday effect has been extensive-
ly studied theoretically [2—5]. More recently, in the case
of saturating light intensities the Faraday and the closely
related Voigt effect have been applied to study the in-
teraction of atoms and light [6], which also instigated
some theoretical work [7,8].

The mechanical analog of the Faraday effect is the ro-
tation of the plane of linear polarization induced by a ro-
tation of the sample, with the axis of rotation parallel to
the propagation direction of the light. This angular drag
of polarization is analogous to the Fresnel drag of the ve-
locity of light through a moving medium [9]. The angu-
lar drag has first been predicted by Fermi [10] for a sys-
tem without dispersion. Much later, Jones [11] has
demonstrated the effect in a rotating glass rod. A
theoretical treatment allowing for a frequency depen-
dence of the refractive index has been given by Player
[12]. The dispersive contribution should be particularly
interesting near resonance, where it is much larger than
the nondispersive term. A slightly different situation has
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been discussed more recently by Silverman [13]. He con-
sidered rotationally induced optical activity in free atoms
in the case where the full setup is rotating, including not
only the sample under consideration, but also the light
source, the polarizers, and the detectors, as is the case on
the rotating earth. As we shall indicate in Sec. IV, his re-
sults could be obtained in a more down-to-earth manner
by describing the physics as viewed from the inertial
frame.

In view of Larmor’s theorem, one might expect that re-
sults for the magnetic Faraday effect can be carried over
to the mechanical case simply by substituting the fre-
quency of rotation for the Larmor precession frequency.
In fact, the relation is more complex, as we have argued
in a previous paper [14]. In the present paper we discuss
the analogy and the differences between the two effects.
Section IT describes the mechanical effect by adopting the
picture of a rotating potential field in which the electron-
ic dynamics takes place. We point out that in the case of
zero electron spin the two effects are complementary
rather than analogous. Section III gives a unified treat-
ment of both kinds of perturbations on the refractive in-
dex of gases. In the case of the magnetic Faraday effect,
this treatment clarifies the relation between the various
terms in which the effect is commonly separated [4,5,2].
Sections IV and V discuss the mechanical and magnetic
effects, respectively, in the case of an atomic gas with
nonzero electron spin. Finally Sec. VI discusses both
Faraday effects in the case of a gas of diatomic molecules
with zero electron spin.

II. COMPLEMENTARITY RELATION

When linearly polarized light propagating in the Z
direction traverses an optically active system, and we
take the incoming linear polarization as the X direction,
the field at the entrance at Z=0 can be decomposed in
circular polarizations according to

E(0,t)=—(A/V2)Re[u, —u_Je /", 2.1
with A the field amplitude, o the light frequency, and u
and u_ the spherical unit vectors
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w.=F(X+ti¥)/V2 .

(2.2)

After traversing a path length Z through the medium
with refractive indices n, for the polarization u,, and
n _ for the polarization u_, the field is given by

in, wZ/c

E(Z,t)=—(A/V2)Re[u_ e

_ ein;wZ/c]e_,-w‘ L 2.3)

The refractive indices n, always refer to the laboratory
frame. The linear polarization is rotated over an angle ©
from the X direction towards the Y direction, where O is
given by

e (2.4)
An intuitively simple example of the mechanical Fara-
day effect arises in the model case of electrons moving in
an external rotating potential field. One may think of the
field of a crystal, or of the nuclei in an atomic or a molec-
ular gas. The dynamics of the electrons is then best de-
scribed in the corotating coordinate frame. We tem-
porarily restrict ourselves to the case of electronic states
with zero total spin. In the case of a nonrotating system,
the dynamics of the electrons is described by a Hamil-
tonian H,, which is the sum of the kinetic energy of the
electrons, and a potential-energy term, which contains
the Coulomb interactions of the electrons with each other
and with the nuclei. For a crystal, when the motion of
the nuclei is negligible, the potential energy is indepen-
dent of time. In the case of a gas, the potential energy
has a time dependence corresponding to the thermal
motion of the gas particles. The effect of the macroscopic
rotation with angular velocity Q= QZ is described by

adding to the Hamiltonian H the Coriolis term
H

-QL, , (2.5)

mech
with L the total orbital angular momentum of the elec-
trons. The Hamiltonian Hy+H ., describes the dy-
namics of the electrons as viewed from the rotating
frame, when we assume that the macroscopic rotation is
simply superimposed on the thermal motion of the nuclei.
In the case of a gas, this assumption is justified, provided
that the gas particles have fully accommodated to the ro-
tating wall of the vessel.

The Coriolis term (2.5) modifies the dynamics of the
electrons as compared with the case of a nonrotating sys-
tem. Obviously, this term has the same form as a Zee-
man Hamiltonian. In the present case of zero spin, the
effect of a uniform magnetic field B= BZ is described by
the perturbation Hamiltonian

Hupag =7

L,, (2.6)
with —e the electron charge. (We neglect the diamagnet-
ic term in the Hamiltonian, which is of second order in
B.) Hence the Coriolis term (2.5) can be exactly compen-
sated by imposing on the rotating system a uniform mag-
netic field which has ) as its Larmor frequency, so that
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(2.7

For such a field the two perturbations (2.5) and (2.6) can-
cel, so that the dynamics of the electrons in the rotating
frame and in the magnetic field is described by the Ham-
iltonian H [15]. The field compels the electronic wave
functions to follow the rotation rigidly. Hence the dielec-
tric response of the system to an applied electromagnetic
field as viewed in the rotating frame is described by the
dielectric susceptibility of the nonrotating medium.

In fact, the derivation of Player of the mechanical
Faraday effect was based upon the assumption that in the
rotating frame the dielectric response was the same as for
the medium at rest [12]. This implied, as pointed out by
Baranova and Zel’dovich [16], that he neglected the effect
of the Coriolis term (2.5). This assumption of fully rigid
rotation leads to the expressions for the refractive indices
for circular polarizations [12]:

nolw)— . (2.8

nolw)
where n is the refractive index of the unperturbed medi-
um. Equation (2.4) then yields

an
ol®) “do

_QZ
rig— .

o nolw)— 2.9)

The derivatives in (2.8) and (2.9) arise from the fact that
in the rotating frame the frequencies of circularly polar-
ized light with polarizations u, are observed with fre-
quency shifts F Q. The term proportional to no—ng ! in
(2.8) and (2.9) represents the pure kinematic polarization
drag due to the rotary motion of the gas.

Since the effects upon the polarization plane due to
macroscopic rotation and due to a magnetic field are ad-
ditive in the linear approximation, we can think of
Player’s value as consisting of two contributions. One is
the true mechanical Faraday effect, and the other the

magnetic effect caused by the fictitious field (2.7). Hence
we write
O,ig = Omech( ) +6,,,,(2mQ/e) . (2.10)

Turning the argument around, we recover the result of
Baranova and Zel’dovich [16], who state that a Coriolis
term corresponding to a magnetic Faraday effect must be
subtracted from Player’s result to obtain the correct
mechanical effect.

