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The perturbed-ladder-operator method is applied to the analytical solution of the harmonic-oscillator
eigenequation perturbed by a symmetric potential ¥ (x). This method, well adapted for computer alge-
bra, is an extension of the original Schrodinger-Infeld-Hull factorization method within the perturbative
scheme and allows an analytical solution of nonfactorizable Sturm-Liouville eigenequations in almost
the same way as factorizable ones. Closed-form expressions of the perturbed harmonic-oscillator eigen-
values are obtained by means of a few algebraic manipulations, either in a series of binomial functions
(3) or in a series of powers (v +%)". Alternative expansions of the perturbed potential ¥ (x) in a series

of Hermite polynomials #,,(x) or in a series of x

2s

are considered and some illustrative examples

demonstrating the capabilities of the method are given. Particularly, analytical expressions of the x*-
perturbed harmonic-oscillator energies, as well as analytical approximations of the eigenenergies for the

x2+Ax?/(1+gx?) interaction, are quickly derived.

PACS number(s): 03.65.Fd, 31.30.—i

I. INTRODUCTION

In two previous papers [1,2] (hereafter referred to as
paper I and paper II, respectively), the “perturbed-
ladder-operator” method has been proposed for provid-
ing an algebraic recursive solution of perturbed wave
equations. This method is an extension of the
Schrodinger-Infeld-Hull  factorization method  [3,4]
within the perturbative scheme. It is particularly well
adapted for treating problems which can be conveniently
described by a “kernel potential,” leading to an Infeld-
Hull factorizable equation, together with an additional
perturbation. As a matter of fact, such kernel potentials,
and therefore solutions of factorizable equations (factor-
izable types 4 to E, within the Infeld-Hull nomencla-
ture), are involved in many physical models. Among
solutions of factorizable equations of fundamental in-
terest in atomic and molecular physics applications, let us
quote, for instance, the spherical harmonic or symmetric
top functions (factorizable type A4 ), the Morse-oscillator
functions (factorizable type B), the nonrotating or rotat-
ing harmonic-oscillator functions (factorizable type D or
C), the Schrodinger (and Dirac) hydrogenic radial func-
tions in the usual Euclidean flat space (factorizable type
F) or in a space of constant curvature (factorizable type
E) and, more generally, the Gauss or confluent hyper-
geometric functions (general factorizable type A or B).
Briefly stated, many equations of current interest in phys-
ics can be viewed as “perturbed factorizable” equations
and are relevant to the perturbed-ladder-operator
method.

Summarizing grosso modo the principle of the ‘“‘per-
turbed factorization” technique, one assumes that the
perturbed potential function, as well as the ladder and
factorization functions, can be expanded in a perturba-
tion series. Then, one tries to build up the required per-
turbed ladder operators and the perturbed factorization
functions allowing the factorization of the perturbed
equation at any rank N of the perturbation. The
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efficiency of the procedure mainly relies on the use of
suitable associated basis functions y (x) and Y (x) for ex-
panding the perturbation and the perturbed part of the
ladder function, respectively. These basis functions have
to satisfy selective ladderlike properties and, also, have to
lead to a manageable finite-difference solution of the fac-
torizability condition giving the required perturbed func-
tions a suitable dependence on the quantum number.
Once the perturbed ladder and factorization functions
have been found, the perturbed problem may be handled
in the same way as the exact factorizable (unperturbed)
problem: analytical expressions of the perturbed eigen-
values in terms of the quantum numbers are readily ob-
tained from the knowledge of the perturbed factorization
function and the complete set of the perturbed eigenfunc-
tions can be generated by repeated application of the
ladder operator on the perturbed ‘“key function,” which
is a solution of a first-order differential equation.

In paper I, the main features of the perturbed-ladder-
operator method have been given and general formulas
have been derived allowing the “perturbed factorization”
of eigenequations which correspond to unperturbed
ladder operators which are linear functions of the quan-
tum number (factorizable types 4 and D). Although val-
id for any factorizable type, these formulas, when applied
to the last two factorization types E and F, where the un-
perturbed ladder function is not a linear function of the
quantum number, lead to rather lengthy and intricate cal-
culations. Therefore, in paper II, the method has been
reformulated for analytically solving the perturbed
Coulomb (type-F) eigenequation and, by the way, it has
been found that the introduction of specific basis func-
tions, instead of a standard Newton’s expansion, greatly
simplifies the finite-difference solution of the factorizabili-
ty condition. Thus, it appears that the capabilities of the
perturbed factorization scheme have not yet been com-
pletely exploited, even for the cases where the unper-
turbed ladder function is a linear function of the quantum
number.
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In the present paper, special attention is paid to the
symmetric-anharmonic-oscillator  eigenequation (per-
turbed type-D factorization). There has always been a
great deal of interest in the analytical solution of this
eigenequation which, apart from certain very particular
cases [5], is not exactly solvable analytically while, also, it
is the simplest case of a “perturbed factorizable” eigen-
equation. Moreover, it seems well suited for giving a
deeper insight into the perturbed factorization procedure.
After a necessary and brief reminder of the exact and per-
turbed factorization schemes (Sec. II), we focus on per-
turbed type D. Alternative solutions of the factorizability
condition, which lead to closed-form expressions of the
perturbed harmonic-oscillator energies either in a series
of binomial functions (;,) or, more classically, in a series
of power functions (v +1)¥, are carried out. Suitable ex-
pansions of the perturbation either in a series of Hermite
polynomials #,,(x ) or in power series x ** have been con-
sidered (Sec. III). In Sec. IV, illustrative applications are
given. General expressions for the perturbed eigenvalues
have been written down, up to the third order of the per-
turbation. The solution of the x *-perturbed harmonic os-
cillator, which has been studied many times and by vari-
ous methods (WKB, Padé approximant, Hill deter-
minant, hypervirial, perturbative variational methods,
etc.), is chosen as a test example of the capabilities of the
perturbed factorization procedure. Finally, the solution
of the Schrodinger equation with a potential function
x2+Ax?/(1+gx?), which is of interest in several areas of
physics, is considered.

II. FACTORIZATION SCHEME

In order to set up the definitions and notations, it is
first necessary to briefly recall the main features of the ex-
act and perturbed factorization schemes.

A. Exact factorization

After exact or approximate separation of variables and
appropriate transformations of variable and function,
many eigenequations of current interest in quantum
mechanics can be reduced to the standard form

d2

e +UKx,m)+A; |¥,,(x)=0

(2.1

associated with the boundary conditions (x; <x <x,)

|W(x)|*=|¥(x,)]*=0, fxz|‘l’(x)|2dx=1, (2.2)
*1

where m =m,, my+1,my+2,... is a quantum number
which takes successive discrete values labeling the eigen-
functions.

Such an equation (2.1) is factorizable when it can be re-
placed by each of the following two difference-differential
equations:

H,  Hy ¥, =[A;,—L(m+1)]¥
H H ¥V, =[A;—L(m)¥

m> (2.3)

jm 2
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where L(m) is the factorization function, which does not
depend on x, and HZ are mutually adjoint ladder opera-
tors: HX=K(x,m)¥(d /dx). Owing to the mutual ad-
jointness of the ladder operators H, and H,,, the neces-
sary condition for the existence of quadratically inte-
grable solutions of Eq. (2.1), i.e., the quantization condi-
tion, is

e(j—m)=v=integer=0 ,

where e=+1 (or e=—1) according to whether L(m) is
an increasing (or decreasing) function of m.

The interest and advantages of the factorization
method are well known [4]:

(i) Closed-form expressions of the eigenvalues are
readily obtainable from the knowledge of the factoriza-
tion function L(m ):

€ 1
i+ £+
773

> |- (2.4)

A;=L

(ii) The normalized eigenfunctions are solutions of the
following pair of difference-differential equations:

K(x,m)+d;dx ‘I’jm=-/‘/j(m)‘l’jm-1 R
(2.5)
K(x,m+1)—dix \I/jm‘—‘./\/'j(m+1)‘l/jm+1

with V;(m)=[A;—L(m)]'/%.

These “ladder” equations allow the determination of any
¥, (x) function from the knowledge of any one of them,
particularly from the knowledge of the normalized ‘“key”
function ¥;;(x) which is the solution of the first-order
differential equation

xj+§+%

d

K —
de

W,(x)=0. (2.6)

In fact, when an eigenequation is exactly factorizable,
closed-form expressions of the eigenfunctions involving
classical orthogonal polynomials are known [6].

There are six fundamental types of potential functions
U'®(x,m) (denoted types A to F, within the Infeld-Hull
nomenclature) leading to factorizable equations. More-
over, as pointed out by Infeld and Hull [4], when direct
factorization is not possible solely because of the inade-
quate m dependence of the potential function U(x,m)
under consideration, one can resort to ‘“‘artificial”’ factori-
zation, i.e., one can consider U(x,m ) as ‘“embedded” in a
new potential function u(x,m;u) which depends on a
supplementary ‘“‘artificial” parameter u such that
u(x,m;u) can be identified in m with a factorizing poten-
tial U'”(x,m) and that u(x,m;u=m)=U(x,m). Then,
Eq. (2.1) is factorized using u(x,m;u), and the eigenval-
ues A;(u)=L(j+e/2+3;u) are determined as well as
the eigenfunctions ¥, (x;u), both depending on the pa-
rameter u. At the end of the ladder procedure (2.5), one
merely sets u=m and obtains the required eigenvalues
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A(m)=A(p=m) and eigenfunctions V;, (x)
=W, (x;u=m). This “artificial” or “embedded” factor-
ization device is widely used all along the “perturbed fac-
torization” scheme.

B. Perturbed factorization

Let us now consider an eigenequation (2.1) where the
potential function U(x,m) does not belong to any of the
six Infeld-Hull factorization types, and let us assume that
this potential function, as well as the associated ladder
and factorization functions K(x,m) and L(m) to be
found, can be expanded in a perturbation series with a
parameter 7,

Ulx,m)=U%x,m)+qU"(x,m)
+?UP(x,m)+ -+,
K(x,m)=K"%%x,m)+nK"V(x,m)
+7 K x,m)+ - -,

Lm)=Lm)+nLV(m)+9*L P(m)+ -

(2.7

>

where K ¥(x,m) and L'”(m) are the ladder and factori-
zation functions allowing an exact factorization of Eq.
(2.1) with UQ(x,m ).

