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We have developed a three-dimensional free-electron laser (FEL) theory in the small-signal high-gain
regime based upon the Maxwell-Vlasov equations including the effects of the energy spread, the emit-
tance, and the betatron oscillations of the electron beam. The radiation field is expressed in terms of the
Green’s function of the inhomogeneous wave equation and the distribution function of the electron
beam. The distribution function is expanded in terms of a set of orthogonal functions determined by the
unperturbed electron distributions. The coupled Maxwell-Vlasov equations are then reduced to a matrix
equation, from which a dispersion relation for the eigenvalues is derived. The growth rate for the funda-
mental mode can be obtained for any initial beam distribution including the hollow-beam, the water-bag,
and the Gaussian distribution. Comparisons of our numerical solutions with simulation results and with
other analytical approaches show good agreements except for the one-dimensional limit. We present a
handy interpolating formula for the FEL gain of a Gaussian beam, as a function of the scaled parame-
ters, that can be used for a quick estimate of the gain. The present theory can be applied to the beam-
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conditioning case by a few modifications.

PACS number(s): 41.60.Cr, 41.75.Fr, 52.75.Ms

I. INTRODUCTION

Various analytical approaches have been proposed for
the calculation of the gain in a free-electron laser (FEL)
operating in the high-gain regime before saturation. It is
widely known that transverse emittance and betatron os-
cillation can significantly reduce the gain in this regime,
due to a spread in the longitudinal velocity of electrons.
One approach to study these effects is based on an
integro-differential eigenvalue equation involving the ra-
diation field alone, derived by reducing the coupled
Maxwell-Vlasov equations [1]. However, the inclusion of
the emittance and the betatron oscillation effects makes it
very difficult to solve the equation exactly. Recently, Yu,
Krinsky, and Gluckstern [2] have used a variational
method to solve the equation approximately for the
water-bag distribution of the beam. The principle behind
this method is the fact that the error in the eigenvalue de-
pends quadratically on errors in the trial function. How-
ever, the success of their analysis depends largely on the
electron-beam distribution and the choice of the trial
function.

In this article, we present an approach based on an or-
thogonal expansion of the electron distribution function.
This method has been widely used in the study of beam
instabilities in particle accelerators [3]. Starting with the
Maxwell-Vlasov equations and equations of motion for an
electron, we combine them into a single integral equation
for the electron distribution function. Since the betatron
oscillation, the emittance, and the energy spread are all
beam parameters, it may be simpler to find the change in
the beam distribution due to these effects rather than in
the radiation field. The radiation field is expressed explic-
itly in terms of the Green’s function of the inhomogene-
ous wave equation and the electron distribution function.
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The perturbed distribution function is then expanded in
terms of a set of orthogonal functions determined by the
unperturbed distribution function. This expansion con-
verts the integral equation into a matrix equation, from
which a dispersion relation for the eigenvalues is derived.
This dispersion relation has a form similar to that in plas-
ma physics. The present method has the advantage that
the higher-order terms in the expansion can in principle
be determined in a systematic fashion. The series expan-
sion converges very quickly, unless the Rayleigh range is
much longer than the gain length of the one-dimensional
theory (in which case the three-dimensional effects are
unimportant). As a matter of fact, one can obtain an ac-
curate eigenvalue by taking only the lowest-order expan-
sion term. In this approximation, the dispersion relation
becomes a scalar equation.

Recently, the idea of electron beam ‘‘conditioning” has
been proposed to reduce the longitudinal velocity spread
within the beam by correlating transverse oscillation am-
plitude and the electron energy, in order to enhance the
FEL gain [4]. The present theory can be applied to the
beam-conditioning case by a few modifications of the for-
mulation.

This article is organized as follows. In Sec. II, starting
from the Hamiltonian, we derive equations of motion for
a single electron in the FEL system and construct the
Vlasov equation. In Sec. III we calculate the vector po-
tential for the radiation field, and present an explicit ex-
pression of the vector potential. In Sec. IV we expand
the transverse electron distribution function with respect
to the azimuthal angle in the transverse phase space and
obtain an integral equation for the radial distribution
function of electrons. We solve this integral equation in
Sec. V by using the orthogonal-expansion technique. The
matrix form of the dispersion relation is derived. In Sec.
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VI we consider the approximation of taking the lowest
order in the expansion, and show that the resulting scalar
dispersion relation for the hollow-beam distribution of
the electrons reduces to the well-known results in both
the small- and large-beam size limits when the betatron
oscillation is neglected. In Sec. VII we show numerical
results of the FEL gain as a function of the four scaling
parameters. They are compared with simulation results
and analytical results obtained by other approaches. We
present a handy interpolating formula for the FEL gain
of a Gaussian beam as a function of the scaled energy
spread, the betatron frequency, and the transverse emit-
tance, that can be used for a quick estimate of the FEL
gain. In Sec. VIII we turn our discussion to the planar-
wiggler case. So far, we have assumed that the FEL radi-
ation takes place in the helical wiggler. However, the
FEL with a planar wiggler can be treated in parallel with
the preceding formulation with a few modifications. The
more general results for the asymmetric focusing case are
summarized in Appendix D. In Sec. IX we briefly dis-
cuss how to apply the present theory to the beam-
conditioning case. The paper is concluded in Sec. X.

II. VLASOV EQUATION

To construct the Vlasov equation, one first writes down
equations of motion for a single electron. A rigorous way
to derive equations of motion is to start with the Hamil-
tonian. The detail of the derivation is described in Ap-
pendix A. We here mostly refer the results from there.
We consider the electron beam moving in the z direction
through a periodic helical wiggler with wave number &,
and peak wiggler parameter K. We choose z, the distance
from the wiggler entrance, as the independent variable.
After averaging over the fast wiggling motion, the trans-
verse electron motion can be described by the harmonic
betatron oscillation in the spatial transverse vector xz and
its canonical momentum conjugate pg:

—=pﬁ’ _
dz dz

where kg is the betatron wave number. (In the absence of
external focusing ks =Kk, / yV'2, where 7 is the electron
energy in units of its rest mass energy, mc?, and c is the
speed of light.) The transverse variables to be used in the
Vlasov equation are those x; and ps. Here, we neglect
the nonlinear terms in the betatron focusing. This is a
good approximation, since the betatron wavelength in
practice is typically longer than the power gain length by
one order of magnitude. The total transverse trajectory
of the electron, x, includes the helical motion x, around
the betatron motion:

=—kpxg, (1

x=x,+xg, (2)
where
Xy = —i,rysink,z +i,r,cosk,z , (3)
and
%

Xg= xﬁocosk gz + sinkgz , 4)

kg

where
xBO=xB(z=0) and p,go:pﬁ(z =0) . (5)

Here, r,=Kc/(yk,v;) is the radius of the helical
motion, UN is the longitudinal velocity of the electron, and
i, and i, are unit vectors in the x and y directions, re-
spectively.