Equation (2.10) implies that the two effects are comple-
mentary, in the sense that their sum is fully determined
by the unperturbed refractive index, and independent of
the details of the perturbations. A nearly spherically
symmetric potential implies almost unhindered preces-
sion in the case of a magnetic field, and thereby a large
magnetic Faraday effect. But this also causes a strong
effect of the Coriolis term, which reflects strong slip,
leading to a large cancellation of the dispersion term of
©,;, in (2.9), and to a diminished mechanical effect. On
the other hand, in a strongly anisotropic potential, the
Coriolis term or the Zeeman term has a diminished effect.
In the case of rotation, the slip is diminished, and the
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electronic wave functions are dragged along with the ro-
tation. Then a larger fraction of the dispersive term
remains for the mechanical effect, whereas the magnetic
effect is diminished.

The magnetic effect is commonly expressed in the form

O.,..=VBZ . (2.11)

mag

In the simple case of a gas with optically active atoms
and a light frequency driving a transition between singlet
states, the so-called Verdet constant is given by [2]

(2.12)

This relation was already derived by Becquerel long be-
fore the advent of quantum mechanics [17]. If we substi-
tute (2.9), (2.11), and (2.12) into (2.10), while taking the
field B from (2.7), we find that the dispersive term in (2.9)
is exactly canceled by ©,,,,. We obtain the simple result

o ¥4

mech = nol®)— (2.13)

nolw)

Hence only the kinematic Fermi polarization drag
remains for a singlet transition in a dilute monatomic gas.
This result is understandable, since as viewed in the labo-
ratory frame the atoms simply follow rectilinear trajec-
tories, and the atomic response to the light is not affected
by the rotation. As viewed from the rotating frame, the
electronic wave functions will show complete slip.

On the other hand, for a molecular gas, one expects
that the rotation of the vessel is transferred to the nuclei.
Since the electronic wave functions are coupled to this
rotation by nonspherical interactions, they are expected
to follow this rotation, giving rise to a mechanical Fara-
day effect. However, this conclusion should be handled
with care, since it is based on a classical picture of molec-
ular rotation. At frequencies where the derivative of the
refractive index is appreciably affected by the rotational
band structure, this conclusion is not justified. We shall
come back to this issue in Sec. V1.

In the remainder of this paper we shall explore the lim-
its of validity of this complementarity picture.

III. POLARIZATION-DEPENDENT REFRACTIVE INDEX
OF PERTURBED SYSTEMS

We consider a gas of particles irradiated by a radiation
field with frequency w and polarization vector u. The
internal dynamics of the particles is described by a Ham-
iltonian

H=H,+H, , (3.1)

which is separated into the unperturbed part H, and a
perturbation H,. We shall be interested in perturbations
resulting from a magnetic field or from macroscopic rota-
tion, where H, takes a form similar to (2.6) or (2.5). Both
perturbations have an axial symmetry. In order to evalu-
ate the rotation of the plane of linear polarization of light
propagating along the symmetry axis, we need a general
expression for the refractive index of the gas as a function
of frequency and polarization. This index is determined
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by the dispersive part of the dynamic polarizability of the
particles. We shall evaluate this index to first order in
the perturbation and in the absence of saturation.

The radiation field couples a band or a multiplet G of
the ground electronic level to a band E of excited states.
The width of all the lines in the band is given by the same
linewidth [half width at half maximum (HWHM)] y.
The strength of the absorption is determined by the elec-
tric dipole operator u, and we need only its part gz cou-
pling the substates of the ground level to the substates of
the excited level. The Liouville operator £ is defined by
specifying its action on a density matrix p of a gas parti-
cle as

iLp=(i/#)H,p] . (3.2)

We assume that in thermal equilibrium only the ground
level is populated, so that the normalized density matrix
o of the gas particles is given by a Boltzmann distribu-
tion of the form

0=Z;'exp[—BH;] , (3.3)

where H; is the Hamiltonian H restricted to the ground
level, and where B~ !'=k,T. Note that H is defined to
have nonvanishing matrix elements only between sub-
states |g ) of the ground level, and that gg; has only ma-
trix elements between substates |e ) and |g ) of the excit-
ed level and the ground level.

When the gas is traversed by a radiation field with fre-
quency » and wave vector k, it experiences an electric
field

E(r,t)= ReEy(r)e ' . (3.4)

The dielectric polarization P(r,?) equals the particle den-
sity N multiplied by the expectation value of the electric
dipole of a single particle. Assuming linear response, and
adopting the rotating-wave approximation, we obtain

P(r,t)= RePy(r)e ", (3.5)

with
Py(r)=N Trage——L [p,oByfr)o]. (3.6)
0 ”GEy_i(w_L) BEc Eo : .
Note that the Liouville operator .L operates on optical
coherences, so that its eigenvalues are optical transition
frequencies. Equation (3.6) specifies the frequency-
dependent susceptibility tensor y, defined by

Py(r)=¢px(w)-Ey(r) , (3.7)

with €, the permittivity of the vacuum. This susceptibili-
ty would simply be a scalar for an isotropic system, and it
is an axially symmetric tensor in the presence of the per-
turbation H,. Therefore its eigenvectors must be the two
circular pola/{ization vectors u, given in (2.2), and the
unit vector Z in the Z direction. Hence a light beam
propagating along the Z direction with circular polariza-
tion induces a dipole density P with the same polariza-
tion, and the susceptibility for the light with polarization
u, is simply the matrix element u}-y(w)-u, of the tensor
x- The refractive indices n(w,u,) for circularly polar-
ized light are related to the susceptibility by
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n(w,ur)—1=1Reu}-y(w)u, . (3.8)
Combination of (3.6)—-(3.8) leads to the result
n(a),ui)—l——‘i Re Truf-pge
2¢, -
i/#
-1 (ppguso) . (3.9

In the simple case of two-state systems the matrix charac-
ter of o and p disappears, and £ takes the value of the
transition frequency. Then one recognizes in (3.9) the
well-known dispersion shape.

The separation (3.1) of the Hamiltonian gives rise to a
corresponding separation of the Liouville operator

L=Ly+ L, (3.10)
and of the ground-state Hamiltonian

This separation (3.11) leads to a perturbative expansion of
the ground-state density matrix, which we express to first
order as

o=0yto; . (3.12)

Accordingly, we obtain a first-order contribution to the
refractive index from £ in the denominator of (3.9), and a
contribution from the ground-state density matrix. The
contribution from o, arises from the modification of the
populations or of the wave functions of the substates of
the ground state. Up to first order we obtain

n(w,uy)=nyglw)+n(w,uy) (3.13)
with
N i/h
nolw)—1= 2—60 ReTru*-pgg m(ﬂﬂ;'uoo) ,
(3.14)

the refractive index in the absence of the perturbation
with arbitrary polarization u. The first-order correction
n,(w,uy) is the sum of two contributions, corresponding
to the modified evolution and to the modified ground-
state density matrix, and we find

i/h

y—i(a)—Lo)(_l"LI)

n(ou)= N Re Trul-pgp
2€,

1
7,_i(w_uco)(l‘EG u.og)

N
+ -26—0 Re Tru}-pgg
i/h

—_— 3.15

(F'EG 'uiU]) .