As it has been shown in paper I, the critical point of
this extension of the factorization method within the per-
turbation scheme relies on the choice of suitable x-basis
functions y,(x) and Y,(x) for expanding the required fac-
torizing perturbations U'(x,m) and associated per-
turbed ladder functions K ¥ (x,m ), respectively. These
basis functions, which are specific to each factorization
type, have to satisfy the following “ladderlike” relations:

2K x,m)Y, (x)= A, (m)y,(x)+B.(m)y, . (x),

(2.8)
dY,
dx :asys(x)+Bsy:+1('X) ’
Y (x)Y,(x)= 3 h(s,t,r)y,(x) . 2.9
We set
Sy
KNMx,m)=3 yMm)Y,(x) (2.10)
s=0

and, as a consequence of Eq. (2.9), the potential-like func-
J

AF(N) —_
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tion W™ (x,m ), which at each order of the perturbation
is generated from the preceding orders of the perturba-
tion and is involved in the factorizability condition, can
be expanded in a series of y (x):
N—1
WN¥x,m)= 3 KYx,m)KY Y(x,m)

v=1

=3 WN(my,(x) . .11
s
Thus, using the artificial factorization device with an
artificial parameter u (see paper I), one can solve phy-
sicomathematical problems with a potential function
V(x,m) such as
Vix,m)=Ux,m)+9VPx)+ 9 VP (x)+ - -

’

(2.12)

where the ¥”)(x ) have the same dependence on x as the
UM(x,m),ie, V*V(x)=U"(x;m=p) and
Sy+1

V¥x)= 3 by (x) . (2.13)
s=1
Hence, as it has been shown in paper II, we set
SN
KMx,m)=3 Y, (x)Q,(m){(kN+FNMm)} . (2.14)
s=0

Then, solving the factorizability condition, one gets the
following expressions of Q,(m) and k'™, involving the
A;(m), B(m), a,, and B, coefficients, which are specific
to the factorization type and associated basis y,(x) and
Y,(x) under consideration:

m—1  [By(j)—PB]
= —_ 2.15
Sy+1
kS(N’= > dus(y){b,ﬂN)+W,(,N)(p)}, (2.16)

u=s+1

where
u—1 u—1

duw)== TI (Aw=a,} /0. TI (Bw—B,] -
t=s+1 t=s

The required F.V(m) and factorization L'V(m ) func-
tions are then solutions of the following finite-difference
equations:

AWN(m)+A{[A,(m)+a, ly MV (m)}+2a,7M(m)

sl Q, \(m+D{B,_(m+1)+B,_,}
ALN'=— AW (m)—A{[ Ao(m)+aolyg¥(m)] —2agyg"(m)

where AF(m)=F(m+1)—F(m) is
difference A operator in m.

y™M(m)=0,(m) kY +F ¥ (m)} ,

the wusual first

F,(m)=0 for s=sy

, (2.17)

(2.18)

and the following associated conditions have to be
fulfilled:

F.(m=u)=0,

(2.19)
LY m=pm)=—WM () —[4y(p)—aolyiMu) .
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At each order N of the perturbation, the finite-
difference equations (2.17) and (2.18) will be solved recur-
sively, starting from s =Sy down to s =1.

The factorizability condition is solved recursively, i.e.,
when considering the determination of K‘¥(x,m;u) and
L™(m;u), both depending on the artificial parameter y,
it is assumed that all the K"(x,m;u) and L (m;u) for
v=1,2,...,N—1 have already been found. Hence, the
perturbed problem (up to the Nth order of the perturba-
tion) can be handled in the same way as the exact factor-
izable (unperturbed) problem.

(i) The total perturbed eigenvalue and associated ladder
function are

—yo|; e 1
A;(m)=L j+2+2
LAY I - B
+ 3 7L m—-1+3+5;y—m ,  (2.20)
v=1

N
K(x,m;u)=KPx,m)+ 3 »’KY(x,m;u),

v=1

(2.21)

where e=+1 (or e=—1) according to whether the un-
perturbed factorization function L‘%(m) is an increasing
(or decreasing) function of m.

(i) The ladder equations (2.5) and (2.6) hold with
K(x,m;u) for the determination of the perturbed eigen-
functions ¥, (x;u). Once the ladder process is achieved,
one sets u=m and obtains the required ¥, (x;m) per-
turbed eigenfunctions. One can also use an alternative
procedure which provides the perturbed eigenfunctions
as linear combinations of the unperturbed eigenfunctions
[7,8].

Let us now apply these general results to the solution
of the anharmonic-oscillator eigenequation.

III. PERTURBED FACTORIZATION
OF THE ANHARMONIC-OSCILLATOR
EIGENEQUATION

Let us consider the anharmonic-oscillator eigenequa-
tion:

d2
:i—x—z—bzx2+b(2m +1D)+V(x)+A |¥,,(x)=0, (3.1

where — 0 <x < ® and Vix)=9VV(x)

+7?2VP(x)+ - - - is a perturbation.

A. Exact factorization of the
unperturbed eigenequation

When V(x)=0, the eigenequation (3.1) reduces to an
exact Infeld-Hull type-D factorizable equation with the
following factorizing ladder and factorization functions:

K%%x,m)=bx, LOm)=—2bm . (3.2)

Let us assume b >0 [9]. The factorization function
L'“(m) is a decreasing function of m. This is a class-II
problem with e=—1, v=m—j, AO=L(j)=—2bj,
and we get the following expression of the harmonic-
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oscillator energy:

EP=1A94+b2m+1)]=b(v+1). (3.3)

The normalized unperturbed eigenfunctions are [6]
WO (x)=(b /m)/4(1/2°))" 2 exp( — Lbx )F,(b'2x ) ,
(3.4)

where #,(x ) is a Hermite polynomial of degree v.

When V(x )70, the different possible choices of the x-
basis functions y,(x) and Y (x) satisfying the ladderlike
properties (2.8) lead to different possible perturbed factor-
izations of the eigenequation (3.1) (see Table I).

B. x,7£,,(b!/?x ) expansion of the perturbation
associated with a (}, ) expansion
of the perturbed eigenvalue

As pointed out in paper I, when dealing with type-D
factorization, it is rewarding to expand the perturbations
V™(x) in a series of Hermite polynomials #,,(b!"%x)
rather than in a series of the familiar x> basis. More-
over, the associated use of a Hermite polynomial x-basis
and binomial functions, for the m dependence of the
ladder and factorization functions leads to a compact ex-
pression of the first-order energy involving only one sum-
mation instead of two summations when using other basis
functions (see, for instance, Ref. [8]). It is then rewarding
to first work out the expressions of the perturbed
harmonic-oscillator eigenvalues and associated ladder
functions when expanding the perturbations ¥'¥(x) and
eigenvalues AY in a series of Hermite polynomials
H,,(b'/?x ) and binomial coefficients (® ), respectively.

Let us choose the associated x-basis functions

ys =Xs}[2s(b]/2X)
and
Yszb_l/2Xs+!-7{2s+l(bl/2x) ’

where the factor y,=s!b /(2s)! is introduced for compu-
tational convenience. This choice is convenient (see
Table I) and we set

Sy+1
VM x)= 3 My, FHy(b'x),

s=1

(3.5)

TABLE 1. Perturbed factorizations of the anharmonic-
oscillator eigenequation (3.1). (m),=m(m—1)---(m—t+1)
is a generalized factorial; §, ; is the Kronecker symbol.

s x2s Xs~7{2x(bl/2x)
Ys( xB* b1 2x, 1 o 11 ?x)
Am) 0 1
B,(m) 2b 1
ag 2s+1 1
B; 0 0
Q.(m) 1 . 1
1
dus(/“) % —Y;I (u_%)u—:—l _au,s+l
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S
K™Mx,m)=b"'"23 x; 12 +1(0x )y M(m), (3.6)
s=0

where [see Eq. (2.14) and note that Q,(m )=1]
YV m)=kN+FV(m)=k™M+ZN(m)=ZNM(p) .

The first condition (2.19), i.e., F,(m =u)=0, is ipso facto
fulfilled by setting FM(m)=Z"N(m)—Z(u).

In order to build up the potential-like function
W N(x,m), the following multiplication formulas will be
used (see paper I):

sHe+1
Y. Y,= 3  his,t,uly,, (3.7)
u=|s—1|
where
s+t—u—1 e 141
his,t,u)= 2 (2u)ls 12!

ulls+u—tWt+u—sWMs+et+1—u)

Thus, the potential-like function can be written:

N-—1
WNx,m)= 3 Kx,m)KY (x,m)
v=1
SN
= 2 WS(N)(m)Xs?[Zs(bl/zx) .

s=0

(3.8)

At the first-order N =1 of the perturbation, we have
W (x,m)=0 and the upper bound S, which is involved
in K'"(x,m) can be arbitrarily chosen. At the higher or-
ders N > 1, the highest power of x is already fixed as data
following from the preceding orders and the relation
Sy=S,+Sy_,+1 must hold for any v (v=1to N—1):
the value of Sy depends on S, and N. One finds the fol-
lowing necessary condition to be fulfilled:

Sy=NS,+N—1. (3.9)

One has now to determine the ladder Z!Y(m ) and the
factorization LY (m) functions which are solutions of
the finite-difference equations (2.17) and (2.18) and have
to satisfy the conditions (2.19). Since B (m ) does not de-
pend on m and B, =0 (see Table I), the finite summation
of Egs. (2.17) and (2.18) can be partly carried out. One
gets, within an arbitrary summation constant,

ZM (m)= —Tl—g WN(m)+[ A,(m)+a, 1y NV(m)
-1

+2a,87 MY
)= = (WEV (m)+[ Aglm)+aolyVm)
+2a0A_'7/§)N)} .

(3.10)
L(N)(m
(3.11)

As a matter of fact, these equations will hold and serve
for the three perturbed factorizations under considera-
tion in the present paper.