With z as the independent variable, the time ¢ denotes
the longitudinal coordinate. For convenience, we define a
new longitudinal coordinate 7, as the arrival-time
difference of an electron at the position z relative to that
of the reference electron. The reference electron arrives
at z at time ¢, =z /v,, where v, is the longitudinal velocity
of the reference electron. The electron of concern arrives
at the position z at time ¢. The new coordinate 7 is
defined by

7-=z—t,=t—i. (6)

v,

The quantity v, gives the internal longitudinal position
of an electron relative to that of the reference electron.
An equation of motion of 7 is approximately given by
dr 1
dz ¢

ko v=7, 1
—2k—1 " +E(p§+k§x§) , 7
where ¥, is the resonant energy of the reference electron
with zero transverse oscillation amplitude and
k,=2k,y2/(14+K?) is the resonant radiation wave num-
ber corresponding to the energy y,. The energy change
is produced by the interaction of the electron’s helical
motion and the radiation field. An equation of motion of
the energy v is

(8)

where e is the electron charge and A,= A,(x,z,1) is the
vector potential for the radiation field.

The Vlasov equation for the electron distribution
S (X5, Pp, 7, 7;2) is as follows:

dx d
3 9% of Py of L drdf  dydf
oz dz 0xg dz Opg dz Or dz Oy

9)

Here, f is normalized such that

J7T7 7 I rpperyviodisd®pdrdy=n,
10)

where N is the total number of electrons in the beam.
Throughout this article, we apply a rule that the integra-
tion signs in the multiple integrals are paired with the
differentials from the inside to outside, unless otherwise
specified.

We solve Eq. (9) by the perturbation method. The dis-
tribution function f can be decomposed into the unper-
turbed part f; and the perturbed part f, respectively:

f=fotfy. (11)
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The unperturbed distribution function f satisfies

df afo 2 afo dTafO

20 pp —kdx+ 2T =0 = 12
oz  PPax, PMPap,  dz or 12

where we have substituted Eq. (1). The perturbed distri-
bution function f, is a solution of the linearized Vlasov

equation
af af, 9f1 | dr 9/ dy 3fo
+ +ET L &Y 0 =
oz PPox, —kixg dp, dz dr  dz oy

(13)

In this article, we assume that the focusing in the wiggler
is matched to the electron beam so that f is a function
of x3+pp/kp and y only (ie., f, is uniform in the longi-
tudinal direction). Furthermore, for the cases considered
in this article, the distribution in y is sharply peaked
around an average value. It is then a good approxima-
tion to assume that f;, can be factorized as follows:

fo=Fo\xp+p3/kE)fo(¥) - (14)

III. VECTOR POTENTIAL FOR RADIATION FIELD

The vector potential A, (r,t) for the radiation field
satisfies the inhomogeneous wave equation

2
1 9°A,
VA

= —pJ(r,1), (15)

where J (r,t) is the transverse current density, g is the
permeability of free space, and r is the three-dimensional
vector r=(X,z). The solution of Eq. (15) can be written

as
t>=u0f_°°w f:oG(

Here, the Green’s function G(r,t|r’,t’)

relr, )T (L )d rdt . (16)

satisfies

laG

=—T18(r—r')8(t —1") , (17)

where T is the unit dyad (identical to the unit matrix in
this case). The solution of G in free space is well known
[5] and is given by

xh(z )

A,(r,t)=ey,0foz {fi f_wwG(r,tlr’,t’)

pi(xp 752’
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Gl(r,t|r',t")
(r—r’)
d3ke—im(l—t')dm .
—ook2 (w/c)?

(18)

The transverse current density J (r,t) in Eq. (15) is
given by
N

dx;
J(r,)=3 e——8(x—x;)8(z —z), (19)
= dt
where (x;(#),z,(¢)) describes the orbit of the ith electron
as a function of time ¢. Equation (19) can be rewritten us-
ing z as the independent variable as

J,(r,1) 2 e——8 (x—x;)8(r—71;), (20)

i=1

where 7,(z) is the arrival-time difference of the ith elec-
tron at z relative to that of the reference electron. We
can express J,(r,t) in terms of the density distribution of
the betatron orbit, p,(xg,7;2), given by

=[] fixpppryiadpdy . @D

This is done below:

pi(XpT52)=

N dxl.
J(r,)=3 e——8(x—x,;)8(r—7;)

= dz
Y ( N&(r—r;)
—1§1ed2 X—X, —(X; =X, T—T;

N dx

2 xB—-xB‘_ )8(1—1;)
=e%p1(xﬁ,‘r;z) . (22)

The vector x includes both the rapidly oscillating helical
orbit x;, and the slowly varying betatron orbit x5 By re-
taining only the helical motion x, in dx/dz, we have an
approximate expression of J (r,?):

dx,(z)
dz

By inserting Eq. (23) into Eq. (16) and changing the
volume element from d>r'dt’ to d 2x,g;dz’d 7', we obtain

J (r,t)=e pi(xp732) . (23)

dZXIEdT’ ]dz’ . (24)

For the later use, it is convenient now to seek an alternative expression of A, in terms of the Fourier-Laplace trans-
form of p,(xg,7;z) with respect to xg, 7, and z. After lengthy calculation (see Appendix B), we obtain the expression for

the vector potential for the radiation field:

e#of

where qu(kl,z) is given by

gotie

A, (r,t)

2mi fqo‘—ioo [f_oowqu(k_er)pwq(kl)

ik,;"x

d%k, }e‘”dq e " du , (25)
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—ipk, z
T K 1 0 e wv (kl)
H, (k,z)=—i — , (26)
ag (K122 1(27T)4 Ve (kz—kf)l/zp=2_°o g —ilpk,+(k*—k1)'"?—w/v,]

where k=w/c, k,=|k,|, and Poqky) is the Laplace-Fourier transform of p,(xg7;2z), which is related to
fl XpPp TV z)by

© © —ik,'x
Pog(K1)= lf [f [fl f_wfl(xfg,pg,f,y;z)dzp[,dy ]e L xg
The integer p represents the harmonic number of the radiation. The positive value p >0 and the negative value p <0

corresponds to the forward and the backward radiations in the electron rest frame, respectively. The vector V,(k,) in
Eq. (26) is defined by

e %dz ]e iotdr . (27)

1

V,(k)=(—1p "l "% {ix—[e_ie"JpH(klr,,)+ei9"Jp_l(k1r,,)]+1 G T k) =T k]|, (28)

2

where J,,(x) is the Bessel function and 6, =tan— I(ky /k,).
Now, we can calculate the energy change by the radiation field, with use of the vector potential A,(r,?) given by Eq.
(25). After some algebra (see Appendix B), we obtain

d 1 © qO+"OC lk X 2 —iwr
TJZ_:EI_QO Tquo—fw [- Pk p,(k e Pd K, ]eqdq do . (29)
Here
2
, (—l)p(Jpz(klr,,) —L_ 52k,
© K klrh

re
P k)= 3 == (30)

o 2mc | vy,

[1—(k, /k)*)"?{q —i[pk, +(k?—k>)"?—w /v, ]}

where r, =e?/(4meymc?) is the classical electron radius, €, is the permittivity of free space, and J ,(x) is the derivative
of the Bessel function. The quantlty P, (k) is proportional to the total radiation power emitted from a single electron
into the transverse angle 6=sin"!(k, /k) with the transverse wave number k; in the frequency range (w,0+do).
Equation (30) contains all the higher-harmonic components of the radiation. We are mostly interested in only the
lowest-harmonic term in the forward direction, p =1. If we retain only this term in the summation and note that
0 <<1, Eq. (30) becomes

Ji(kr,0)
)y T I (kr,0)
r. |K (kr,6)
Pk )~— — . (31
2me | v, k—k, k
q +ik, +i—6?
1 2
[
IV. AZIMUTHAL MODE EXPANSION fmq(xB’P,B’?’)