In both the Coriolis and the Zeeman cases the perturba-
tion H, changes sign at a mirror reflection about a plane
through the axis. This leads to the symmetry relation

(3.16)

ny(w,u_)=—n(w,u,).
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Hence it is sufficient to evaluate n; for the polarization
u,.

Equation (3.15) is a convenient starting point for an ex-
plicit evaluation of the Faraday effect. In order to facili-
tate the comparison of this general result with the litera-
ture [2-5], we shall give an expression for the correction
n, to the refractive index in terms of matrix elements of
the electric dipole operator and the perturbation H,.
The unperturbed eigenstates of the Hamiltonian H, obey
the eigenvalue equations

Hylg)=E,|g), Hyle)=E,le) . (3.17)

The perturbation H, may be separated according to

H,=H,+H, , (3.18)

where H, is the part of H, that is diagonal in the unper-
turbed energies, whereas H, is the nondiagonal part of
H,. Hence H,; has nonvanishing matrix elements
(e|Hyle')={e|H,|le') and {g|H,lg')=(g|H,|g’) only
when E,=E,, E,=E,, whereas H, has nonvanishing
matrix elements only between unperturbed states with
different energies. This means that H, is the part of H,
that commutes with H,, whereas H, is the noncommut-
ing part of H,. Physically speaking, H, gives a perturba-
tion of the energy levels E, and E, without perturbing
the states, whereas H, perturbs the states |e) and |g).
Without loss of generality, we can take the basis of un-
perturbed eigenstates |e ) and |g ) that diagonalizes H,.

The separation (3.18) yields a corresponding separation
of the first-order density matrix

01 =04 t0,, (3.19)
whereas the zeroth-order density matrix is

0o=2Z, " exp(—BHyg,) . (3.20)
The diagonal part of o, is then

oy,=—BH 0. (3.21)

Since the total density matrix (3.3) commutes with the to-
tal ground-level Hamiltonian Hg, we find the first-order
identity

[Hgo,0,]1= —[Hgy,00] - (3.22)

The matrix elements of the nondiagonal part o, are ob-
tained by taking the matrix elements of (3.22), which
gives

’ 1 eiﬁEg_eiﬁEg' '

(glo,lg") =2, E,E, (glH,lg") . (3.23)
The term o, gives the correction to the population of the
unperturbed states, and o,, which only has matrix ele-
ments between states with different unperturbed energy,
describes the perturbative mixing of the energy eigen-
states. In the limit that E, approaches E,, Eq. (3.23)
takes the same form as the matrix elements of (3.21).

The unperturbed refractive index ng, given in (3.14),
can be expressed in terms of matrix elements between the
unperturbed states, with the result
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i/f

Z—l
Y io—a o exp(

eg)

nolw)—1=—— 26, 2% —BE;)
X<g|u*',uGE|e><€|u'FEGIg> .
(3.24)

We now wish to link the result (3.15) to the separate
terms A, B, and C, in which Serber describes the magnet-

J

1/#?
[y —ilo—w,)]?

_ N
n,(w,u,) —2——

23R

X<g|u:-'”'GEle)<e|u+'ﬂEG|g)[<e‘Hd|e>_<g|Hd|g>]

This term originates from the modification of the transition frequencies o,,
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ic Faraday effect [4,2]. The A4 term results from the per-
turbation of the transition frequencies, the B term origi-
nates in the mixing of the unperturbed energy eigenstates,
and the C term expresses the effect of the modified
Boltzmann population of the states. Accordingly, we ex-
press the first-order contribution (3.15) as the sum of
three terms. The first term results from the contribution
of the diagonal part of the perturbation £, to the first
term on the right-hand side of (3.15). It takes the form

Z; " exp(—BE,)

(3.25)
=(E,—E,)/fi by the perturbation.

The second contribution to n, arises from all nondiagonal terms in (3. 15) contamed in the nondiagonal contribution
to L, in the first term, and in the contribution o, to o in the second term on the right-hand side of (3.15). The trace is
taken explicitly with the unperturbed states as the basis, and the various terms are combined by using partial fraction

expansions such as

1 1 __#/i 1 1 . (326
Y—illo—0,) y—ilo—w,,) E,—E, |y—i(0—0,) 7—ilo—w,,)
The result is
i/#f
ny(w,u, )= 2602§ T p— )Z ! exp( —BE,)
2[<g|“1'ﬂcz|e'><e'|H,,|e)<e]u+-yEG|g)
+{glu* -pggle ) elH,le'){e'lu, ;ngig)]ﬁ
+ 3 [(glH,lg" ) (g'lu% -pgele)(elu, pgslg)
<
1
+{glut-pele)leluy ppcle' (8 |Hylg ) 1 (3.27)

This term arises from the perturbation of the energy
eigenstates.

The third correction term is due to the diagonal part
o4 of the first-order density matrix o in (3.15):

n (o, )= 3 3 Re—/H

Z—l
2¢0 G % Y —ilo—w,) o expl

—BE,)

X(glut pggle)(eluy pgslg)
x(—pB{glH,lg)) (3.28)

This term expresses the modification of the thermal sub-
state populations, which results from the splitting of the
ground-state level induced by the perturbation.

The total first-order correction to the refractive index
is
(3.29)

ny(o,u)=n (w,uy)+n,(wu,)+n(w,u,).

When this sum is substituted into the expression (2.4) for
the rotation angle, we obtain in the case of the magnetic

g g

f

Faraday effect the separate 4, B, and C terms commonly
used in the literature [4,5,2]. The operator expression
(3.15) helps to understand the common origin of these
terms. Moreover, our results are not restricted to the
magnetic Faraday effect, but apply to any situation where
the refractive index is modified by an axially symmetric
perturbation. This allows us to apply these expressions
also for the mechanical Faraday effect.

In the correction (3.25), each term has the frequency
dependence of the derivative of a dispersion curve. This
reflects its origin in the modified transition frequency.
On the other hand, each term in (3.27) has the spectral
characteristic of a dispersion curve, which might suggest
that the physical origin of n, is quite distinct from that of
n,. However, we can rewrite the second term in (3.27) by
interchanging the summation indices e and e’, so that
combination with the first term yields the difference be-
tween two dispersion curves. When the difference be-
tween two unperturbed energy levels is smaller than the
linewidth y, the result can also be expressed as the
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derivative of dispersion curves. A similar treatment of
the third and fourth terms yields the derivative of a
dispersion curve weighted by a Boltzmann factor. Hence
in the limit that two unperturbed energy levels approach
each other, the term n, does not go to zero, but becomes
part of n, and n,.

Finally one notices that Doppler broadening can be in-
cluded into our results, simply by replacing in
(3.24)—-(3.28) the frequency w by o —K-v, and taking the
average over a Maxwell distribution.