1. Determination of the perturbed ladder function

The required Z!¥(m) function is the solution of the
finite-difference equation (3.10) with A (m)=B;(m)
=a,=1 (see Table I), i.e.,

ZM (m)=—{WNm)+2[kN—=ZN () +ZM(m)]
207KV = ZN(u)+ZM(m)]}
(3.12)

Before tackling the solution of this equation, let us re-
mind the reader that, at the final step of the artificial fac-
torization process, in order to obtain the analytical ex-
pression of the perturbed eigenvalue A(jN '(m) in terms of
the quantum numbers j and m, we set m =j and py=m in
the final expression of the perturbed factorization func-
tion L'M(m;u). Since we require A;N)(m ) in a series of
binomial coefficients (},), where v =m — j, we require the
final expression of L™ (m;u) in a series of (“, ™). There-
fore, we set

Sy—s —m
zMm)= 3 cMu) # ; ] (3.13)
1=1
Sy—s pu—m
wm)= 3 w™aw) [ |, (3.14)
t=0
Using the relation [10]
At p—m|  p—m| p—m
t t+1 t >
we get, after some rearrangements,
Sy—s —
_ ! p—m
A IZS(N)(m)z_ rgl ; CS(N)(t)
Sy—=s+1 [,
! nw—m
- 3 . |eMa-1). (3.15)
=2

After choosing the arbitrary summation constant so that
Z™), (m) keeps the same form (3.13) as Z/V(m ), we ob-
tain

Sy—s — —
] H—m Ll m
zZM (m)=— 21 w™Me) [T |2k M l
Sy—s+l W w—m
+2 3 ¢Me-n| , |, (3.16)
=2
(N)

Now, comparing this expression for Z;™', (m) with its
standard expression (3.13) and setting k¥ =C*(0), we
get the following recurrence formula, which holds for
I1Su=Sy—s+1:

c™ (u)=—wMu)+2CMu—1) . (3.17

s—1

Starting from s=Sy+1 down to s=1 and from
u =Sy —s+1 down to u =1, this relation allows a recur-
sive determination of the C!™(u) in terms of the k.
One has now to obtain analytical expressions of the k"’
in terms of the data, i.e., in terms of the expansion
coefficients !V of the given perturbation V™(x). For
this purpose, we use Eq. (2.16) together with the expres-
siond, = —90, ;,, of Table I. We get
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Ky = = [+ WG]

S

and we obtain the following single recurrence formula al-
lowing the determination of the C/V(k) for 0<k <Sy
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Using this recurrence formula successively from
s =S8y +1down to s=1, it is easily found that the follow-
ing closed-form expression holds:

k

—s+1: Csyglk)=—"3 26"y o4 ;(k—j). (3.20)
=
™, (k)= —bM(k)+2CM(k—1) , (3.18) , ’ ,
Finally, at each order N of the perturbation, one has at
where, since WY (u)=w!"(0) [see Eq. (3.14)], one’s disposal the following closed-form expression of the
turb 1 functi i “
BVO)=bM+uN0), bM)=wM(k). (.19 Perarbed | Z‘?gﬁ; \unction n terms of the “data
J
Sy Sy—s u—m ¢ )
K™ ,mip)=—b"12 3 ¥, 1 Ho 1161 7x) 3 ] 3 27,00 (3.21)
s=0 =0 j=0

2. Determination of the perturbed eigenvalue

The perturbed factorization function is a solution of
the finite-difference equation (3.11) with 4y(m)=a,=1,
and the associated condition (2.19) to be fulfilled reduces
to LNm=p)=—w™(u). We get

Sy+1 p—m
LYm;p)y=—-wi¥m)+2 3 cVa—1D |,

t=1

(3.22)

Consequently, after substituting v for (u—m) into this
expression of LY (m;u) and using the expression (3.20)
of the Cg).,(k), the following expression of the per-

turbed eigenvalue is obtained:

Syt+1Sy+1—j
AV=—3 3 2|, . |6M0) (3.23)
j=0 t=0 J
or, alternatively,
Syl |y | Sy+i-t .
AN=—3 > 27N . (3.24)
t=0 ji=0

At each order N of the perturbation, the determination
of the perturbed eigenvalue amounts to the determination
of the data coefficients b(j) which depend upon the
particular problem under consideration [see Eq. (3.19)].
In fact, the b/Y(j) coefficients involve the expansion
coefficients of the perturbation ¥V(x) in a series of
Vs(x)=x,H,,(b'*x) together with the expansion
coefficients w!™(j) of the potential-like function

WV (5, m)= NilK(v)K(N—v)

v=1

in a series of x,H,,(b'?x)(*;™) [see Egs. (3.8) and
(3.14)].

Let us note that, at the first order (N =1) of the pertur-
bation, since the data coefficients b/!)(j) reduce to the ex-
pansion coefficients b{" of the perturbation ¥'!(x) in a
series of Y, #f,,(b'/?x) we find again the already known
[8] compact expression of the first-order perturbed eigen-
value:

- S, +1
P s
AV=—'3 2

s=1

b

S

Before applying the general results of the present sec-
tion to specific cases, let us investigate an alternative per-
turbed factorization of the anharmonic-oscillator eigen-
equation (3.1) when, as usually done, the perturbation is
expanded in a series of powers of x.

C. x?° expansion of the perturbation associated
with a (! ) expansion of the perturbed
eigenvalue

Let us now assume that the perturbations ¥'V(x) can
be expanded in a series of x> and choose the associated
basis functions y,=x% and Y,=x**!. We set [see Eq.
(2.13)]

Sy+1
V(N)(x)z 2 bS(N)xZS .

s=1

(3.25)

Since Q,(m)=1 (see Table I), the perturbed ladder func-
tion is [see Egs. (2.14)]
s

N
KMx,m)=3 x¥+*1yNM(m), (3.26)
s=0
where
rN(m)=kM+Z™M(m)—ZM @) .
The potential-like function is
N-—1
WMx,m)= 3 Kx,m)KN"(x,m)
v=1
sN
=3 W¥m)x¥, (3.27)

s=1
where S is still defined by Eq. (3.9).
1. Determination of the perturbed ladder function

In order to obtain the perturbed eigenvalues A" in a
series of binomial functions (!), we assume that the
ZM(m) and W¥(m) functions are still given by Egs.
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(3.13) and (3.14). Since B,(m)=2b and B, =0 (see Table
I), the required ZS‘N Y(m) function is the solution of the
finite-difference ~ equation  (3.10). Noting  that
ZN(m=p)=0, and using Eq. (3.10) together with Table
I, we get, after choosing the arbitrary constant so that
ZY), (m) keeps the same form (3.13) as Z/V(m),

pw—m

1

ZM ()=~

(N y— (N)
p b WV (m)—2a; kg

+asz;N>(m)+2asA*‘z§N’(m)l ,

(3.28)

where ZM(m ), WN(m), and A7'Z¥(m) are given by
Egs. (3.13), (3.14), and (3.15), respectively.
From the comparison of this expression (3.28) of

ZN), (m) with its standard expression (3.13), we get

v (1)=— ﬁ{ws‘”’( D—2a,kM—a,C™¥(1)]  (3.29)

and, for2=<¢t=Sy—s+1,

M ()= ——21;{ws‘N’(t)—2asCS‘M(t— D—a,cM(1)} .
(3.30)

Starting from s=Sy+1 down to s=1 and from
u=Sy—s+1 down to u =1, these relations allow a re-
cursive determination of the C!V(u ) in terms of the k.
In order to obtain analytical expressions of the k! in
terms of the expansion coefficients Y of the given per-
turbation V'™ (x ), we use Eq. (2.16) together with the ex-
pression of the d,,(u) coefficients of Table I and we get

Sy+1 u=s
e A e S I e N L S AT
u=s+1
(3.31)
Consequently, we have
kS“Pl:—ﬁgb;M W) —a k™) . (3.32)

Now, introducing the notation k!¥=C"(0) and set-
ting a,=2s+1 (see Table I), it is easily found that the
following single recurrence relation holds (0<k =Sy
—s+1):

CS”X)I(k)=—%~[bS‘M(k)—(2s+1)[2C§N’(k—1)

+C™M(k)]}, (3.33)

where, since WM(u)=w¥(0) [see, Eq. (3.14)], the
bM(k ) are still given by Eq. (3.19).

Using this recurrence relation for s=Sy+1,Sy,Sy
—1,. .. it can be inferred that one can write (see Appen-
dix A)
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jto—k ot+l—u

k
L =-3"3

Jj=0 u=j

2b

Xd;(0—u,k,Sy—u)
(3.34)

where the d i(0,k,s) coefficients obey the recurrence for-
mula

djlo+1,k,s)=(2s =20 +1){2d;(0,k —1,s)

+dj(o,k,s)] (339

with the associated conditions
d (0,k,s)=1,
di(c+1,k,s)=(2s—20+1)d(0,k,s) for k=]
and
di(k—j,k,s+k—j—1)
=2(2s+1)dj(k~j—l,k—1,s+k—j—1)
for0<j<k—1.

At this level, let us emphasize that the dj(a,k,s)
coefficients depend neither on the order N of the pertur-
bation nor on the particular problem under considera-
tion. Their determination can be performed, once and
for all, by means of the recurrence formula (3.35). More-
over, taking advantage of the underlying connection be-
tween the former perturbed factorization of the same
eigenequation (3.1) and this last one, the following
closed-form expression can be derived (see Appendix B):
)g_,+j(2s+1)!(s—0)! o

1
2 s(2s—20+1)! (3.36)

r—J

dj(O',t,S):(

Finally, we obtain, via the expression (3.34) of the
Céi\f’,a(k) coefficients, the analytical expression of the

perturbed ladder function in terms of the data coefficients
bM(j):

) Sy SN—s pu—m
KMx,myp)= 3 x**1 3 M), |, (33D
s=0 t=0
where
Sy+1 =S, i
1 287 2u )is!
C(N)t — — = =T
) u=§+l 4b E‘O ul(2s+1)!
u—s—1
(N) ;
X t—j b, (j) .

2. Determination of the perturbed eigenvalue

The perturbed factorization function L(N’(m;,u,) is
solution of the finite-difference equation (3.11) where
Ao(m)=0 and a,=1 (see Table I). After introducing the
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expansion (3.13) of Z{™ (m ) and noting that W§"'(m)=0
[see Eq. (3.27)], we obtain

Sy —m
LNMm;p)=3, # . |CV@)
t=0
Sy+l1 —-m
+ 3 2 K , |CVae—D+L,  (3.38)
t=0

where .L is an arbitrary summation constant.

The associated condition to be fulfilled is L'™(m =pu)
=kM=C{M(0) [see Eq. (2.19) and Table I], and it is
easily checked that £ =0.