Now, let us come back to the linearized Vlasov equa- [ o g ior
tion (13). If we substitute Egs. (29) and (30) into Eq. (13) =/ . [fo f1(xpPp7,y32)e ¥dz |e'TdT .
and take its Fourier-Laplace transform, the linearized

Vlasov equation becomes (33)
PN P 9wy Kix S g In Eq. (32) we did not include the Fourier transform of
97107 S TP 3xg BX6 30 3ps the initial distribution at z =0, because we consider only
the eigenvalue problem in this paper. (If we retain this
iy f 0| f P, (k,)py (K, )e ik, xg d%, term, the problem becomes an initial-value problem.)
0L wq

Since the betatron motion of the electron is a simple
(32) harmonic oscillation, it is natural to introduce polar
coordinates in the transverse planes as

where f,, is the Fourier-Laplace transform of
fl(xﬂ,pﬁ,r,y;z): Xg=r,Co8d,, yg= rycos¢y , (34)
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Ppx _ . Ppy decomposed with respect to ¢, and ¢, into an infinite
kg =r,sing,, k =rysing, . B35 series of modes:
Then, the second and third terms in the left-hand side o (mom) im, ing
(LHS) of the Vlasov equation, Eq. (32), are written as fodZpPpy)= X Fop(ror,ve e v, (7
Vuw e Vo, (g, W T
Ps ax; —kjxg 3ps = 36, = 39, (36) where m and n are integers. If we insert the above equa-

tion into Eq. (27), the Fourier-Laplace transform of the
Now, due to the periodic boundary condition for f,, in charge density can be expressed in terms of

the azimuthal angles ¢, and ¢,, f,, can be Fourier F™(r,r,,v) as follows:

J

2 27 © [ —ik ing —ik_ r
Pog (k)= l 2 f S e B O ryydo e T M TS dr dkgr,dr,dd, |d

S i mirD f f F " (res 1y ¥ Wy (K W (kyr,r dryr,dr,

=(2mkg) [ dy , (38)

where we have used the formula [6]

_1_. 11¢ ix cosd —1
wa sbdp=i~J(x) . (39)

Combining Egs. (32), (37), and (38), we obtain an integral equation for F(’" ),

q —ia)ﬂ—-ikﬁ(m +n)

(m,n)
dz Fa)q ( ”y)

f ’
—follr 0” f 2 f f ""'”" "Np rlri.r, )F"" Mty 0¥ Iredrirydr) |dy' (40)

where the kernel KL,’;'"’”‘"”" is given by

K(m,n,m',n')(r | ’
= jlml+Inl=lm’ ‘*‘" Damky? [ © Pog k) g (e M (g 2 ) U e Ui e Ry )1 %K (41)
and r =( r3+ry2)1/ 2 is the amplitude of the electron position in four-dimensional transverse phase space.

V. GENERAL SOLUTION

By inspecting Eq. (40), it can be seen that the y dependence of F EU'Z'") is such that

dfo(y)
d
Flip™rryy) o ————— : “2)
q —tar‘-i;(r,y)—zkﬁ(m +n)
It is then useful to define a radial function R /"™ as the y integral of F|;»""’ to eliminate the obvious 7 dependence:
R(a:;’n)(rx’ry):fl F;’;’"(rx,ry,y)dy : 43)

Dividing the Vlasov equation (40) by
lq —io(dT/dz)—ikg(m +n)]
and integrating over ¥, we obtain

(m,n)
R 0" (re,r,)

dfo(y)
=] d’y dy 0 -
=—folr’) ] S [T KRG I R G i dr,

dr
g —io——(r,y)—ikg(m +n) ™"
dz g (44)
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The integral equation (44) can be solved in a general way as follows [3]. We expand the radial function R ) "" " using a
complete set of orthogonal functions £} /™" rety,) as

RU™(re,r, )= W, (r?) 2 L S U R (45)

Here, the weight function Wl(r ) is defined by
W (r))=Cfy (r?), (46)

where C is a normalization constant to be chosen. The functions f} {ml.InD( ,ry) are determined so as to satisfy the fol-
lowing orthogonality relationship:

f;c fow W ) D ) DG g2l Y 2l gy gy =5, 47

Using f}(”""""‘ (ry, r,), we expand the Bessel functions as

Il (kP 1 (K, 2 Cml, il k (s y)f(Im| i (resry )rlm\r}ln[ (48)
where

C|ml,‘,,|’k(kx,ky)=fowfowJ‘m‘(erx W 1 (ke r YW L (P2 D im0 G (49)
For many models of the unFerturbed transverse distribution f, (#2) [or the weight function W,(r?)], the corresponding

orthogonal functions f} (ml “(r r,) can be expressed in terms of the well-known analytical functlons In Appendix C
we present expllc1t expressions of f“'"‘ >InD (r, ,ry) and C\, 1, x(ky,k,) for the hollow-beam and the Gaussian-beam
models of £, (r?).

The lowest-order term C|,,| |, 0(ky,k,) has a simpler expression, since the corresponding lowest-order orthogonal
function f‘l"'I o1 (r,, r,) is just a constant. In this case, the integration over the angle 6, =tan 1(r /r,) can be carried
out in Eq. (49), with the result,

S|+ (n)+1(K 1 7)

— ¢(im},|n]) m s ln ®
Clm\,\n|,o(kx’ky)—fo! binh cos! |0ksm| |0k fo k.r

W (r2plmi*inlt3g, (50)
where 6, =tan™'(k, /k,).