IV. MECHANICAL FARADAY EFFECT IN A GAS

Now we turn to a discussion of the optical activity of
gases induced by rotation of the vessel. When the gas is
dilute, the gas particles spend most of their time in free
flight. Therefore, as viewed from the laboratory frame,
their internal states and the transition frequencies are
unaffected by the rotation. The only effect is a
modification of the internal state populations and of the
distribution of velocities, resulting from a modified col-
lision dynamics with the rotating wall. It is expected that
the change in populations gives rise to a correction to the
refractive indices of the type of n., whereas the rotational
flow of the gas will give a kinematic contribution as in
(2.13).

This expectation is confirmed if we apply the formal-
ism of Sec. III. This formalism presupposes that the
steady-state density matrix and the dynamical evolution
of the system are described by a single Hamiltonian,
which is only true in the rotating frame. After the gas
particles have been fully accommodated to the rotating
wall of the vessel, the translational state of the gas parti-
cles is given by a Boltzmann distribution with the per-
turbed Hamiltonian

2
2wV Len
with P the momentum and L_ ;, the angular momentum
of the center-of-mass motion of an atom. If we describe
this center-of-mass motion of the gas particles classically,
the distribution of the positions and the momenta of the
centers of mass of the atoms in the rotating frame is given
by the distribution function

H,= 4.1)

—B|=—=—Q(RXP) ||, 42)

f(P,R)=—:I—/exp

with W a normalization constant. The velocity distribu-
tion of the centers of mass of the gas particles is a
Maxwellian, with zero average in the rotating frame.
The centrifugal modification of the particle density is of
second order in €, and can be neglected. Hence the den-
sity and the velocity distribution are rigidly corotating.

The effect of the frame rotation with angular velocity
Q on the dynamics of a gas particle is expressed by the
perturbation Hamiltonian

H=—QJ,, 4.3)

with J the total angular momentum of the internal state
of the particle. With this perturbation the theory of Sec.
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III gives an expression for the correction n, to the refrac-
tive index in the corotating frame. The refractive indices
n, as viewed in the laboratory frame are obtained by a
transformation as applied by Player [12]. This yields the
expressions

__dny _Q 1
ny(@)=nglw)FQ Jo F " olw) ()
+n(w,uy) . (4.4)

Since the perturbation (4.3) commutes rigorously with
the unperturbed Hamiltonian H, of a gas particle, the
correction n, vanishes. As one may expect from the
above discussion, the term n, exactly cancels the disper-
sive term in (4.4). This follows directly from the commu-
tation rules for the Z component of the total angular
momentum with the spherical components of a vector
operator. This leads to the identity

(Hi,uippe )= —AQu, pge - (4.5)
Using this result in (3.25) leads to the simple relation
dng,
ny(w,u;)=0—— (4.6
do

Physically, this cancellation of the dispersive term shows
that the internal state of the atoms does not follow the
external rotation. With (2.4) we arrive at the expression
for the rotation angle

¥4 1 wZ
O ech = nylw)— no(@) —?nc(w,uﬂ . 4.7)
By using (3.28), we find the expression
__N 2
nlou,)==— 3 [Ke,M+1lpgs-u.lg,M)|
2¢, g M
. —BOMe PR Re i
zZ, y—ilo—wy,)
(4.8)

Typically, the contribution from n, to the angle O, is
larger than the kinematic contribution by a factor of the
order of #iw/kyT. This result [(4.7) and (4.8)] is equally
valid for an atomic or a molecular gas. Moreover, it
remains valid in the presence of electron spin. Notice
that the contribution from n. was not obtained in the
simplified picture of Sec. II. This is due to the fact that
the Becquerel result (2.12) is equivalent to the magnetic
term n,, while the contribution from n, is neglected. The
terms n, are nonzero only when the ground level has
magnetic degeneracy.

It may be useful to briefly compare the results of this
section with the work of Silverman [13]. He considered
the setup where the complete system is mounted to a ro-
tating frame, and he discussed the optical activity of a va-
por of essentially free atoms, without any material wall.
This means that as viewed from the inertial frame, the
translational as well as the internal states of the atoms are
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unaffected by the rotation, so that the kinematic contri-
bution and the term n, vanish. On the other hand, since
the source of linearly polarized light is corotating, the
light beam as viewed in the inertial frame is composed of
two circularly polarized beams, with frequencies w=*(Q.
Hence, in the inertial frame the refractive indices n are
simply given by

ny=ny(wtQ), 4.9)

which leads with (2.4) to Silverman’s result for the rota-
tional angle
Qz dng

—_——

4.10
c do ( )

6mech=
One notices that this result may be viewed as arising from
a rotational effect on the radiation field rather than on
the atoms. In fact, there is an additional geometrical
contribution arising from the fact that the two circular
components with different frequencies also have different
wavelengths.

V. MAGNETIC FARADAY EFFECT
IN AN ATOMIC GAS

Since we are interested in the effects of electron spin,
we shall apply the results of Sec. III to a fine-structure
multiplet, without bothering about possible effects of the
hyperfine structure [18,19]. For an atomic gas in a uni-
form magnetic field in the Z direction, the perturbation
H, takes the form

&

Hy= 2m

B-(L+2$)=£n—-B(LZ+ZSZ), (5.1)
with L the total orbital angular momentum of the elec-
trons, and S the total electron spin of the atom. This ex-
pression generalizes (2.6). The factor 2 in front of the
spin arises from the different gyromagnetic ratio of the
electron spin. In the present case of a magnetic field, the
Hamiltonian H describes the dynamics of the electrons in
the laboratory frame. Therefore the refractive indices n
in the laboratory frame are found from (3.15) or (3.29)
when substituting (5.1) for H,. Hence the rotation angle
O is given by (2.4), if we substitute

ni:n(w,ui) . (5.2)
Using the symmetry relation (3.16) then gives
wZ
emag:—Tnl(w,u+) > (5.3)

where n| can be split into three parts according to (3.29).
A. Atomic singlet transition

In the case of a transition between singlet states in an
atomic vapor, the spin contribution in (5.1) vanishes.
The magnetic perturbation H, becomes identical to (4.3),
with Q replaced by —eB /2m. Therefore, the results of
Sec. IV for the correction n; to the refractive index can
be applied in the present case. Hence the term n, van-
ishes, and n, obeys an equality analogous to (4.6). In the
present case of fully degenerate excited and ground levels,
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the density matrix o is isotropic and equivalent to the
scalar (2L, +1 )"!. The unperturbed refractive index
(3.14) takes the well-known form

N 1
265 3(2L,+1)

—A
CEll6) P2
CEIIG P

nolw)—1= (5.4)
with A=w—w,, the detuning of the light frequency from
resonance. We have introduced the reduced dipole ma-
trix element, which obeys the relation

Tr(u*pep ppe W) =1 (E|u|G)?, (.5

independent of the polarization vector u. The result for
n, is
eB dng

R Y

__N 1
265 3(2L,+1)

2 ﬂ ],2__ AZ
Likewise, the term n, is found by specializing (4.8) to the
present case of a singlet transition, and substituting for
the appropriate value —eB /2m.