Finally, substituting m with j and p with m in the ex-
pression (3.38) of L ™Y(m;u) and setting m — j =v, we ob-
tain

Sy+1 v
(N — (N)
Av - 2 }"u u
u=0
where AV =C{M(u)+2C{"(u —1). Noting that, for-
mally, A" =2bC'™ (1) and using Eq. (3.37), we get

(3.39)

u SN+1—]
1 —i(2e)
}"(N}z_ - J ="
“ E(,,:?_j 4b (¢)
X |y —j bM(j) . (3.40)

Rearranging the terms, the following alternative ex-
pression of the perturbed eigenvalue is obtained:

Sy+1 Sy+1—j

AVM="3 3 M7, (3.41)
j=0 t=1
where
. Q=1 & |t v
JG)y==—— : 3.42
) (2b) ,2'02 k||k+j (3.42)
and
(2t—1)n=1><2><3><-~><(2t—3)(2t—1)=it2_'%

is a double factorial.

Let us note that, as a by-product of the method, a
closed-form expression of the diagonal integrals {x2) be-
tween the unperturbed harmonic-oscillator eigenfunc-
tions W¥(x) [see Eq. (3.4)] is obtained as a particular
case of expression (3.42). Indeed, at the first order
(N=1) of the perturbation, we have W"(m )=0 [see Eq.
(3.27)]; the data coefficients b''(j) reduce to the expan-
sion coefficients b{"(0)=b'" of the perturbation ¥V!(x)
and, consequently, the expression (3.41) of the perturbed
eigenvalue reduces to

5,+1
A(l)— 2 b l)j (0)

t=1

When comparing this expression of A'l with its alterna-
tive expression within the classical Rayleigh-Schrodinger
framework where the coefficient of b{!’=5b1(0) is merely

the integral {x?'), it follows that {(x%*)=—7,(0). From
the expression (3.42) of the J,(j), one finds again the al-
ready known expression [11]

(2= < v
(x¥)= 32 l [ (3.43)
(26) = “
Particularly, we have
2y 1 |7
(x?) 55 12 (1 [ T]
v v
(x4>=—3;[4 5|44 +1l,
4b
(3.44)
(x6>——{ 3| T12], |6 l
v v v
105 [16 +32 15| +24 ), +8L]+1].
16b*
In the same way, we get
1 v v
3 v v v
15 v v v
‘73(1)——53—[8 4|T12]3 +6 1 ],
(3.45)
1 v v
. 3 v v v
72(2)-——227—3[4 4 +4 3 + 2 I,
1 v v

Finally, using either expression (3.40) or expression
(3.41), at each order N of the perturbation, the deter-
mination of the perturbed eigenvalue reduces to the
determination of the data coefficients bV(j), which de-
pend on the particular problem under consideration.

The anharmonic-oscillator energies are usually com-
puted in a series of (v + 1) Particularly, for the case of
a quartic anharmonic perturbation, the perturbed eigen-
values of order N are known [12] to be polynomials in
(v+1) of degree N+1 and with partity (—1)¥*!. It is
then worthwhile to work out an alternative perturbed
factorization of the anharmonic-oscillator eigenequation
leading to such an expression of the perturbed eigenval-
ues.

D. x % expansion of the perturbation associated
witha (v + % )* expansion of the perturbed eigenvalue

The perturbation V'™(x) as well as the perturbed
ladder function K‘¥(x,m) and the potential-like func-
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tion W'N(x,m) are still given by Egs. (3.25), (3.26), and
(3.27), respectively.

1. Determination of the perturbed ladder function

The required Z!M(m) function is a solution of the
finite-difference equation (3.10) with A (m)=p,=0,
B,(m)=2b, and a;=2s +1 (see Table I).

Since we require the final expression of the perturbed
eigenvalue in a series of powers of (v + 1), the perturbed
factorization function LM (m ;14) has to be expanded in a
series of powers of (m —u—1) and we set

Sy—s
ZMm)=3 M) m—p—1) . (3.46)
t=1
J
Sy—s 1
AT'ZNm)=3 cN(t) |tle, 4 (m—p—1)— ——
“ t+1
Sy—s+1 Sy—s C(N)(t)
= oy — Ly il
u2=1 (m K 2) t=§~l t+1

After choosmg the arbltrary summation constant in
the expression (3.10) of Z!Y (m) so that Z",(m ) keeps
the same form (3.46) as Z(M( ), we obtain

—L{W(M(m)—

(N)
0
) w,"'(0)

Zs(d’l(m )=

+2a,(m—p—1) kN —ZM ()]

+a,ZM(m)+2a,A7'ZN(m)}
(3.49)

where A7!'Z™(m) is defined by Eq. (3.48) and the
W;N)(m) function can be written [see Eqgs. (3.27), (3.26),
and (3.46)]

1
2

Sy—s
w¥m)= 3 w™M(t)m—p—1). (3.50)

t=0
Then, after introducing into Eq. (3.49) the expansions
of the functions Z!¥(m), W¥(m), and A~'Z¥(m)in a
series of (m —p—1)* and comparing the resulting expres-

t+1
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In order to solve the finite-difference equation (3.10),
we require an analytical expression of A™'ZM(m). Let
us introduce the Bernoulli polynomials,

1 k

gok(m)=ﬁ go

k
k—u
u B,m ,

and make use of the following relations [10], which are
valid within an arbitrary summation constant:

1

A—lm‘=t!(pt+l(m)—m$,+l
1 t+1 |t +1
=T > v | Biri—um® (3.47)
u=1

The B, are Bernoulli numbers (see Appendix C). We get

f+1—u - (3.48)
-
c;fi’l(l):—gll; w™NM(1)+2a, kN —=ZM ()]
SN*s
+a,CM(1)+2a, T CN(1)B,
t=1
(3.51)
and, for2<u <Sy—s+1,
1
c;f!’l(u)=—2—b wNMu)+a,CM(u)
Sy M) |t +1
+2a +1—u
e+l u !
(3.52)

Setting kY —ZM(u)=CM(0), it is easily checked that
this recurrence formula (3.52) also holds for u =1. Rear-

sion of Z!",(m) with its standard expansion (3.46), we  ranging the terms, it can be written again (1<u
get =Sy—s+1):
i
Sy—s (N)
1 2a, N C;V(t) |t +1
™, (u )z__zz wS(N)(uH___Csuv)(u—1)+20¢Stz?H Tl u -y (3.53)
[
Starting from s=Sy+1 down to s=1 and from One has now to obtain analytical expressions of the

u=Sy—s+1 down to u =1, this relation allows a recur-
sive determination of the C!™(u) in terms of the
CM0)=kN—ZM(p).

CM0)=kM—Z™M(u) in terms of the expansion
coefficients b!™Y) of the given perturbation V¥ (x). On
one hand, we have the expression (3.32) giving k'Y, in
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terms of b and k. On the other hand, using the ex-
pression (3.49) of Z™, (m ), we get

ZWM (m= /.L)——L{

(N) —
2 WV (pu)—w

(N)(O)_a k(N)

+2a,[ZM(u)+ATIZNV(m =w)]}-
(3.54)

Using the first part of Eq. (3.47) together with its coun-
terpart expression m'=t!Ag, . (m ), we can write

mt+A—1mt=t!{‘pt+l(m)+A‘pt+l(m)}—_tj_—l$t+l
1
=t!¢,+1(m+1)—m$,+1 (3.55)
and we get
ZM(u)+A'ZN(m=p)
Sy—s 1
=3 M) |t 4 (L) ———B, 1 (3.56)
= t+1

Then, using this expression together with Egs. (3.32) and

(3.54), and reminding the reader that [13]
k!cpk(%)=——{l~%k_1]$k, we obtain the required ex-
pression

C2 (0= == | b +wM(0)

Sy—s
+2a, 3 CM(r)

t=1

2
Xm“_(%)tﬂ}ﬁzﬂ

(3.57)

Finally, after setting a,=2s-+1 (see Table I), relations
(3.53) and (3.57) reduce to the single recurrence formula

1 4s +2
Cs(’l”,(k)=—% bM(k )+ —= Z —=C™M(k—1)
SN—S
+4s+2) 3 a, M)
t=k+1,2
(3.58)
where
bs(N)(O)zbs(N)‘*‘ws(N)(O), b(N)(k (N)(k
for 1<k =<Sy—s
(3.59)

2
am:m{l_(%)tﬂlfgrﬂ ’

t+1
k Biv1—k -

Note that since, except B,= —1, the Bernoulli num-
bers B, with odd subscripts k are all zero, the ¢ summa-
tion involved in Eq. (3.58) works by steps of two units. It

a, =1
k™ 1
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will be seen hereafter that this property of the Bernoulli
numbers leads to the expected property [12] that the per-
turbed eigenvalues are polynomials in (v +3) of definite
parity.

Using this recurrence formula (3.58) successively from
s=Sy+1, down to s=1, it can be inferred that one can
write (see Appendix A)

otl—u
o otj—k
ng’_a(k)=j§0 u2=,~ -5 dj(c—u,k,Sy—u)

XbgW -4 (), (3.60)

where d;(0,7,Sy—j)=1 and the d;(o,k,s) satisfy the
following recurrence formula:

di(o+1,k,s)=2(2s —20+1) d (o,k —1,s)

ot+j

+ 2

t=k+1,2

ak,d (0' t, S)

(3.61)

This recurrence formula depends neither on the order
N of the perturbation nor on the data specific to the prob-
lem under consideration. Setting

_ 2s+ 1) s—a)i!
= S(2s—20 + ikt 214K

d(0,k,s) (3.62)

it is found that the © j(a, k) satisfy the recurrence formu-
la

Um

u=0

(3.63)

where u,, is the integer part of (o+j—k+1)/2,

0,(0,j)=1, 8,(0,k)=0 for k <, and
$2u 2 z2u
A u =— k0 .
ou= (2u).{ — (1)}, A, 2u ) for any

(3.64)

Finally, the analytical expression of the perturbed
ladder function in terms of the data coefficients b\V(j) is

S S—s
KM(x,m;u)= x25+1 CM(t) m—p—1),
—u
= t=0
T (3.65)
where
coi=y s || a1
s 2 & b (2s + 1)
SN_S“l
X 3 j©u—s—1,0bN) .
j=0

The ej(a,k) are easily obtainable, once and for all, by
means of the recurrence formula (3.63). Some values
have been reported in Appendix C.
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2. Determination of the perturbed eigenvalue

The perturbed factorization function L'Y(m) is solu-
tion of the finite-difference equation (3.11) with
WM (m)=0 [see Eq. (3.27)]. After introducing the m-
basis functions (m —u—1)¥, we get

L™(m;p)=—2aym—pu—0{kM —=ZM(n))

—agZM(m)=2a,A7'ZN(m)+L, (3.66)

where A7!ZM(m) is defined by Eq. (3.47) and .L is an
arbitrary summation constant.