Inserting Egs. (45) and (48) into Eq. (44), multiplying by f; {Iml, In) (re, 7y )ry plmit }["lﬂ and integrating over 7, and 7, we
have a matrix equation for the coefficients a;™":

al((m,n+ 2 B;(nannl (m',n’) — 0’ (51)

m,n j ]
m',n',1, j

where

- (rZ) (\m\,\n|)(r ) (|ml, |n\)(r r ) 2|m|+1 2)n\+l
prr=J 1" WA i £ ;"” dr.dr,dy (52)
qg—lo—— T (r, y)—ikg(m +n) 4

dz
and the matrix elements are given by
(2mkg)
— —(|m’ B
Ml = lml+ =+ ) (2mkg)” f f Py (K )C a1k ey )C e, o Ky Nl (53)
r
The matrix equation can be symbolically written as This dispersion relation gives eigenvalues g as a function
of w or vice versa.
(I+BM)a=0, (54) The matrix B represents the Landau damping due to

the energy spread and the betatron oscillation via the lon-

gitudinal velocity spread. If the variation of the longitu-

where a is the vector of the coefficient a;™"), I is the unit  gjnal velocity due to the betatron oscillation is negligible,
matrix, and the matrix elements of B and M are given by  the integration over r, and r, can be carried out readily,
Egs. (52) and (53), respectively. The nontrivial solution noting the orthogonality relationship, Eq. (47). As the re-
of Eq. (54) requires that sult, the k and I dependence of the matrix B becomes just
the Kronecker’s 6,;. The matrix M expresses the rest of

det(I+BM)=0 . (55)  the interaction between the electron beam and the radia-
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tion field.

In principle, all the eigenmodes can be obtained by
solving the above dispersion relation. For example, for
sufficiently large electron-beam radius, many modes are
excited, and the degeneracy problem of the growth rates
of the self-similar modes arises [7]. This problem can be
analyzed by taking large matrices of M and B. In this ar-
ticle, however, we are concerned about the FEL operat-
ing in the high-gain regime where the electron-beam size
is relatively small and the full transverse coherence is
achieved. In this regime, only a few modes, or even a sin-
gle dominant mode, are needed to describe the beam-
radiation system.

46

E KIM, AND MING XIE

V1. THE LOWEST-ORDER DISPERSION RELATION

It is straightforward to seek zeros of the dispersion re-
lation by computer and the computation requires little
CPU time, if the matrix size is not too large. Numerical
studies show a quite rapid convergence of solutions as a
function of the matrix size. As a matter of fact, we have
found that one can obtain an accurate eigenvalue for the
functional mode by taking only the lowest-order term
m =n =k =0 in both the azimuthal and the radial ex-
pansions [see Egs. (37) and (45)]. In this case, an approxi-
mate expression for the dispersion relation can be written
in a general form as

ky oo fo vy
1=4i-k —f*f oY 7212k B o, (PP )P dr
ky vr om0 T ko, YTV 1,
q +21k—1kw . —lEkkBr
2
/2 k%0d6 2 r2) J\(kr'6) #3dr
Xfo Kk ke lf 2k o =g | (56)
q TIK, K, 5
where f, (2) is normalized such that
f f fm X5+ pp/kp)d xpd pp= f 20k jf o (rP)ridr =1 . (57)
Here, we have used the approximated expression of P, (k,), Eq. (31), and have approximated
J3(kr,8)
1 hz +J'12(krh6)z"l' , (58)
(kr,0) 2

assuming that the radius of the helical orbit r, is much smaller than the beam size.

In what follows, we write down the above equation in a more specific way for various models of fo, (7

2). Longitudi-

nally, we assume a Gaussian distribution with the rms energy spread, o

2 2.2
_N 1 =ly=v, ) /2v}0]

( —e , (59)

Faly 7 V2mo,y,
where 7 is the length of the electron beam in time units.
For the hollow beam,
2
1 r

(r)y=———=8|1— |— ,

Jor (7R 3k ) t R, ]
we have
T (kRy0) |
. S | (kR()0d6
I (2pk,, )3 fw e~ t24; fﬂ/z kR0 60)
_k—l\/Zv k 1, ,,] 70  k—ki _ k6?
.k .1 4 k6"
q+2lklk'”07t zzkkBRO q tik, K =
For the water-bag beam,
2
2 r

(r)y=—-=——0|1— || |,

fou (7R 2%k ) l R, ]

we have
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, [#2(kRo9) 2

(kR,)*0d6
1= l._k_(zpkwyf‘n fl x3e =" 2dx dt fn/z (kR (6)* 61)
ki V2r Y-»v0 k 2 Jo k—k, ko?
q +2i—k,o t—t—kk q t+ik,———+i——
w
k, k, 2
For the Gaussian beam,
1 —Lrso. 2
(P)=——F—e > 7,
fou (2mo2ky)?
we have
ko 02
ok 2k,) Coke) - f o —x 25301220 dy [ *ox (ko 120d6 .
2k1 V2 k Nk k—k, ke*
g +2i—k,o t—z—kk,_%,a x? q +ik, +i—
k, k, 2
N
In the above equation, p is the Pierce parameter [8] ATS 1
defined by fo - dx=—, (65)
*ky it follows that
(2pk, )} =2mr,ny |— , (63)  1tfollowstha
Yr
" k—k
q° |q +ik, X ! —1—k—(2pk $3=0 (66)
n, is the peak volume density on axis, o, is the rms 1 1

X
transverse beam size, O(x) is the step function O(x)=1

for x >0 and ©(x)=0 for x <0.

Let us investigate the dispersion relation (60) for the
hollow-beam model to obtain a physical picture of how
the gain is determined. The integral over ¢ characterizes
the Landau damping due to the energy spread. In the
hollow-beam model, the electron beam has a uniform
transverse distribution inside a circle with the radius R
in the x-y plane. The function in the 6 integral,
[J,(kR,0)/(kR,6)]? is the diffraction pattern of a plane
wave by a uniform source of circular shape with the ra-
dius R,,. The factor

1/(q +ik,(k —k,)/k,+ik6?/2]

is related to the angular distribution of the radiated
power from a single electron into the transverse angle 6.
Equation (60) implies that the amount of overlap between
the angular spectrum of radiation from a single electron
and the angular diffraction pattern of the radiation wave
by the electron beam plays a key role in determining the
FEL gain.

In the limit of large beam size, R,— o, when o,=0
and kg;=0, the dispersion relation (60) for the hollow
beam reduces to the well-known cubic equation of the
one-dimensional theory. This can be shown as follows.
In this limit, Eq. (60) can be approximated by

(2pk,, )’ ©
1= k P2 1 f
kl q k—kl 0
g +ik,———
kl

J(x)
x

xdx .

(64)
Using

Introducing u=iq /k,,, Eq. (66) becomes the well-known
cubic equation of the high-gain regime [8]:

3_ 2 K
w—p x k1(2 p)} = (67)

The maximum growth rate as the solution of the above
equation can be expressed using Moore’s scaled growth
rate

£=q/[(2pk,)*"*(2k,R)'"?]
and scaled beam size

a=(2pk, %2k ,R})*"*

as [7]
~_ V3
g= eyl (68)
In the limit of small beam size, R;—0, when 0,=0

and k =0, the dispersion relation (60) also gives the
correct asymptotic growth rate derived by Moore [7]. In
this limit, the dispersion relation (60) when k =k, can be
approximated by

J1(x)

X

dx =0 . (69)

fO x2_i§a2

By performing the partial integral in Eq. (69) and neglect-
ing the Ing term, we obtain Moore’s expression,

2 172
_ln._

T (70

In Fig. 1 we plot numerical results of the scaled growth
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T T T T T

——— Dispersion relation (60)

""" Moore's tormula —
- Analytical limit

05 -

FIG. 1. Scaled growth rate §=gq/[(2pk,)*"*(2k,R})'*] vs
the scaled beam size @ =(2pk,,)*"*(2k,R})*/* for the constant-
beam-current case. Here, the energy spread o, =0 and the beta-
tron wave number k;=0. The solid curve shows the result ob-
tained by the present dispersion relation (60), while the dashed
curve denotes the work of Moore. The dot-dashed lines on the
right and on the left show the analytical results obtained from
Egs. (68) and (70), for the two extreme cases, respectively.

rate § versus the scaled beam size @ for the constant
current case, when o, =0 and kz=0 are assumed. The
solid curve shows the result obtained by the present
dispersion relation (60), while the dashed curve denotes
the work of Moore. The dot-dashed lines on the right
and on the left show the analytical results obtained from
Egs. (68) and (70), for the two extreme cases, respectively.
As anticipated from the above argument, they are in ex-
cellent agreement in the entire range of beam size.