Comparison of these results with (4.7) shows that the
complementarity relation (2.10) holds exactly for an
atomic singlet transition. Over most of the frequency
range, the ratio n./n, is of the order of B#A, so that in
the neighborhood of a resonance n, is negligible in com-
parison with n,. This means that in the complementarity
relation (2.10), Oy, is much smaller than ©,,,. Com-
bination of (5.6) and (5.3) leads to the expression for the
rotation angle

_0Z eB dno
mE ¢ 2m do

(5.6)

(S} , (5.7)
which is equivalent to the Becquerel result (2.12). Note
that the factor eBL /2mc has the significance of the angle
over which the precession occurs during the travel time
of the light through the system.

B. Atomic multiplet transition

In the case of fine-structure multiplets in an atomic va-
por, the spin is nonzero, and the perturbation (5.1) does
not commute with the free-atom Hamiltonian H,. The
Faraday effect in the LS-coupling scheme has been treat-
ed by Rosenfeld [3] in the case of nonresonant radiation.
We shall drop this restriction, and we express the results
in terms of the general treatment of Sec. III. It is con-
venient to rewrite (5.1) in the form

H, ={;B(JZ+SZ) , (5.8)
where J=L+S is the total electronic angular momen-
tum. The term proportional to J in (5.8) commutes with
H,, and only causes Zeeman shifts of the unperturbed
levels. The additional spin term does not commute with
H,, and contributes both to H, and to H,. The diagonal
part H, is responsible for the anomalous Zeeman effect,
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and the nondiagonal part H, mixes the states. Matrix
elements of H; and H, can be evaluated for each specific
case of values of L and S by standard Racah algebra.
We separate the raising part of the electric dipole in
contributions from each transition by writing
=2 3l (5.9)
e &
where e and g indicate the sublevels with quantum num-
bers J, and J,. A similar notation will be used for the
lowering part and for the perturbation H,. The unper-
turbed refractive index n, can be written as the sum of
contributions from each component in the multiplet as

©0)—1=3 3 n, (o (5.10)
g e
with
_N ih
Heg (@) 26, ey—i(w—a)eg)zo
X exp(—BE, )1 {e|ullg)* . (5.11)

The level spacings and the differences in transition fre-
quencies are determined by the Landé rule for the spin-
orbit coupling energy [20],

E,=14,[J,(J,+1)—L,(L,+1)—S(S+1)], (5.12)

and likewise for the ground-state splitting.
Each of the three corrections (3.25), (3.27), and (3.28)
can be expressed in terms of the factors

Flee';8)=Trull py Hy o0y Py (5.13)

and

Gle;g'g)=Trul pyuy p H, o0, (5.14)
where the traces are taken over the magnetic substates of
the levels g or g’. These quantities are real, and they are

symmetric in the sense that

F(ee';g)=Fl(e'e;g), Gle;gg')=Gle;g'g) . (5.15)

Explicit expressions are given in Appendix A. The three
corrections to the refractive index are now

N 1/#%
=2 R
Malw,u)= 25()%};' Iy —io—wg)
XZ§ " exp(—BE,)
X[Fl(ee;g)—Gl(e;gg)] , (5.16)
N /A _
ny(w,u, =2—22 ——ﬁ——)—zolexp(—BEg)
g e eg
2F(ee';g)
X —_— O ©
eée Eé’_Ee'
2G(e;gg’)
+ 3 SR8 a7
g7y Bg By
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| /# _
n(a),u+ —_22 ~T'(la)—7)201
eg
X exp(—BE,)(—B)G(e;gg) .
(5.18)

In the wusual situation that the temperature is
sufficiently high, so that kz T is large compared with the
level splittings, the distribution over the states is fully
uniform. Then the Boltzmann factors in Egs. (5.16) and
(5.17) for n, and n, are determined by the statistical
weights, and we can neglect the term n_ altogether. The
magnitude of n, is independent of the fine-structure level
splittings, whereas the individual terms contributing to
n, are inversely proportional to these splittings. Hence,
when the levels are well resolved, and the frequency is
close to a transition frequency, the perturbation of the re-
fractive index is well approximated by the contribution to
n, from that particular fine-structure transition. If Egs.
(AS) and (A6) are substituted into Eq. (5.16) for n,, and
the result is compared with (5.11), the relation

eBd

n,(w,u, )= T om do —£

1g,[24J,(J,+ 1) —J,(J, +1)]

+ig [2+J,(J,+1)

—J,(J,+ 1]} (5.19)

follows. The Landé factors g, and g, are given in Appen-
dix A. These factors, which determine the splitting for
the Zeeman components of each fine-structure com-
ponent, also determine the effective frequency shift for
each separate component. Therefore, when the frequency
of the radiation is close to the fine-structure transition
frequency between the levels e and g, the angle of rotation
(2.4) takes the form

Z eB dn,
emag 22 { lge

_+_
PR [2+4J,(J,+1)

—J(J+1)]
+ig [2+J,(J,+1)—J,(J.+ D]} .
(5.20)

For spin zero, the factor in curly brackets is unity, and
the Becquerel result is recovered.

In conclusion, a nonzero electron spin leads to a
modification of all three terms contributing to the mag-
netic effect. For a single pair of sublevels, the largest
contribution n, is modified by a constant factor. On the
other hand, the expressions for the mechanical effect are
basically unaffected by spin. As a result, the complemen-
tarity relation (2.10) is invalid for an atomic transition be-
tween states with nonzero electron spin.

VI. ROTATIONAL BAND IN A MOLECULAR GAS

In this section we shall compare both Faraday effects
in the rotational band spectrum of a diatomic gas. We
consider the simplest possible case of a transition between
two electronic singlet states, for a certain vibrational
state of the ground and excited levels. This is another
useful testing ground for the complementarity relation
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(2.10). The molecular magnetic Faraday effect is reduced
by the fact that the magnetic moment corresponding to
the electronic angular momentum is partly averaged out
by the molecular rotation. One may wonder whether the
mechanical effect is accordingly augmented, so as to
maintain the complementarity.

The total angular momentum of the molecules J is the
sum of the electronic orbital angular momentum, and the
contribution from the end-over-end rotation. In the
Born-Oppenheimer approximation, the electronic states
are characterized by the quantum number A for the com-
ponent of the electronic angular momentum along the in-
ternuclear axis. The substates of the ground level are
denoted as |JMA), and the excited substates as
|J'M’'A’). In Appendix B we give some relevant expres-
sions for the dipole matrix elements between these sub-
states as functions of the quantum numbers J, M, J' and
M’. We shall consider the two complementary limiting
cases of a single isolated line, and of a band of strongly
overlapping lines.