The associated condition to be fulfilled is [see Eq.
(2.19)]

LN m=p;u)=agk

and, as a consequence, the arbitrary summation constant
is found to be

L=2a{Z]M(
Sy
=—2a, Y a,CM(1) .

t=1

+A lz(N)(m =p ]

Then, using the expansions of Z{" (m) and A~1Z{M (m)
in a series of (m —p—1)" substituting m for u and
—(v+13) for (m—pu—1) into the expression (3.66) of
L™m;pu), and keeping in mind that ag=1, we obtain
the following expression of the perturbed eigenvalue:

Sy+1
— 2 )\.(I‘N)(U+L u (3.67)
u=0
where
SV
AWM= ()t C(u—1)+2 > au,CéN’(I)’-
t=u+1,2
Noting that one can write, formally,
AM=2b(—1)*C_,(u), we get
Sy+1Sy+1-j 1|
}LE‘N)Z(_I)u-H > 3 —— |d.(t,u,t—1)
j=0 t=u—j 2b
XbM(j) . (3.68)

Rearranging the terms and introducing the expression
(3.62) of the d;(a,k,s), it is easily found that the general
expression (3. 41) of the perturbed eigenvalue A'Y still
holds where

; ey (2 —1)
7,(1)=(—1)J+1T)
i j1O(t,t+j—k) ik
WS, =k +3) . (3.69

Following from the property that ©;(¢,k ) vanishes unless
k is of the same parity as (¢ +j), the kK summation works
by steps of two units.

As a by-product of the method, we obtain a closed-
term expression of the diagonal integrals {x?*') between
the unperturbed harmonic-oscillator eigenfunctions

¥!%(x) in a series of (v+1)“ We have (x*)=—J,(0),
1e.,

(2t =1 O(t,t —k)

t
2ty — —k
(x2)= x kzzoz TE TR UL
For instance, we get
(x?)= ll) w+1),
<X4>—F{ pH1241y
(3.71)
(x)= 5w+ D 3w+
(x) =2 {0+ 1)+ Lo+ 112+ 2]
8b* RO
In the same way, we get
7,(1)= zlbu pFLPHL
1
72(1>=—2;;{<u+%>3+;(u+g); ,
HD= 25 (o D30+ E]
1 (3.72)
71(2)=—§{(v+§)3+%(v+%)} ,
JN2)= ﬁ;[(u+g)“+2(v+')2+%],
71(3)=4—2{(u+;)4+(v+L)2—1.;}

Note that while the expressions (3.71) of the {x?') can
be found again by using the former expressions (3.43) to-
gether with the expansion of the binomial functions (},) in
a series of (v +1 )" this is not the case for the expressions
of the pseudomtegrals J,(j) which are specific to the per-
turbed factorization case under consideration.

Summarizing the results, at each other N of the pertur-
bation, the determination of an analytical expression of
the perturbed eigenvalue A!Y and ladder function
K™(x,m;u), associated with the perturbation yM(x),
merely amounts to the computation of the data
coefficients b/Y(j). For the three perturbed factoriza-
tions considered in the present paper, the data coefficients
b{¥(j) are defined by Eq. (3.19) and involve the expan-
sion coefficients of the perturbation V™(x) in a series of
y,(x) together with the expansion coefficients w™M(j) of
the potential-like function

—1
WN(x,m)= 2 K

v=1

x,m;w) KNV (x,m;p)

in a series of y,(x)(*; ™), or y,(x)(m —p—1Y, according
to the factorization case under consideration. When
dealing with extensive perturbations and/or high orders
of the perturbation, the following expression of the
w!M(j) in terms of the b."'(k) of the preceding orders of
the perturbation is well adapted for microcomputer pro-
gramming and can be used (see Appendix D):
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—y Sy_ 1S, +1 Sy_ +1-s S +1-r

Mm—z 2z 2 2 2

r=1 m=0

where, in each of the above three cases, a closed-form ex-
pression of the “coupling coefficient” X,(s,r,¢t,/,m,j) is
available [see Egs. (D4), (D7), and (D10), respectively].

Let us emphasize that the values of these
X;(s,r,t,I,m,j) depend neither on the order of the per-
turbation nor on the particular problem under considera-
tion: Tables and/or subroutines giving these numbers
can be made available once and for all and can serve for
the analytical solution of any anharmonic eigenequation.

Let us now consider some illustrative and test applica-
tions of the method.

IV. ILLUSTRATIVE APPLICATIONS

Since the main purpose of the present paper is to
present the method rather than to give new results or ex-
tensive tables, we limit ourselves to some short and com-
parative test examples of the above three perturbed fac-
torization types.

A. General determination of the perturbed
eigenvalues and ladder functions

Let us consider the solution of eigenequation (3.1) up
to the third order (N =3) of the perturbation. In order
to avoid writing down too many cumbersome expres-
sions, let us set b =1 [14] and assume that the perturba-
tion corresponds to the choice S;=1 and therefore,
S,=3 and S;=>5 [see Eq. (3.9)].

1. Expansion of the perturbation in a series
of Hermite polynomials

The perturbations are

Vi(x)=g\p, +g2y, »

VO(x)=hy,+hyy,+hyys+hey, , 4.1)

V(x )=P1¥1FP2y2tP3y3tPayatPsysTPeys

where y, =y (x)=x,H,,(x).
a. First order (N =1) of the perturbation (S,=1). The
perturbed eigenvalue is [see Eq. (3.24)]

v

2 4.2)

AD=—2g, |" -4
v 81 |1 82

The associated perturbed ladder function is [see Eq.
(3.21)]

KV(x,m;p)=—{g,Yo+g,Y,} 2 1

g,Y,, 4.3)

where Y, =Y (x)=yx, + 1 Frs +1(x).

b. Second order (N=2) of the perturbation (S,=3).
One has first to calculate the data coefficients b!?(j).
The potential-like function is W'?'=(K V)? [see Eq. (3.8)]

b(N v) I)b(v)
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)26, (s,r,t,1,m,j), (3.73)

[
and, since we have

u—m
1

u—m
1

p—m

I

1

|

we get

Wx,m;pu)=g1Y, Y, +2¢,8, Y, Y, +83Y, Y,

M
+ 1 {48182 +483)Y oY,

+4g3Y,Y,}

(4.4)

u—m
+ ‘ 2 8g%YvO),O ’

where [see Eq. (3.7)]

Y0Y0=%J?0+%.V1, Y0Y1=%Y1+%)’2 ,

Y, Y1=%)’o+J’1 +%)’2+%)’3 .

Keeping in mind that w"(j) is the coefficient of

y:(*7™) in this expansion of W? and that
bM(0)=h,+w™M(0) while, for j#0, bM(j)=wM(j),
we get the following nonvanishing b (j):
bf)Z)(O)——gl-i-lgz, b‘Z)(O)—h +—81+8182+82 ,
b (0)=h,+g,8,+383, b (0)=h3+ig],
bP(0)=h,, bP(1)=2g,8,+2g%, 4.5)
bP(1)=2g,8,+4g3, b (1)=23,

b (2)=4g3, bP(2)=4g3 .

Using Eq. (3.24), the second-order perturbed eigenvalue is
found to be

v

1

(2)=
A=

lgl+1g3+(2h, +g} +4g,8,+4g3)

v
+(4h,+8g,g,+18g3) |,

(4.6)

v v
+(8hy+2g3) |5 | +16h, |,

The associated perturbed ladder function K ‘2 (x,m;u)
is [see Eq. (3.21) and use expressions (4.5)]
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K‘z)(x,m;,u)=—{(h1+%g%+g1g2++g%)Y0+(h2+glg2 —gz)Y +(h; +—82)Y2+h4Y3}

HL—m

— | 1 |{(2hy+4g,g,+783) Y+ (2hy+ 1g3)Y, +2h,Y,}

p—m 34,2 p—m

— | 5 (@2 Yo+H4n, Y — | 5 |8hY, . 4.7)
[

c. Third order (N =3) of the perturbation (S;=5). The b5 (0)=ps+3h,g,, b (0)=p, ,
potential-like function is WI=2k VK@ where KV

(3) — 2
and K% are given by Egs. (4.3) and (4.7), respectively. bo (1)=(2h,+4g,8,+783)g,

Since we have [10] +(2hl+4h2+%h3+g%+10g1g2+ﬂg2)g2 ,
“_1'" R PRI “;T e P ae  BY(D=(2hy 2k tdg g, + 2gle,
t t t :
+(2h,+8h,+8h;+3h,+gl
and [see Eq. (3.7)] )
+16g,8,+183)8, »
YoYo=3vot 1, YoV =3y +3y,, ()
bS¥ (1)=(2h, +2h4+—g2)g,
YoY, =3y, +3y; YoY3=3y3+iy,, )
+(4h, +10h, + 12k, +6g,8, +30g2)g, ,
Y\ Y, =3yo+y,+3y,+3y,, 4.9)

b5 (1)=2h,g, +(Lh;+16h,+2g3)g, ,
=2y 42y +3p.+1 ‘
Y\ Yo=1t 2,3yt gy s b (1) i,

Y\ Yy=p,+3ys+ya s, b (2)=(4h,+ %gl)g,

we obtain the following nonvanishing third-order data

coefficients: +(8h,+16h;+3h,+16g,8,+2g3)g, ,
be'(0)=(h,+ g7 +g18, 1238 b{¥(2)=(4hy+4h,+ g,
+2(h,+g,8,+3gd)e, , +(8h,+28h;+24h,+16g,8, + g3 )g, ,
b (0)=p, +(hy +hy+1g1+2g,8,+ 383 g, b3 (2)=4h,g, +(12h;+36h,+ g3 e, ,
+(h +2h,+2hy+1g? +3g,8,+ %g3)g, , by (2)=2h,g, ,
b5 (0)=py+(hyThy+g18,+ 7838 bg"(3)=8hyg, +(24h; +48h,+68g3),

+(h,+3hy+4h,+2h,+1g2 +4g,g,+2gl)g,, by (3)=8h,g, +(24h;+80h,+68g3)g, ,
b (0)=py+(hy+h,+3g3)g, b33 (3)=32h,g,, b (4)=b'>(4)=128h,g, .