The truncated dispersion relations (61) and (62) for the
water-bag and the Gaussian models do not converge to
the cubic equation of the one-dimensional theory in the
limit of large beam size. In fact, it can be shown that the
growth rate calculated from Eq. (56) in this limit is given
by the one-dimensional theory multiplied by %“3:87%
for the water-bag model or 1!*~79% for the Gaussian
model. This is because the truncation of the matrix
(I+BM) in Eq. (55) at the lowest-order term no longer
provides a good approximate eigenfunction if the beam
size is sufficiently large. In this limit, a large degeneracy
of the growth rates of the self-similar modes happens, and
a single (fundamental) mode does not dominate [7]. (In
the hollow-beam model, all the radial functions R L,’Z”” de-
generate into the & function, so that the lowest-order ra-
dial expansion term, which is also the 8-function, gives
the exact eigenfunction.) As the beam size increases,
therefore, more expansion terms are needed to achieve
the correct one-dimensional result. However, it is found
that the critical beam size in which the truncation at the
lowest order breaks down is so large that the expression
(56) remains a good approximation to the exact disper-
sion relation (55) for most of the practically interesting
parameter ranges. We investigate this problem further in
the Sec. VII.

VII. NUMERICAL RESULTS

As Yu, Krinsky, and Gluckstern [2] have pointed out,
the growth rate of the fundamental guided mode can be

expressed in a scaled form using four dimensionless scal-

ing parameters. One form of such a scaling relation, that

which can be derived by inspecting Eq. (56), is
Re(g) _ Lg Iy kg k—k,
kurp L(GliD) ’ P ’ kwp, klp

(71)

Here, L{ P is the power-gain length of the one-
dimensional theory given by

1

Lg Pl=ri——. (72)
¢ 2V73pk,
Also, Ly is the Rayleigh range given by
23, k%,
==, (73)
Ry T
where 2| is the transverse beam area defined by
I
El: ! ’ (74)
ecn

where I, is the total beam current and n, is the peak
volume density on axis. The transverse beam area can be
calculated from the unperturbed distribution fo(Xs,pg 7)
as follows. The transverse density distribution n(xg) is
obtained by

n(}yj):flac fic f:ofo(XB»PB,V)dZPBdeV

=neg(xg) , (75)
where g(x3) is normalized so that g(0)=1. Then, the
transverse beam area X is given by

3= [7 glxpd’x, . (76)

The quantity 2| can be also calculated from f, as
1 o
3 J” Foxs=0p5)d’p,

=20k} [© fo(rPrdr . (77)

The scaling relation (71) is convenient when the
current density is constant. An alternative form of the
scaling relation is convenient when the total beam
current is constant:

Re(q)
k, D

w

07’ kB k'—kl

=F y TN 0 ’
D k,D’ kD

2k, e , (78)

where €, is the rms transverse emittance of the electron

beam which is related to the square of the rms beam size
(x?) as

€, =kp(x?) . (79)
The quantity D is the scaling parameter defined by
172
_ |8 k* Iy
= |— — , (80)
’}/r 1 +K2 IA

where I ;,=ec/r,=~17.05 kA is the Alfvén current. The
parameter D was originally introduced by Yu, Krinsky,
and Gluckstern [2]. However, the value of D defined here
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is smaller than that defined by Yu, Krinsky, and Gluck-
stern by a factor of V'2 [9,10]. The scaling parameter D
is related to p as

172
=~2.15

LR 172

L(Gl —D)

Lp
L(GI—D)

D _2V2

= (81)

It should be emphasized that D is independent of the
model for f,(r?) and that the scaled growth rate

Re(q)/(k, D) is identical to Moore’s scaled growth rate §

when the same physical parameters are used:
— Relg) 82)
The dispersion relation for the Gaussian-beam model, Eq.

(62), for instance, can be written in the above scaling
form as

kg
1= i kD
V2 2k €,

—-x2/2_3 —t2/2dx dt

x f—oow fow e X e -

949 %r t——2ke ks
k,D D 1% D~
Xfw e"‘zx dx
0 k—k 2k,
944+ Lyi> b
k,D ' kD 2k,€, k,D

(83)

where we have replaced k by k, except in the detuning
term (k —k,)/(k,D) to a good approximation. Since we
are interested in the constant total beam current case in
this article, we mostly use the scaling relation (78) in
what follows.

For the convenience of readers, we summarize the ex-
plicit expressions of the square of the rms beam size,
(x?), and the transverse beam area =, for the hollow
beam, the water-bag model, and the Gaussian distribu-
tion in Table I. The emittance and the Rayleigh range

6671

TABLE 1. Expressions of {x2) and =, for the hollow beam,
the water-bag model, and the Gaussian distribution.

Hollow Water-bag Gaussian
Quantity beam model distribution

R} R}

2 o o 2
x 0 -0

(x?) r ; o%
3 R}

. R 2 2 2

- o > 205

can be calculated from {x2) using Egs. (79) and (73), re-
spectively.

We have solved the dispersion relation numerically.
The results are as follows: First, let us compare the
growth rate obtained by the dispersion relation (61) for
the water-bag model with the results obtained by Yu,
Krinsky, and Gluckstern’s variational method for the
same water-bag model. The solid curves in Fig. 2 show
the scaled growth rate Re(q)/(k,D) as a function of
2k €, for several values of kz/(k,D). Here, the energy
spread o,/D is set to 0. The detuning parameter
(k —k,)/(k,D) is chosen to yield the maximum growth
rate. Generally, the optimal detuning depends on the
quantity k,€,(kg/k,D) and the energy spread o,/D.
This detuning is the result of the reduction of the average
longitudinal velocity of the electron beam due to the
transverse emittance, the betatron focusing force, and the
energy spread. The dashed curves show the numerical
results from Yu, Krinsky, and Gluckstern’s variational
method for the water-bag model. Good agreement is
found. It is known that the growth rates for the water-
bag model obtained by the variational method agree well
with the simulations [11].