A. Isolated rotational line

We introduce the function f(w) as the fictitious refrac-
tive index corresponding to the electronic-vibrational
transition that would arise if the rotational energies were
fully negligible. In the case of an isolated rotational line,
the unperturbed refractive index is then given by f at a
frequency that is shifted by the rotational transition fre-
quency, and multiplied by the appropriate Boltzmann
population factor and branching ratio U. We obtain

nolw)—1= %Oexp( —BE, (20 +1)UWJ,J";A,A")

Q—L(EJA_EJ'A')

P (6.1)

Xf

with Z, the purely rotational partition function. Expres-
sions for the functions U and f are given in Appendix B,

and the rotational contributions to the energy levels are
(21]

# 2
(6.2)
ﬁZ
Eypp=2 7+ 1)—A"]

Tor

with I and I' the moment of inertia in the ground state
and the excited state.

1. Mechanical effect

As shown in Sec. IV, the mechanical Faraday effect is
determined by the term n,, which is represented by (4.8).
For an isolated rotational line the only remaining sum-
mation index is M, and since the dipole matrix elements
in (4.8) are proportional to a 3j symbol, the summation is
easily performed. The result can be put in terms of the
unperturbed refractive index as

n(w,u)=BHAW(J,J" ) ny(@)—1] , (6.3)
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where the factors W are given in Egs. (B6) and (B7) of
Appendix B. For a P line, the factor W is negative, indi-
cating that the line gets weaker by the rotation. Con-
versely, an R line gets stronger. This may be understood
by noting that the external rotation shifts population to
higher M values. The corresponding contribution to the
mechanical Faraday rotation angle O, which is given
in (4.7), is again larger than the kinematic contribution by
a factor of the order of #iw /kgT.

2. Magnetic effect

For a diatomic molecule in the state [JM A) in a mag-

netic field, the perturbation Hamiltonian is
H =T pA22
2m

with Z the unit vector in the direction of the magnetic
field and Z the unit vector along the internuclear axis.
This perturbation is not simply proportional to the per-
turbation (4.3) induced by external rotation. The diago-
nal elements of H;, which correspond to the Zeeman
splittings of the lines, are equal to [22]

e#B  MA?
2m J(J+1) °

When J is large compared with A, the Zeeman splitting is
small. The Zeeman terms (6.5) determine the corrections
n, and n, to the refractive index. If we substitute (6.5)
into Eq. (3.25), and use expressions for the dipole matrix
elements as specified by Egs. (B2) and (B3), the summa-
tion over the quantum number M can be performed.
After application of Eq. (6.1) for n,, we arrive at a gen-
eralization of the Becquerel result,

(6.4)

(JMA|H,|JMA )= 6.5)

eB dng , ,
na(w,u+)=——m—d—w‘C(J,J ALAT), (6.6)
where for a P, Q, or R line the factors C are given by
—A?+A?
CJ,J—LAAN)=——F—
( ) 27
CULIA A= DAL 6.7)
T 2J(J+1)° )
AIZ_AZ
CU,J+LAAN)="—.
( ) 2(J+1)

The reduction factors C are smaller than 1, and decrease
for increasing values of J. This reflects that the magnetic
moment, which is oriented along the internuclear axis, is
effectively reduced by the rotation of the molecule. Sub-
stituting (6.5) into (3.28), while using (6.1), leads to the re-
sult

e#iB  A?
2m J(J+1)

nw,uy)=—p4 W(J,J)[nylw)—17,

(6.8)

with the factors W given in (B7). In the usual case that
fiy <<kgT, the correction n. is much smaller than n,
near resonance. Furthermore, the perturbation (6.4) has
off-diagonal elements between states with different J
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values, which give rise to a term n,. However, for a
well-isolated line, the linewidth is small compared with
the line separation, and the correction n, is negligible.

Hence, the Faraday rotation angle ©,,,, is given by Eq.
(5.3), where n, is well approximated by n, as given in
(6.6). The decrease of the factors C for increasing values
of J is not compensated by a corresponding increase of a
dispersive term in the mechanical effect, as would be re-
quired to validate the complementarity derived in Sec. II.
Likewise, the magnetic n, term (6.8) does not exactly can-
cel the mechanical term (6.3) for a magnetic field obeying
the Larmor condition (2.7). Hence, a magnetic field can-
not compensate the Coriolis force, and the complemen-
tarity of the two Faraday effects does not hold near an
isolated rotational resonance. This is due to the
quantum-mechanical nature of molecular rotation. Only
in the case that the rotational level structure is ineffective
can we expect the result of Sec. II to apply.

B. Rotational band

In spectral regions where several rotational lines con-
tribute to a single electronic-vibrational transition, the
J

nw,uy)=

Ez—exp BEJA)(2J+1)U

The expressions (6.9) and (6.10) take a simple form after
expanding the function f to first order, provided that the
moments of inertia I and I’ are the same. Introducing
the average change of rotational energy at excitation of a
ground state with angular momentum J,

(AE)=F UJ,J AN NEjp—E;y) , (6.11)
¥
gives the result
ﬁZ
(AE)=E for A'=Ax1
(6.12)

,hZ
(AE>=—I— for A'=A .

Therefore up to first order Eq. (6.9) gives the identity

i for A'=A+1

nolw)—1=f |

(6.13)
for A'=A .

-
1

w)—1=f

A similar expansion of (6.10) to first order, and substitu-
tion of the explicit values of the 3j symbols in U, gives

n(w,uy)=+1BAAAf (0
Q dno B dZO
— o for A'=A*1
2 do Z, dB
(6.14)
dn dZ
n(w,uy)= 0 B 220 for A'=A

do Z, dB

(LI AN BROAWTL, T f |0

unperturbed refractive index can be written as

nolw)—1=3F 3 -Zl—exp(—-BEM)(2J+l)U(J,J’;A,A’)
7T

0

Xf , (6.9)

1
w—_Z(EJA_EJ’A')

which is simply a summation over single-line contribu-
tions (6.1). The line profile f is assumed to vary only
slightly over a rotational splitting. This is justified either
for very large (homogeneous or inhomogeneous)
linewidths, or for outside a rotational band. In this case
the quantum nature of the rotation becomes unimpor-
tant.

1. Mechanical effect

The rotation angle of the mechanical effect is given by
(4.7) in terms of the first-order correction n,. This term
can be expressed as

(6.10)

1
- Z(EJA_EJ’A')

The only approximation made so far is the expansion to
first order of the profile around the average frequency. In
particular, these results are valid for arbitrary values of
the temperature. Notice that the average rotational ener-
gy is equal to

(E)y=—-L %o

(6.15)

In fact, the small rotational frequency shifts in (6.13) may
be ignored, so that we can simply equate f to ny—1.
When the temperature is sufficiently hlgh the rotation

can be described classically, and (E)=p""'. Then (6.14)
can be replaced by the fully classical result
nlw,u, )=tIpAQA[ny(w)—1]
_ dn
for A'=A=*1 6.16
> do OF A ( )
dny
nw,u,)=—Q—— for A’=A .

do

Finally, substitution of (6.16) in (4.10) gives for the Fara-
day rotation angle the result

_Qz _ 1 1 dno
6mech ¢ nO(a)) no(w) 760 da)
F1BfiwoA[ny(w)—1] | for A'=A=£l
d (6.17)
Z no
== - —2 | for A’=A..
emech c () no(w) [0 do or
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These results are obtained by adopting three assump-
tions, which imply a fully classical picture of the molecu-
lar rotation. First, the line profiles are assumed to vary
only linearly over rotational level splittings. Second, the
moments of inertia in the ground level and the excited
level are taken the same. Finally, the classical expression
for the average rotational energy is assumed to hold.