+(3h,+5hy+6h,+ 5g1g2+2—g2)g2 ,
3 5 Using these expressions, the third-order perturbed ei-
by (0)=py+heg +(Fhy+Th,+ 383, , genvalue is found to be [see Eq. (3.24)]

AY=—1(h +1gl+gig,Tg3)g t1(h, +218, 383 )8,
+ {2p,+(2h,+4h,+g?+8g,g,+12g%)g, +(4h +8h,+4h +2g1+16g1g2+—g2 )84}
+ {4p2+(8h2+12h3+12g1g2+42g%)g1+(8h1+36h2+48h3+16h4+4g%+64g1g2+190g%)g2]

{8py+(24h,+32h,+44g3)g, + (‘§°h2+160h3+192h4+l§ﬁg‘g2+440g%)g2}

{32ps+0h,g,1 +

64p } : (4.10)

v v
+ |4 |{16p,+64h,g, +(176h;+672h, + %03 )g, | + |5 6
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The associated perturbed ladder function K & ’(x,m;y)
is given by Eq. (3.21) and, for the sake of brevity, has not
been reproduced.

The computation can be pursued up to any higher-
order N of the perturbation without special difficulty. As
a matter of fact, when the order N of the perturbation in-
creases the general expression of A", involving all the
expansion coefficients g;, A;, p;, etc. of the perturbation
becomes somewhat cumbersome and, of course, when
dealing with a given problem, one is better off giving the
nonvanishing expansion coefficients their actual values
from the beginning of the computation. Nevertheless, for
comparative purposes, let us also work out general ex-
pressions when the perturbation is expanded in a series of

x%,

2. Expansion of the perturbation in a series of x*
Let us now assume that the perturbation is
yi(x )=gx2+g,x*
VOx)=hx*+h,x*+hx+h,x?

a. First order (N =1) of the perturbation (S;=1). The
perturbed eigenvalue is [see Eq. (3.41)]

ALI)=8171(0)+82‘72(0) ’

where the J,(0)=
get

—(x?) are given by Eq. (3.44). We

v v
Ai)”=_t(81+382) 1] 1382 | | T8 Hig2

4.11)
The associated perturbed ladder function is given by Eq.

v
+(420h,+15h;+3g3) |4

AP =— ’210}14

12
+(105h,+ £ hy+3h, +h, +1g3 +3g,8,+93)

+8h,+LBhy+3h,+1h +—g1+%g1g2+%

The associated perturbed ladder function K m(x,m;u) is
given by Eq. (3.37) where the b\?)(i) have to be substitut-
ed with their expressions (4.13).

The computation can be pursued by the determination
of the analytical expression of W3 =2K VK ?) Jeading to
an analytical expression of A'>), now involving the x? ex-
pansion coefficients of V(x). This expression is some-
what more cumbersome than its counterpart (4.10) in-
volving the 7, -expansion coefficients and, for the sake
of brevity, is not reproduced.

Let us now apply the procedure to the determination
of the x *-perturbed harmonic-oscillator energies.

v
+(3Ph,+%hy+3h,+3g,8, T 2¢3)

g§]~
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(3.37) where the only nonvanishing data coefficients are
bi"(0)=g, and b (0)=g,. We get

KV(x,m;m)=— [(%gl-f-%gz)x

+1 382X 343 382X ]

] . (4.12)

b. Second order (N=2) of the perturbation (S,=3).
One has first to calculate the data coefficients
b*(0)=h,+w/?(0) and b*(j)=w?(j) where w!?(j) is
the coefficient of xz’(”_"') in the expansion of the
potential-like function ‘W‘z’—(K ()2,

Using the expression (4.12) of K'! and relation (4.8),
we get
(KM =(1g?

+3g,8,+ 285 )x2+(1g g, + g3 )x*

+1g5x 8+ {(1g,8,+ 283 )x 2+ 3g3x*}

2

pu—m

X1

+9g2x

and we obtain the following nonvanishing b,%'(j):
b (0)=h,+1g}+3ig.8,+ %83,

bP(0)=h,+1g,g,+38%,

bP(0)=hy+1g}, bP(1)=2g}+3g.g,,

b(2)(1)—- 3g2,

(4.13)

bP(2)=2g3

Consequently, using the expression (3.41) of the per-
turbed eigenvalue together with the expressions (3.44)
and (3.45) of the 7,(j), and rearranging the terms, we ob-
tain

2

1

(4.14)
B. The x *-perturbed harmonic-oscillator energies
and ladder functions
Let us consider the eigenequation (g >0)
2
I: > —x?—2gx*+2E {¥(x)=0 (4.15)

This is an eigenequation (3.1) with 5>=1 and S, =1.
1. Application of the first perturbed factorization scheme

Since x*=23+3F,(x)+ LH,(x) [see Eq. (BD)], t

perturbation is V(x)= V“(x)——g(3y1 3y,). The
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perturbed energies are E'V=1A"43¢ and, for N> 1,
EMNM=1AW)

a. Fzrst order (N=1) of the perturbation (S,=1). The
perturbed eigenvalue is A{'=6g(! )+6g(4) [see Eq. (3.24)

with b{!(0)=—3g and b} l)( 0)=—1g], and one gets
EV=3g] | |+ |7 ]+ (4.16)
v g 2 1 4 .

The associated ladder function is [see Eq. (3.21)]
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to microcomputer programming.

Keeping in mind that the w,?)(j) are the coefficients of
y.(*;™) in this expression, one gets the following expres-
sions of the second-order data coefficients:

bE)Z)(O)Z%gZ, b(]Z)(o = 45 2, b(22)(0):981g2 ,
b (2)=

b$¥(0)=1g?, b (2)=9g>

Consequently, the perturbed energy E,*’=1A!? and as-
sociated ladder function are

u—m v
Kx,mip=—g {6Yo+2v+ [ |3y, EP =g {3+ 2 g |+ 2
b. Second order (N=2) of the perturbation (S,=3). 2) o5 6 i
The potential-like function is W' =(K 1) je., K" (x,mp)=— FYot3Y,t3Y,
(4.17)
W=g219Y,Y,+9Y,Y,+2Y,Y, p—m
RV |
+(27Y,Y,+9Y,Y,) ,u‘-m] H—m
040 041 1 +%Y0 ) .
+18Y,Y, p—m ] , c. Third order (N=3) of the perturbation (S;= 35).
2 The potential-like function is W?3'=2K VK@) i.e.,
J
(3 u—m
W =g ”5Y0YO+81YOY,+“5YOY2+‘”Y1Y1+ LY, Y,+ [BY Yo +8Y,Y,+2Y,Y,+2Y,Y,] 1

+[864Y, Yo+ 5 Y Y, ]| ,

where the Y,Y; are given by Eq. (4.9).
One gets the following expressions of the third-order
data coefficients:

bo(0)=133, by(0)=12, by(0)=4g, by(0)=2,
by(0)=105 po(1)=482, b (1)=12 py(1)=3,
by(1)=19, b,(2)=432, b,(2)=27,
by(2)=31, by(3)=42

where, for the sake of brev1ty, we have set g =1 and used

the shortened notation b,> ( )=b,( ])
The perturbed energy EU = ‘AU is found to be
v v
E =g (1B | (41125 |5 |+ 20 | 4120 | 4an

(4.18)

and the associated ladder function K®(x,m;u) is given
by Eq. (3.21).

The computation can be pursued by working out the
expansion of W¥=2KVK®+(K?)? in a series of
»,(#7™). Nevertheless, as the order N of the perturbation
increases, one has rather to compute the data coefficients
via the general expression (3.73) of the w;"(j) and resort

+459Y,Y, ||

.

to microcomputer programming.

Of course, the expressions of E\", E{?, and E}*
directly obtainable by setting g, = —3g, g,=—3g, and
h;=p;=0 in the general expressions (4.2), (4.6), and (4.10)
of ALV, A2 and A

2. Application of the second perturbed
factorization scheme

a. First order (N=1) of the perturbation (S;=1).
Since the perturbation reduces to V''(x)=—2gx* the
associated eigenvalue is Al"’=—2g7,(0) and, using the
expression (3.44) of J,(0)=—{(x*), we find again the ex-
pression (4.16) of E/"’=1A{". The associated ladder
function is [see Eq. (3.37) with " (0)=—2g]

-_m

y7i
Fx+x+3x

K'Vx,m;u)=g

l . (4.19)

b. Second order (N=2) of the perturbation (S,=3).
One gets
n—m
1

} (4.20)

(K'")y?=g? {%x2+3x4+x6+(18x2+6x“)

u—m

2
+18x 2
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and the perturbed eigenvalue is found to be
AP=g2(27,(0)+37,(0)+F,(0)+ 187 (1)
+6J,(1)+187,(2)} . (4.21)
Using the expressions (3.44) and (3.45) of the J,(j), we
find again the expression (4.17) of E\?.
The associated ladder function is

%x-&-l}x]-}-lxs

K(2)(x’m;#)=_g2 1

] . (4.22)

¢. Third order (N=3) of the perturbation (S;=35).
One gets

2KVKP=—g? 18x2+ x4+ Tx0+ x>

-m
+(261x2+117x*+14x9) “1 ‘
-—m
+(x2+117x4) g )
.
+459x? 3 ] (4.23)

and the perturbed eigenvalue is found to be
AP =—g3{ 8.7,1(0)+ 2 7,(0)+775(0)+ 7,0)
+2617,(1)+1177,(1)+1474(1)

+877,(2)+1177,(2)+4597,(3)} . (4.24)
Using the expressions (3.44) and (3.45) of the J,(j), we
find again the expression (4.18) of E*.

The associated perturbed ladder function K®(x,m;u)
is given by Eq. (3.37) and the computation can be pursued
to higher order of the perturbation.