Now, we consider the case of the Gaussian distribu-
tion. In Figs. 3(a), 3(b), and 3(c), we plot Re(q)/(k,D)
against 2ke, for several values of kgz/(k,D), for
o,/D=0, ¢,/D=0.2, and o,/D =0.4, respectively.
These figures cover most of the practical range of FEL
parameters. The solid curves show exact solutions of
dispersion relation (62), while the dashed curves show ap-
proximate values calculated with a pair of empirical ex-
pressions of the dispersion relation (62) which agree well
with the exact solutions for o,/D<0.5 and
kg/(k,D)<10. The pair of expressions is given by

2
Relq) kg k
In—2) = —(0.759+0.238y +0.0139%2) {1+ |2 / . . b
YD Y ¥2) ke, —2- D 0.149+0.0268In D
2 4 611172
+(44.03+3.32y+5.45¢) | |22 | —0.713 | 22 | +68.65 |2
D D D

and

k,D kg
for 2k,e,— 2>0.05 and =1 (84)
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2
2k €, —L_ 2
Re(q) _ 2\1/2 ka 2 0}’
—k_—D——(0.0628—0.219)(—0.000568)( ) “exp | — —(11.92+2.202y +0.1414y7) D
1.091+0.1345~ b
for 2,622 005 kg
or <0.
1€« k, or D >1, (89)
I
where identical values of Re(q)/(k,D) for the small emittance
k D region 2k;e, <0.1. In this region, the variation of the
¥=In 2k16x_w— (86) longitudinal velocity inside the beam due to the betatron
kg oscillation is small, and the effect of Landau damping due

The parameter 2k,€,(k,D /kg) is a function only of the
ratio of the Rayleigh range to the one-dimensional gain
length:

Ly 32

L(GI—D)

ka — 2\/_2 <x2)

87
2k €, kg 34 3 /7 (87)

This pair of expressions can be used as a handy formula
for a quick estimate of the growth rate.

Comparing Fig. 2 with Fig. 3(a), we notice that the
Gaussian distribution shows a considerably smaller
growth rate Re(q)/(k,D) due to Landau damping than
the water-bag model for large kg/(k,D) when
2k €, >0.1 [compare kg/(k,D)=10 curves, for exam-
ple]. This is also the case with the parabolic distribution
of fo,(r?) in phase space, which is not shown here; how-
ever, it gives similar curves to those of the Gaussian mod-
el. This observation implies that the FEL gain for the
strong focusing and the large emittance depends sensi-
tively on the details of the transverse distribution. In
contrast, we notice that the two figures show more or less

1.4 [ mans T uRBERS T !
12 F kﬂ/(ka)=1O cy/D=0 {
17 / Present theory
s [ N e Variational method
= 0.8 [ N
£ _ ]
< F y ]
= + 0.1 X 7
o
~ 0.6 [ RN B
&) r ’ / 1
0.4 . 0.01 .
02 [ e DT g
o L - | L L !
1072 10" 100 10'

FIG. 2. Scaled growth rate Re(q)/(k,D) as a function of
2k,€, for several values of the scaled betatron wave number
kg/(k,D) for the water-bag model, where k, is the radiation
wave number and €, is the transverse emittance. Here, the
scaled energy spread o,/D =0. The solid curves show solu-
tions of the dispersion relation (61), while the dashed curves
show the numerical results obtained by Yu, Krinsky, and
Gluckstern’s variational method.

to the transverse motion becomes negligible. The similar
behavior of Re(q)/(k,D) in Figs. 2 and 3(a) implies that
the FEL gain becomes insensitive to the shape of the
transverse distribution of the electron beam for the small
beam size, and therefore, it is convenient to calculate the
FEL gain using the rms beam size or emittance in the
small beam size region. Then, the FEL gain becomes in-
dependent of the transverse beam distribution.

We have compared the above results obtained by solv-
ing the dispersion relation with those obtained by simula-
tion using the computer code TDA [12]. The nominal
FEL parameters used in the simulation are given in Table
II. Here, we have chosen the FEL parameters such that
the scaled betatron wave number kB/( k,D)=1, a value
large enough to show clearly the effects of Landau damp-
ing due to the betatron focusing and the emittance. The
detuning parameters used for the simulations are identi-
cal to those for the analytical results which yield the
maximum growth rates. In Fig. 4(a) we plot the scaled
growth rate Re(q)/(k,D) as a function of 2k e, for the
zero-energy spread for the Gaussian and the water-bag
beam distributions. The agreement is excellent. The
benchmark for the nonzero-energy spread o, /D =0.2 is
shown in Fig. 4(b) for the Gaussian-beam distribution.
The agreement is also excellent.

In Fig. 3 it appears that one can increase the FEL gain
by increasing the betatron focusing for a given emittance,
until its increase is overwhelmed by the reduction due to
Landau damping. However, this increase in the FEL
gain is actually originating from the reduced beam size
due to the strengthened focusing. This may be more
clearly seen if one plots the FEL gain as a function of the
beam size instead of the emittance, using a scaling rela-
tion of the following form:

—p | fr oy ke KTH (88)
LY’ D kD kD |

[Note the similarity of the above equation with the scal-
ing relation (71) for the constant p case.] In Fig. 5 we
plot Re(q)/k,D as a function of Lz /LS P for the
Gaussian distribution for ¢, /D =0, which is equivalent
to Fig. 3(a). When the beam size is small, all the curves
for different k;/(k,D) become identical. As the beam
size increases, the curves for large kgz/(k,D) start to
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1.4 LA T T T TABLE II. Nominal FEL parameters used for the simula-
] tions.
12 [ . K/ (k,D) =10 @ oD =0 ]
L ™ / ] Parameter Value
1P ]
8 e ) 1 1 The Lorentz factor of the reference 100
£ 08 o / ‘ electron, vy,
T 46 E 3 The wiggler period A, 3 cm
2 b ] The peak wiggler parameter K 2
0.4 I 2 ] The total beam current I, 53.28 A
o2 F E The resonant radiation wavelength 7.5 um
Tt 1 M=2m/k,
o L Ll A Al The scaling parameter D 0.014 142
1072 1o 100 10! The betatron wavelength 212132 m
2k,e, Ag=2m/kg
1.4 : . S
N ] 1.4 — T — T T T T
L b) o/D =0.2 [ ]
12 f (b) o 1 C (a) o/D =0 ]
E k/(k,D)=10 1 12 [ v j
1 ’ 3 F Gaussian: theory ]
=) ] 1 A Gaussian: simulation ]
F 08 7 8 [ T~ - Waterbag: theory ]
= r ] S 08 ¢ ® Waterbag: simulation ]
5 06 B = o ]
o
o« F ] 5 0.6 [ ]
0.4 —_ « : ]
] 0.4 - J
0.2 3 : 1
0.2 ]
0
102 10.1 100 101 0 Ll vl Ny
2k e, 0.01 0.1 1 10
2k1cx
1.4 T T —TT
12 (¢) o/D =0.4 i 14 T T T —rrT
¥ ] b ]
tr - 12 F (b) o/D =0.2 :
=) [ ] ]
£ 08 [ 7 Tr Gaussian: theory 3
§ ka/(ka) =10 ] a & A Gaussian: simulation 1
@ 7 < 08 [ 7
2 J E ]
- S o6 [ E
4 oc ]
3 0.4 [ 7
] ]
- : 0.2 [ 7
102 1077 100 10 N ]
2k1£x 0
0.01 0.1 1 10
FIG. 3. (a) Scaled growth rate Re(q)/(k,D) as a function of 21
2k e, for several values of the scaled betatron wave number
kg/(k,D) for the Gaussian model, where k, is the radiation FIG. 4. (a) Comparison of the scaled growth rate