In the case that A’=A=1, the term proportional to
no—1 in (6.17) results from the change in the transition
strength due to the modified populations. The frequency
derivatives result from the decreased strength of the P
transitions and the increased strength of the R transi-
tions. In the case that A’=A, the total transition
strength is evenly distributed over the P and R bands,
whereas the Q band is absent. For A'=A=1, half of the
transition strength goes into the Q band, and only the
other half remains for the P and the R bands. This ex-
plains the different factor in front of the derivatives in
(6.17). For A'’=A the mechanical rotation angle is identi-
cal to O, Eq. (2.9), corresponding to rigid rotation.
Hence, the macroscopic rotation is completely
transferred to the electronic wave functions. For
A'= A=l this transfer is only 50%. The physical reason
for this difference is that the radiative transition in the
case that A’=A=1 occurs preferably when the internu-
clear axis is parallel or antiparallel to the propagation
direction, where the circular polarization vector imposes
the right selection rule. But when the internuclear axis
coincides with the rotation axis, the slip is maximal. For
A'=A, the transition selects the component of the polar-
ization vector that is parallel to the internuclear axis.
Hence the transition probability is maximal when the in-
ternuclear axis falls in the XY plane, where in the Born-
Oppenheimer approximation the rotary drag is complete.

2. Magnetic effect

At first sight, the magnetic Faraday effect is more com-
plex than the mechanical effect, since the magnetic per-
turbation H, as given in (6.4) has nondiagonal elements
in the rotational quantum number J. However, the result
greatly simplifies if we ignore the rotational contribution
to the transition frequencies. Then one may start from
Eq. (3.15), where the Liouville operator .£, can simply be
replaced by the single eigenvalue w,. Both the transition
dipoles and the perturbation (6.4) take the form of
Wigner rotation matrices, and the total correction to the
refractive index is

(@)= %exp( BE)% A(J J5AAY)

J 0

X | —(A"— f —BAAS (o) (6.18)

where the function A4, defined in Eq. (B8) in Appendix B,
attains the simple values given in (B9). Hence we arrive
at the final result
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dn
n, (o, u+)—-—%;B (A'— —;1—;)0—
+BAH(A — A)A[ng(w)—1]

(6.19)

The term proportional to ny—1 corresponds to n., and it
changes sign with A’—A. The term proportional to the
derivative is the same for A’'—A==1, and arises from
n,+n,. It is remarkable that Eq. (6.16), which has a
rather similar structure, is purely of the type n.. In order
to obtain the Faraday rotation angle, we substitute (6.19)
into (5.3), with the result

1 eB Z | dng
— === _+ —
o _|2ome "G +BAwA[ny(w)—1]
e for A’=A+1
0 for A'=A .
(6.20)

The complete vanishing of the Faraday effect for A'=A
is a feature of the Born-Oppenheimer approximation.
Combining Egs. (6.20) and (6.17), it is easy to check
that their sum exactly obeys the complementarity rela-
tion (2.10), for all possible values of A’—A. This com-
plementarity is only valid under the condition that the
rotation can be described in a fully classical fashion.

VII. CONCLUSIONS

We have compared the Faraday effect in gases with its
mechanical analog. This comparison is relevant to the
fundamental question under what conditions it is possible
to rotate an atom [14]. From simple arguments one may
conclude that the two effects are complementary in the
sense of Eq. (2.10). This relation states that for a magnet-
ic field B which is related to the angular velocity Q by the
Larmor condition B=2m () /e, the sum of the two Fara-
day rotation angles is equal to the mechanical Faraday
effect for a sample in fully rigid rotation. This latter
effect contains two contributions: a kinematic term, re-
sulting from the rotary motion of the centers of mass of
the gas particles, and a dispersive term, arising from the
fact that circularly polarized light with frequency  prop-
agating along the rotation axis is experienced by a rotat-
ing sample at the shifted frequency w+. Near reso-
nance, the dispersive term is larger than the kinematic
term by a factor of the order of w/y, with ¥ the total
linewidth. Since the sum of the two Faraday effects is
determined by only the refractive index of the sample at
rest with zero magnetic field, the validity of (2.10) would
mean that both effects contain equivalent information on
the dynamics of the system. It has been our purpose in
the present paper to investigate under which conditions
this conclusion is valid. The analysis is based on a unified
description of the perturbed refractive index of the vapor.

The case of a dilute atomic gas is discussed in Secs. IV
and V. We show that the mechanical effect contains two
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terms. The first one is the purely kinematic one, arising
from the fact that the velocity distribution follows the
external rotation. The second term corresponds to the
perturbation n, of the refractive index. This perturbation
is analogous to a paramagnetic term, and results from the
modification of the populations of the substates (if any) of
the ground level. This latter contribution to the Faraday
rotation angle is larger than the kinematic effect by a fac-
tor fiw/ky T, provided that the lower level is degenerate.
The magnetic effect is given by the classical Becquerel re-
sult and a small paramagnetic correction resulting from
the modified ground-state populations. This correction is
smaller than the Becquerel term by a factor of the order
of #iy /ky T. For a magnetic field B related to the angular
velocity by the Larmor relation (2.7), the paramagnetic
contributions are each other’s opposite. But the magnet-
ic (Becquerel) effect is much larger than the kinematic
term in the mechanical effect, by a factor of the order of
®/y. We find that the complementarity relation of the
two effects holds exactly. For atoms with nonzero elec-
tron spin, the complementarity no longer holds. The
mechanical effect remains basically the same (i.e., small),
whereas the magnetic effect remains large, but becomes
quite different.

In Sec. VI the case of a diatomic gas with zero electron
spin is considered. It is demonstrated that in the neigh-
borhood of an isolated rotational line the complementari-
ty relation (2.10) breaks down. Apparently, the deriva-
tion of this relation is not valid, due to the quantum char-
acter of the molecular rotation. Only in the limit that the
rotational structure in the spectrum is negligible does the
complementarity hold. This is correct for overlapping
linewidths of the individual rotational lines, or beyond
the bandhead.

These results indicate that the complementarity of the
two Faraday effects, which is a direct result from
Larmor’s theorem, requires that the electrons are subject
to a classical external rotation. Nonclassical aspects,
such as rotational quantum levels and electron spin, spoil
the complementarity.