Let us now consider the determination of alternative
expressions of the E{" in a series of (v +1)“

3. Application of the third perturbed
factorization scheme

a. First order (N=1) of the perturbation (S, =1). The
perturbed eigenvalue is A!'’=—2g¢7,(0), and using the
expression (3.71) of 7,(0)=—(x*), we get the following
expression of E{''=1A{":

EV=g{3(v+1)2+3}. (4.25)
The associated perturbed

ladder function is [set
bV (0)=—2g in Eq. (3.65)]

KW(x,m;p)=g{x*=3x(m—p—1)} . (4.26)
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b. Second order (N=2) of the perturbation (S,=3).
One gets

(K72 =g?{x—6x*(m —p—1)+9x*(m —pu—1)
(4.27)
and, consequently, the perturbed eigenvalue is

AP =g2{F,(0)—6T,(1)+97,(2)} . (4.28)

Using the expressions (3.71) and (3.72) of the J,(j), we
obtain

EP=—gZw+1P+Lw+1)] . (4.29)
Setting b{*(0)=g?% b (1)=—6g2 and b{¥(2)=9g?
[and bM(j)=0, otherwise] in the expression (3.65) of
Csm(t ), we get

(_1)s+l
t(2s+ 1)

+962(_S,t)}

CcP(t)=g? {504(2—s,1)+90,(1—s,1)

and, after introducing the values of the ©;(c,k) (see Ap-
pendix C), the associated perturbed ladder function is

found to be
K20, mip)=g?{ —px*+ f(m —p—3)x’
—[2+3(m—p—1Px}. 430

¢. Third order (N =3) of the perturbation (S;=35). Us-
ing expressions (4.26) and (4.30) of K" and K%, we get

P = —{[x8+37,3x4]+[14x6+9—8°x2](m —p—31)

—WxHm—p—1P+8x m—p—1)},

(4.31)
and the perturbed eigenvalue is found to be
AP =g3{—7,(0)—327,(0)+147,(1)
+25,(1)—-27,(2)+1327,(3)} . (4.32)

Using the expressions (3.71) and (3.72) of the J,(j), we
obtain
EP =g} (3B (p+ 1)+ 10 (p+1 )24 152

256

(4.33)

The above expressions of the x*-perturbed harmonic-
oscillator energies E.", E{?, and E!* are in accordance
with already known results [12]. The expected property
that the quartic anharmonic energies are polynomial in
(v+1) of definite parity is found again as a direct conse-
quence of the vanishing conditions of the ©;(o,k) num-
bers: the pseudointegrals J,(j), as well as the integrals
(x*')=—7,(0), are polynomials in (v+1) of the same
parity as (¢ +j).

C. Eigenenergies for the x 2+ Ax2/(1+gx?) interaction
Let us consider the solution of the eigenequation

d2  ,  Ax?

—F+6 (¥(x)=0.
dx? (14+gx?) (x)

(4.34)



6840

Since, on one hand, we have at our disposal general ex-
pressions of the anharmonic-oscillator eigenvalues (up to
the third order of the perturbation) and, on the other
hand, it has been shown [15] that the eigenequation (4.34)
can be viewed as a particular case of the perturbed
harmonic-oscillator eigenequation (3.1) with a perturba-
tion which is expandable as a convergent series of Her-
mite polynomials, we can obtain analytical expressions of
the eigenenergies 6V with a minimum effort.

The perturbation to be considered in the anharmonic-

oscillator eigenequation (3.1), with the -eigenvalue
A=E—b(2m+1),is
Vix)=—(1—bdx?—2qp A (4.35)
g g(l+gx?)

where the scaling real parameter b is used to improve the
zeroth-order harmonic Hamiltonian.

As it has been shown [15], the choice
b2=1+A/(1+g/2) is well adapted to most low-lying
states while, if one is interested solely in one specific vi-
brational level v, it is more convenient to choose
br=1+A/[1+gv+1)].

The perturbation (4.35) can be expanded in the follow-
ing convergent series of Hermite polynomials [15,8]:

A 1—b2
V R 1__ —
(x) g( Do) %

1-b> A
—t 2 —;:02}7{2(1;”%:)

+ A S Dy F(b'x) (4.36)
8 k=2
where

k

Dye= 3 (—D*{ul2k —2u)2*} 711, _
u=0

! b “(I R T b o

“ g | ° 21 2 g ’
b 172 172

I, 2 exp |— erfc‘ - ]

erfc(u)=1— erf(u) is the complementary error function.
Tables, series, and asymptotic expansions of the erfc(u)
functions can be found, for instance, in Ref. [13]. Formu-
las allowing the computation of I,(u) for several ranges
of u are available [15].

Now, we note that when setting x=b 172X, the
eigenequation (3.1) to be considered becomes

d2
dx?

—X%+2m +1+%V(b'1/2X)

+%[é’—b(2m +D)] [ WX)=0. 437
The general results of the preceding section, which corre-
spond to an unperturbed harmonic-oscillator potential
UX,m)=—X2+2m+1 and basis functions y (X)
=y, F,,(X), can be used. We have 6'=2b(v+1) and
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the perturbed factorization procedure provides the re-
quired perturbed eigenenergies

A 1—b?
(1)_bA(1) 1
6V=bA! +—g<10 ) TR

(4.38)
EN=bAN for N>1

when using the following expressions for the expansion
coefficients of the perturbation:

—_2]1=b A
(2K A (4.39)
bk(O): klbg hk -

Using the expression (4.2) of A" with g,=b,(0) and
g,=>b,(0), we get the following approximate expression
of the total energy in terms of A, g, b, and v:

1 A 1 4A v
guﬁz_;(10—1)+ ;—?ﬂz [1
v
-%1)4 51> (4.40)

where

41)2=_2g—b(10_1)_10)

2
48D, = %+@+3 (10—1)+2.
g g 2 g

This simple and compact expression gives again, as par-
ticular cases, the analytical expressions already obtained
[15] for the ground and first excited states (v =0, 1, and
2): setting b=[1+A/(1+g/2)]"/% it reproduces the
trend of the exact values of the energies 6,—-¢, 6,-,, and
&, —,, for a rather large range of values of A and g [15].

Using both the expressions (4.2) and (4.6) of A" and
A'?, we obtain the more elaborate expression of the total
energy,

v v v v
6,=eyte 1l texly|tes |3 tesly | (4.41)
where
1 (1—b%? A 1—b?
=—{l———— {[,— 1+ D
€o b l 8h? ‘ 2 [ 0 b 2
A2 2 2
—T{ZZ)2+48$4} ,
g°b
2
1 4A 4 |1—b* A
=——2=D,+— — (D, +1 ,
€, b g ) b 4b g(@z Z$4)]
48\ 1 2A
=—=D, | — ——F—(2D,+27D,) | ,
€ g 4“1 2 gb 2 4
96A 34)2 24
=— 110D+ DI, e, ==—8\D,,
es 2 | 6 bg? 4] 4 3g 8
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3 2
6= — | &4 150 145 L 15\ )
g 2° 4 8
_b? _3b_ 15
26> g 87
4 3 2
sDy=— 2+ 14137 N 1051; 41056 105 |y
g g 2 % 16
b® | 25b% | 141b | 105

28°  4g> 8 16

This expression, showing the v dependence of the ener-
gies, gives a rather good approximation of the exact
values.

With the help of a computer program and the use of
expressions (4.38) and (4.39), the perturbed factorization
procedure can provide the perturbed energies 6\ in
terms of the (3, ), up to any high-order N of the perturba-
tion without special difficulty.

V. CONCLUSION

Three perturbed factorizations of the symmetric per-
turbed harmonic-oscillator eigenequation have been pro-
posed, allowing an analytical determination of the per-
turbed eigenvalues by means of a few algebraic manipula-
tions. For the three cases, the same expression (3.41) of
the perturbed eigenvalue A'Y in terms of the pseudoin-
tegrals J,(j) and of the data coefficients b"(j) holds and
serves successively at each order N of the perturbation.
For each perturbed factorization case, closed-form ex-
pressions of the pseudointegrals J,(j) in a series of (},) or
(v+1)" have been made available. Therefore, for any
anharmonic-oscillator eigenequation under consideration,
the determination of the eigenvalue A of order N sim-
ply amounts to the computation of the data coefficients
bM(j) in terms of the expansion coefficients of the per-
turbation, either via the closed-form expressions of the
perturbed ladder functions or by means of formula (3.73).
In comparison with previous results (see paper I or [8]),
the computational algorithm has been drastically
simplified. Moreover, it requires only algebraic recursive
manipulations and, when high orders of the perturbation
are required, it is well adapted for microcomputer pro-
gramming. Let us add that, since the procedure provides
the perturbed ladder operator, the perturbed eigenfunc-
tions can also be determined in closed form (for details,
see paper II or [8]).

Owing to the present results obtained for perturbed
type D and also for perturbed type F (see paper II), one
can hopefully conjecture that these new techniques,
which have been elaborated for handling efficiently the
perturbed-ladder-operator method, can also be applied to
the remaining factorization types 4, B, C, and E: very
likely, for each factorization type, one has first to find
adequate x-basis and finite-difference m-basis functions
and, then, to make available the associated pseudoin-
tegrals 7,(j) and coupling coefficients XG;(s,r,t;1,m,j).

Particularly, the present results can be easily extended
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to the case of the x *-perturbed rotating harmonic oscilla-
tor (perturbed type C), which corresponds to the unper-
turbed potential

m(m+1)

’
x2

U, m)=—b2x2—

and analytical expressions of the J,(j) in a series of
(v+1)“m~+1)*or (2)(m + L) can be derived. The pro-
cedure also works nicely for giving an elaborate perturba-
tive solution of the nuclear diatomic Morse-Pekeris
vibration-rotation (perturbed type-B) wave equation,
which is needed, for instance, for a theoretical determina-
tion of the centrifugal contributions to the rotational
spectra of diatomic molecules [16]. Results concerning
these studies, together with a more extensive investiga-
tion of the computational aspect of the method, will be
given elsewhere.

APPENDIX A: DETERMINATION OF
THE C{¥(t) COEFFICIENTS

1. x % expansion of the perturbation associated
with a (} ) expansion of the perturbed eigenvalue

Using the recurrence formula (3.48) successively for

s=8y+1, Sy, ..., and introducing the shortened nota-
tion CSN_U(k )=C§f;)_a(k ) and b,(u)=bM(u ), we have

Cs\(0)==55bs 11(0),

2

1 1
CSN_I(O)z_Eb_bSN(O)— —2; (2SN+1)bSN+1(O) >
1 1 2
Cs,—1(1)=—757bs (1)= IE (4Sy +2)bs, 11(0)
1 1 2
CSN_2(0)=*EbSN_1(O)— 2% (ZSN—I)bSN(O)
1 3
= |55 | 28y —D@Sy+1bs,1,(0)
(A1)
1 2
Cs,—a1)== |5 | (4Sy—2)bs,(0)
1 3
1 2
_EbSN_I(l)_ b (ZSN—I)bSN(l),
1 3
Csy—2(2)=— |50 | (4Sy—2)(4Sy +2)bs, 4,(0)
1 ? 1
- E (4SN_2)bSN(1)—Eb—bSN—1(2) )
and so on.