wave number and €, is the transverse emittance. Here, the
scaled energy spread o,/D =0. The solid curves show solu-
tions of the dispersion relation (62), while the dashed curves
show the approximate values calculated by the handy formulas
(84) and (85). (b) Scaled growth rate Re(q)/(k, D) as a function
of 2k €, for several values of kz/(k, D) for the Gaussian model.
Here, 0,/D =0.2. The solid curves show solutions of the
dispersion relation (62), while the dashed curves show the ap-
proximate values calculated by the handy formulas (84) and
(85). (c) Scaled growth rate Re(q)/(k, D) as a function of 2k €,
for several values of kz/(k, D) for the Gaussian model. Here,
0,/D =0.4. The solid curves show solutions of the dispersion
relation (62), while the dashed curves show the approximate
values calculated by the handy formulas (84) and (85).

Re(q)/(k,D) with the simulation results for the Gaussian and
the water-bag beam distributions. Here, the scaled betatron
wave number kg/(k,D)=1 and the scaled energy spread
0,/D =0. The solid and the dashed curves show the solutions
of the dispersion relations for the Gaussian and the water-bag
beam distributions, respectively, while the triangles and the cir-
cles show the simulation results for the Gaussian and the
water-bag beam distributions, respectively. (b) Comparison of
the scaled growth rate Re(q)/(k, D) with the simulation results
for the Gaussian-beam distribution. Here, kz/(k,D)=1 and
0,/D =0.2. The solid curve shows the solution of the disper-
sion relation for the Gaussian-beam distribution, while the tri-
angles show the simulation results for the Gaussian-beam distri-
bution.
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FIG. 5. Scaled growth rate Re(gq)/(k,D) as a function of the
ratio of the Rayleigh range to the one-dimensional gain length,
Lg /LD, for several values of the scaled betatron wave num-
ber k;z/(k,D) for the Gaussian model. Here, the scaled energy
spread o, /D =0. This figure is equivalent to Fig. 3(a).

break away. This figure shows that one can have a larger
FEL gain for a weaker betatron focusing for a fixed beam
size. The scaling relation (88) may be a better expression
for understanding of the physical picture, while the other
one (78) may be more suitable to the practical applica-
tion.

Finally, we examine the accuracy of the truncation to
the dispersion relation at the lowest order of the azimu-
thal and the radial expansions. First, let us concentrate
on the azimuthal expansion and keep the radial expan-
sion at the lowest order k =0. Numerical evaluation of
the matrix M defined in Eq. (53) shows that the off-
diagonal elements M,?,’,?,’g (n>0) are normally smaller
than M8:8:8 by more than one order of magnitude. The
accuracy of the truncation at the lowest order m =n =0
depends on the square of these off-diagonal elements.
Therefore, the inclusion of the higher-order azimuthal
modes are unlikely to change the gain of the fundamental
mode very much. Indeed, we have found during the com-
putation of data for Figs. 2 and 3 that the change in the
gain of the fundamental mode due to the higher-order az-
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imuthal modes (m,n >0) is less than 1%. Next, we con-
sider the radial expansion and keep the azimuthal expan-
sion at the lowest order m =n =0. In this case, the nu-
merical calculations of the growth rate for the Gaussian
model showed that when L /LS~ <30, the changes in
the growth rate of the fundamental mode due to the in-
clusion of the first-order radial expansion term k =1 is
less than a few percent, while for Ly /L{ ~?'~ 140, it in-
creases to 6.3%. Normally, the change in the growth
rate of the fundamental mode by including the k =1 ex-
pansion term becomes smaller as the beam size becomes
smaller. From this result we conclude that the trunca-
tion of the dispersion relation at the lowest order pro-
vides a good approximated eigenvalue, unless the beam
size is so large that the three-dimensional effects such as
the diffraction effect become negligible. Therefore, in the
practical range of the beam size, the truncated dispersion
relation (56) is a useful and valid approximation.

VIII. PLANAR WIGGLER

So far, we have assumed that an electron beam goes
through a helical wiggler. However, the same formula-
tion can be applied to the FEL using a planar wiggler
with a few changes. We still need to assume that the be-
tatron focusing in the wiggler is matched to the electron
beam, either by the alternating field of the wiggler mag-
net or by suitable external focusing devices. For simplici-
ty, we also assume the betatron focusing is equal in the x
and y directions. [Without this assumption, we need to
introduce different betatron numbers kg, and kg, and
different emittances €, and €, for x and y planes, respec-
tively. Then, the scaling relation, Eq. (78), requires six
independent scaling parameters, 2k €,, 2k €, o,/D,
kg /(k,D), kg,/(k,D), and (k—k;)/(k;D). This
asymmetric focusing case can be treated parallel with the
preceding symmetric focusing case. The results are sum-
marized in Appendix D.] Now, the main change is that
we need a new evaluation of the angular distribution of
radiated power spectrum, P, (k,), in Eq. (30). The re-
sult is

|
=7, : A, (k)
Potkok)== 3 70| K e , (89
p=— r [1—(kl/k)2]”2 g—i pkw+(k2—kf)1/2—£
where
1 x®© [ce]
Ak =73 3 3 (DU )k,
X{J1p+n‘l)/Z(Sw)_J(p+n+l)/2(Sw)][J(p+m*l)/Z(Sw)_J(p+m+1)/2(sw)] . (90)
Here,
2
k K , 91)

S‘:—_—

Yk, 41+K%/2)
k,=2yik,/(1+K?*/2),
rw:K/(‘}/kLU)
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is the radius of the wiggler motion, and K is the peak value of the wiggler parameter on axis. In the limit of small am-

plitude of the wiggler motion, r,,—0, P,

© r 2

K

e

can be approximated by

[JJ]; 74

k
wlkok) == 3 50

Ve [1_(kl/k)2]1/2

where
(J], = -1)280) =T +1)2(8y) -
The function P,

q—i

: 92)
pk, +(k2—k3)1/2— £

r

(93)

can be further approximated by retaining only the fundamental harmonic term of the forward radia-

tion, p =1. In this approximation, we simply denote [JJ]; as [JJ/] in what follows. Thus, the dispersion relation for the
fundamental mode, Eq. (56), should be multiplied by the factor [JJ]/2 on the right-hand side (RHS). It becomes

r © (o (y)d
=2 Yﬁ 2L Loty dy 2k 3f o, (r2)rdr
1 r . k Y_Yr l
q +21—k—lkw—— -—l;kkérz
2 (k '9) ’
T/2 k 9d0 2 1 13 ’
xfo P —e fo 2k Y o (P ———rdr' | . (94)
q tik,——+i——
2
—

This implies that the same factor [JJ]?/2 should be mul-

tiplied to the RHS of Eq. (63) for the Pierce parameter:

2
k

—[JJ?. (95)

r

(2pk, )=

Tren
r

Accordingly, D is changed to
172

cR
4 _K° o . (96)

v, 1+K22 1,

With these changes, the dispersion relations, Egs.
(60)-(62), and the handy formulas of the growth rate,
Egs. (84) and (85), are all valid.