In this paper we have assumed that the dynamics of
the electrons in a gas particle (atom or molecule) is de-
scribed by the Hamiltonian of the free gas particles. Per-
turbations by neighboring particles are accounted for by
a possible broadening of the homogeneous linewidth y.
This corresponds to the impact approximation of the
spectral lines, which is justified when the time between
collisions is large compared with the duration of a col-
lision. As indicated above, in this case the mechanical
Faraday effect consists only of the kinematic and
paramagnetic terms, which are much smaller than the
Becquerel term of the magnetic Faraday effect. When the
gas is sufficiently dense, or when the absorbing particles
are embedded in a sufficiently dense buffer gas, so that
multiple collisions are not negligible, inhomogeneous or
quasistatic line broadening becomes dominant, and the
present results are not valid [14]. When an atomic transi-
tion is perturbed by the presence of another atom, the
Zeeman degeneracy of the angular momentum substates
is lifted. When, moreover, the internuclear axis of the
collision complex does not coincide with the rotation
axis, the Coriolis term (4.3) will perturb the energy eigen-
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states of the collision complex. This means that the
mechanical Faraday effect can be much larger than pre-
dicted by the present description. Conversely, the mag-
netic Faraday effect will be diminished in a complementa-
ry way. When the quantum structures of the rotation
and spin effects are negligible, the mechanical and mag-
netic effects contain basically the same physics.

Although the complementarity relation indicates a
close connection between the two Faraday effects, their
practical measurability is quite different. Let us first con-
sider an atomic gas. Even for moderate magnetic fields,
the Larmor precession frequency eB /2m, which amounts
to 2 X 1.4 MHz for B=1 G, is much larger than practi-
cal angular velocities of mechanical rotation, which are
of the order of Q=27X 100 Hz. Thus, in the mechanical
case, assuming rigid rotation, small rotation angles are
expected. At present, the best polarimetric sensitivity of
the rotation angle amounts to about ~ 1078 rad [23]. Of
course, one may try to enlarge the rotation angle by using
a longer cell. However, the length of the cell is obviously
limited by absorption. When the length is chosen equal
to the absorption length, the rotation angle is indepen-
dent of the strength of a line [14]. A rough estimate of
the linewidths y for an alkali-metal vapor immersed in a
very dense buffer gas, where presumably the rotation is
rigid, indicates that a direct observation of the dispersive
contribution to the mechanical effect is out of reach by
one or two orders of magnitude [14]. However, progress
in polarimetry may close this gap in the near future [13].
Far from resonance, only the kinematic and “paramag-
netic”” contributions remain, which are much smaller
anyway. In the present paper we have stressed, however,
that a measurement of the magnetic Faraday effect con-
tains equivalent information (at least for zero spin).

For a molecular gas, the mechanical Faraday effect will
be even smaller than for an atomic gas, due to the much
smaller oscillator strength and ground-level population (if
we are close to an individual line), or due to the large
effective detuning (if we are beyond a bandhead). Also
the magnetic Faraday effect near a molecular line is rela-
tively small, due to the flywheel action of the molecular
rotation, which diminishes the net magnetic moment [Eq.
(6.5)].

Experimentally, therefore, the most promising route
for studying the issue of rigid electronic rotation versus
electronic slip seems to be a study of the magnetic Fara-
day effect of a high-density atomic gas. Experiments
along these lines are presently in progress.
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APPENDIX A

Explicit expressions for the quantities F and G defined
in (5.13) and (5.14) in the LS-coupling scheme, obtained
by standard Racah algebra [20,24], contain the reduced
matrix elements and 6j symbols
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. . < Y o pyt 11 J(J,+1)2J,+1)
ee’;g)= e'llullg 2<ellulle Jg J, J, 6
s s S(S+1)2S+1)2,.+1) |72
S+J,.+1+L, f
aee'+( l) [Je' Je Le Je(Je+1) ] (Al)
and
1 1] (7,0, +1)20,+1)
J..+J g'vYg g
Gleigg)= D=1y
€88 {Jg. Ty Je] 6
S S 1][ss+nes+1)2r,.+1) "
(=St g A2
Bggr+(—1) [Jg. Jg Lg] J (T +1) ’ (A2

In the LS scheme, the electric dipole commutes with the spin, and the reduced matrix elements for the J sublevels are
related to a single matrix element for the multiplet, according to the relation [20]

(ellullg) ==/ 7 T DRr, + 1)

Therefore, the terms F and G are all real.

In the diagonal case that e =e' or g =g’, the factors in
square brackets in (A1) and (A2) are just the Landé fac-
tors g, and g, of the levels, which are given by [20]

S(S+1)+J(J+1)—L(L+1)
2JJ+1) ’
where J takes the value of J, or J,, and where L stands

for L, or L,. The diagonal values of the functions take
the form

g=1+

(A4)

F(ee;g)=,—‘2-|<e||y”g)lzeﬁ3 [2+J,(J,+1)
JJg+Dlg, , (A3
Gle;gg)=— l<ellu||g)|2e [2+J,(J,+1)
—I,(J,+Dg, . (A6)
APPENDIX B

The state of a diatomic molecule with zero electron
spin, with quantum numbers J and M for the total angu-
lar momentum, and A for the component of the electron-
ic angular momentum along the internuclear axis is
denoted as [JMA). The normalized wave functions for
the orientation of the internuclear axis indicated by the
polar angles ¢ and 0 are expressed in terms of the Wigner
rotation matrices as [21]

2J +1
872

172

($,0lUIMA)= Dim(9,6,0) (B1)

in the notation convention of Edmonds [25]. The transi-
tion dipole between two molecular states can also be ex-
pressed in terms of a rotation matrix

(J,M,AllﬂEG'u+ IJMA)
=D(J'M'A’|D}._4 ,(¢,6,0)]JMA) , (B2)

where D is the dipole matrix element for the electronic
and vibrational transition. This expression can be evalu-

L, L,
J, J, S

1

(E|u||G) . (A3)

[
ated by using standard expressions for integrals of prod-
ucts of Wigner matrices, in the form

(I'M'N'|D{,,($,6,0)[JMA)
=V (2J+1)(2J'+1)
ji J J j J J
;\’ A __Al [m M __Ml . (B3)
It is convenient to express the refractive index in terms
of the function

N i/h
fl@)=ipp N Re—1A__ (B4)
2¢g  yY—ilo—wy)
which is the contribution to the refractive index of a gas
of two-state particles with transition frequency w,, and
reduced dipole D. If we take for w, the electronic plus vi-
brational contribution to the transition frequency, the un-
perturbed refractive index near an isolated rotational line
is given by (6.1), with the branching ratios
2
J J

UWLTSAA) =T 1) (g p A 4

(BS)

These ratios add up to 1 after summation over J’, and
determine the relative strengths of the transitions with
J'=J—1,J'=J, and J'=J +1, contributing to the P, Q,
and R branch of the spectrum. We also need the factors

2

1 J J
W(LJ)=3 I M
MM’
Their explicit values are for a P line, a Q line, and an R
line:

w(J,J—1)

—J—;l, W(J,J)=—1, (B6)

=W(J,J+1)=% .
(B7)

The magnetically perturbed refractive index in a rota-
tional band is expressed in terms of the functions A4,
which are defined by
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AT 5A,A)=3F (IMA|DY_  (6,6,0)D30(¢,6,0)D}._ 4 (6,6,0)[JMA) . (B8)
M

After using identities for products of Wigner functions [25], one may show that
A (J,J';A,A')szzi(/\'—-/\) .
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