More generally, it is easily checked that Eq. (3.34)
holds.
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2. x 2 expansion of the perturbation associated
with a (v + % )* expansion of the perturbed eigenvalue

Using the recurrence formula (3.25) successively for

s=Sy+1,Sy,..., wehave
1
CSA(O):_E SN+1(O)
_ 1
Cs _(0)=— 2bbSN(O)
-1
: 2
+ —'E (4SN+2)bSN+1(O) )
(A2)
Csth(O) b bS _1(0)
: 2
+ ~% 001(4SN—2)bsN(1)
: 3
+ _EI; aOl(4SN——2)(4SN+2)bSN+1(O) ’
Cs._o(1)=———bg (1
) 2
+ ~ 2 (4Sy —2)bs (0) ,
. 2
CSN _2(2):_ 2b bSNk1(2)+ _'ﬁ (ZSN_I)bSN(l)
1 3
+ ~2 (4Sy — 2)(2SN+1)bS +1(0),
and so on. The shortened notation Cg _,(k)
_ég),g(k)andbs(u)=bs(m(u)hasbeenused.

More generally, it is easily checked that the expression
(3.60) for CS ! ,o(k) holds. Then, substituting for

CéN’_g (k) from Eq. (3.60) into the recurrence formula

(3.58), we get the recurrence formula (3.61) allowing the
determination of the d;(o,k,s).

APPENDIX B: INTERRELATIONS BETWEEN THE
FIRST TWO PERTURBED FACTORIZATIONS
OF THE ANHARMONIC-OSCILLATOR
EIGENEQUATION

Let us make use of the following relations:

d (2s)!

x¥= ——————#,,(x) Bl
,20 252 — ) B
J
Sl+l s s+t—u ] u—t—
chin=— 3 || F—=Lp0)
u=s+t+1 2b u: k=s

N. BESSIS AND G. BESSIS 46

and

—l)s_(ZS'Jr-l) 2k +1
o2k + 1 2T

s+ 2 (B2)

Since we are dealing with the same perturbed eigenequa-
tion, at any order N of the perturbation we can write
Sy+1
AN+ S bN(0)x, FH, (b %)
s=1
Sy+1
=AM+ 3 pMox*, (B3
s=1
where the left and right sides are related to the first and
second perturbed factorization cases, respectively. After
introducing the expansion (B1) of x> in a series of
X H,,(b'/?x), making some rearrangements, and equat-
ing the coefficients of y,7,,(b'/*x) in both sides of Eq.
(B3), we obtain

Sy+1

bMo)= 3

t=s

+1
(2e)

(N)
oS (0)

)

1
b

1<s<Sy+1. (B4

Let us now focus our attention on the first order
(N=1) of the perturbation and compare the alternative
expressions of the associated perturbed ladder function.
On one hand, we have [see Eq. (3.37)]

S, —

S] 1= [L_m
KVx,m;p)= 3 x**' 3 V1) ¢ , (BS)
s=0 t=0
where
5, +1 1 u=—s
cly=— 3 - dolu—s—1,t,u —1)
u=s+t+1 2b
Xb,‘,”(O). (B6)

On the other hand, we have [see Eq. (3.21)]

Sl
—b V23 Xy Has 10 Px)

s=0

KWV(x,m;u)=

S, —s

1
X X
t=0

pu—m
t ‘ bs({f-,t+1( )’
(B7)

where the b'!), . ,(0) are given in terms of the b{(0) by
Eq. (B3).

Substituting for the Hermite polynomials
Hys +1(b'%x) from Eq. (B2) into Eq. (B7), making some
rearrangements and comparing the result with expression
(BS), we get

u
k+t+1

1
k—s k!

_ _ kt B8
D s+ 1) (B8)

Consequently, keeping in mind that the C!'(¢) coefficients are given by Eq. (B6), we obtain the following closed-form
expression of the do(o,k,s) coefficients associated with the second case of perturbed type-D factorization:
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2s+t—u(2u)! u—t—1 k— k! u
—s—lnu—1=2—2ul —pe : B9
dolu=s —Lt,u—1) ul 2 TV G o e+ (B9
[

Setting u —1=Sy, Sy—s=o, this expression can be
written again:

(2Sy+ 1Sy —o !

do(0,t,Sy)=(1)7~"

o—t Sy—o+u Sy+1
X X (=D* u o—t—u|’
u=0
(B10)
where
_ T(n+1)
u Nu+1)(n—u+1)

is a generalized [10] binomial coefficient. Using the rela-
tion

Sy—o+u —Sy+to—1
(—1)* =
u u
and applying Cauchy’s formula
n+m z |n m
z | =, z—u|’

we obtain the compact expression

do(Uytss) (2) si(2s—20+1)

o
il (B11)

As expected, this expression satisfies the recurrence for-
mula (3.35). Moreover, we note that when applying this
recurrence formula for j #0, the j dependence of the
d j(a,k,s) coefficients is generated only via the starting
value dj(O,j,s )=1. The following relation holds:

dj(o,k,s)=dy(o,k—j,s) . (B12)

Hence we obtain the general expression (3.36). It is easily
checked that this expression satisfies the recurrence rela-
tion (3.35) together with its associated conditions.

APPENDIX C: DETERMINATION OF THE
©;(0,k) COEFFICIENTS

Values of the Bernoulli numbers B, can be found in
tables [10,13] or can be calculated recursively by means
of the symbolic equation (1+38)'—3B,=0. In the expan-
sion of (1+B)’, B, is to be put instead of B*. For in-
stance, we have

.Bo=l, 82—:%, $4=_3‘—0, ‘36:%’ Bg=_%o‘ )
B]0=6—56’ ‘B]Z: —%, “ ey (Cl)
B,=—1, By +,=0 for any t>0.
Using the expressions (3.64), we get
-)4,0():0, ..>401=%, -)402=_“+4, “ .oy
(C2)
')4'k0=1’ qulzﬁ, .)‘q.kzz'_'.,—;ﬁ for anyk .
Applying the recurrence formula (3.63), we obtain
©;(0,0+j)=1 for any j (C3)

together with the following values which are required for
the computation of the expressions (3.71) and (3.72) of
the J,(j):

60(2,0)=1, 6y3,1)=%, ©6y4,0)=13;,

24
0,(4,2)=
0,(3,0)=2,

128

0,(1,0)=1,
61(372)=2—74, 92(1)1)='l_ ’

12

Z 0,2,1)=4% ,
(C4)
0,(2,0)=1k, 6,(2,2)=1, 6,4(1,00=—4,

0,(1,2)=% .

APPENDIX D: DETERMINATION OF THE DATA COEFFICIENTS b/Y(;)

1. x,%£,;(b'/*x ) expansion of the perturbation together with a (2 )expansion of the perturbed eigenvalues

Using the expression (3.21) of the perturbed ladder function and keeping in mind that Sy_,+S,+1=S), one can

write, after some rearrangement,

SN—V v

Sy s — — _
-V V) — !" m ” m
KWN-—vg= 2 Y 2 2 k I 2
t=0 k=0 =0 5=0
where h(s,r,t) is given by Eq. (3.7).
Using the relation [10]
p—m | ju—m| k+l|j k nu—m
k ! —jgk k| li-1]] J

Sy_,~kS,—I
3 h(s,r,t)CNT(K)CMU)
r=0

(D1)

(D2)



6844 N. BESSIS AND G. BESSIS 46

and keeping in mind that w;"(j) is the coefficient of el in the expansion of the potential-like function
WM =3V IKNV=YK ™ we obtain, after some rearrangements (¢ =0, Sy; J=0,Sy—1t),
- N_1 S, S, j—k | Svo itk S u

Finally, after introducing the expression (3.20) of the cy )(t) and again making some rearrangements, we obtain the ex-
pression (3.73) of w™(;j), where

%, sl ol u+k
(s,r,t,k,L,j)= 3 22 wtk | [j—v—1 his—u—1,r—v—1,1). (D4)
u=0op=

2. x 2% expansion of the perturbation associated with a (2 ) expansion of the perturbed eigenvalue

Using the expression (3.37) of the perturbed ladder function, one can write

t—1 Sy—, s S, —t+s+1 p—m
K(N v (v) — 2 x2r 2 2 2 S(N_V)(k)ct(i)s—l(l) ! . (D5)
=1 =0

Using Eq. (D2) and keepmg in mind that w")(j) is the coefficient of xz’(“ ™) in the expansion of the potential-like
function WV =Nk V=YK we obtain, after some rearrangements

N—11—1 S, —tts+l1 ]
wH= 3 3 Z 3 il limjr e T00OCE, ) (D6)
v=1 s=0 k=0 [=j—k

After substituting for the C!¥~¥(k) and C, _,(I) from Eq. (3.37) into Eq. (D6), and again making some rearrange-
ments, we obtain the expression (3.73) of w/ (M)(j), where the “coupling coefficient” is

s+r— t+lt~l
. = | 1 (2s —DN2r—1)M
Xop(s,r,t50,m,j) b u§0 Zu + T2t — 22 —
il s—u—1 Jj |izm ; r—t+u+1 k
XZ2T| ok k+1) 22 i JE— (D7)

3. x? expansion of the perturbation associated with a (v + % )* expansion of the perturbed eigenvalue

Using the expression (3.65) of the perturbed ladder function, we get, after some rearrangements,

) Sy Syt =1
KN vVEgW = th 2 (m_ _% 2 2 C(N v)(k C(:u—l(-] k), (D8)
t=1 j=0 u=0k=0
and we have
. N—11—1 Jj

Substituting for the C/¥ (k) and C*’; _,(j —k) from Eq. (3.65) into Eq. (D9), we obtain the expression (3.73) of the
w!M(j) where the “coupling coefficient” is
str—e+1 _ .

'S (25— DN2r — )M 1m !

E'O 2 K = k)N2u+ D2t —2u — 14

Xoq(s,r,t;l,m,j)=

1
b
Xej(s—u-—l,k)em(r—t—-u,j—k), (D10)

and the © ]-(cr,k) are obtainable by means of the recurrence formula (3.63).
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