IX. BEAM CONDITIONING

The idea of beam conditioning is an attempt to reduce
the longitudinal velocity spread within the beam by
correlating the transverse oscillation amplitude and the
electron energy, in order to increase the FEL gain [4].
This can be briefly explained as follows. Before entering
the FEL, an electron beam goes through a device, called
a “conditioner,” that consists of a focusing channel and
suitably phased rf cavities operating in the TM,,;, mode.
This device provides a different energy increment to indi-
vidual electrons with different transverse oscillation am-
plitude so that the RHS of Eq. (7) vanishes in the ideal
case:

Y7Yr_ 1 1,5 .52
v ) k. 2(p3+kﬂx5) . 97)
ki

Therefore, if all electrons have the same energy before
entering the conditioner, they all move with the same
longitudinal velocity after the device. In this case, there

is no gain reduction due to the electron-beam emittance.
In reality, however, the electron beam is likely to have a
nonzero initial energy spread. In this case, only the part
of the longitudinal velocity spread due to the electron-
beam emittance is cancelled, and we still have the reduc-
tion of the gain due to the energy spread.

The beam-conditioned FEL can be analyzed in the
present theory with a few modifications. We define a new
longitudinal variable a, instead of y, by

a=y—y,— 7;( —(pB+kﬂxB) (98)

w

kl

The distribution of a is determined by the initial y distri-
bution (before the device) and the performance of the
beam-conditioning device. Assuming an ideal operation
of the beam conditioner, the distribution in a after the
device will be the same as the distribution in ¥ before the
device. Note that the energy distribution will be changed
after the device.

The equation of motion of 7, Eq. (7), can be expressed
with a as

dr__2ks a

. 99
dz c k, v, ©9)

The equation of motion of a follows from Eq. (98) that

da _dy _

i( 2
dz dz d.

1 1 2.2y 47
, kw 2 dz Ps Xﬁ) dz ’ (100)
ki
where we have used the fact that the transverse oscilla-
tion amplitude pB+ k2 BXB’ is the constant of motion.

Now, the electron distribution f is regarded as a func-
tion of xg, Pp T, @, and z:
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f=f(x5ppTa;z) . (101)

Accordingly, the linearized Vlasov equation (13) is
changed to

af 9

af, drafx da 9fo _
Tz Pias, ¥

—kjx P3p;  dz 3t  dz da
(102)

Our assumption on the factorization of f,, Eq. (14),

J

should be replaced by

Ffo=Fo(x+pp/k})fo () (103)
The rest of the procedure closely follows the preceding
formulation except that most of the y appearing in asso-
ciation with the electron distribution function must be re-
placed by a. Finally, we arrive at the general form of the
approximate dispersion relation [cf. Eq. (56)]

k2046 (kr'0)

+2—k—
g2k,

r

2k o fol@)da 2
_w_f (W] zf”
® k } 0

Note that we have performed the r integration in the first
line of Eq. (104), since there is no r dependence in the
denominator. Now, the reduction of the gain is solely
determined by the a distribution. If we assume a Gauss-
ian distribution for a with the rms spread, o,

folay=

—az/ZVEa(zl
o
? V2mo,y,

) (105)

the dispersion relations for various models of f,(r?),
Egs. (60)-(62), are still valid. The only changes are to set
%kk%Ré =0 in Eqs. (60) and (61) and to set Lkk 302 =0in
Eq. (62), and to replace o, by o,. As in Eq. (104), we can
carry out the x integration readily. The handy empirical
formulas (84) and (85) can also be used only by deleting
the terms proportional to [2k16x(k3/ka)]2 and replac-
ing o, by o,

Since the transverse emittance does not contribute to
the gain reduction, the gain is now insensitive to the
shape of the transverse beam distribution. For example,
the dispersion relation for the hollow-beam model, Eq.
(60), can be used for an estimate of the gain, regardless of
the actual transverse beam distribution. (This choice is
convenient, since this dispersion relation keeps a good ap-
proximation even in the limit of large beam size.) The
handy empirical formulas (84) and (85) without the terms
proportional to [2k €, (kg /k,D)]? serve as good approx-
imations to the dispersion relation for the hollow-beam
model.

X. CONCLUSIONS

We have developed the 3D FEL theory in the high-
gain regime before saturation based upon the Maxwell-
Vlasov equation, including the effects of the energy
spread, the transverse emittance, the angular distribution
of the radiation from a single particle, the betatron focus-
ing and oscillation of the electron beam, and the
diffraction and the guiding of the radiation field. Our nu-
merical results of the FEL gain show good agreement
with results obtained by Moore’s approach for the hollow

q tik,

2 .3
k—k, s fo 27k gf o (1 oo dr
_+_
k, 2

(104)

r
beam (see Fig. 1) and Yu, Krinsky, and Gluckstern’s ap-
proach for the water-bag model (see Fig. 2) of
f Ol(xé-f- pf;/ ké ), respectively. We presented a dispersion
relation for the FEL gain of a Gaussian beam, Eq. (62),
and its approximate expressions, Egs. (84) and (85), for a
quick estimate of the growth rate with a pocket calcula-
tor. Comparisons of numerical solutions of this disper-
sion relation with the simulation results for the Gaussian
beam show excellent agreement. We have shown that the
present theory can handle the beam-conditioning case
easily by changing the longitudinal coordinate and by im-
plementing a few modifications.

One eminent advantage of the present orthogonal ex-
pansion method is that an accurate eigenvalue for the
fundamental mode can be obtained by taking only the
lowest-order expansion term, unless the beam size is too
large. As a result, the matrix form of the dispersion rela-
tion can be reduced to just a scalar equation. This is not
always the case with any expansion method. If one uses
an arbitrary set of the orthogonal functions to expand the
electron-distribution function, one normally has to sum a
number of the expansion terms, or one has no guarantee
that the expansion even converges. In the present expan-
sion method, the orthogonal functions are uniquely deter-
mined by the unperturbed electron distribution so as to
satisfy the orthogonal relationship (47). We have found
that this procedure provides a good approximate eigen-
function even if the expansion is truncated at the first
term for a wide range of the unperturbed electron-
distribution function. Once a good approximate eigen-
function is prepared, a relatively accurate eigenvalue is
obtained because the error in the eigenvalue depends qua-
dratically on errors in the approximate eigenfunction. In
contrast with the variational method, however, the accu-
racy of calculation can be determined by evaluating the
higher-order expansion terms, and if necessary, one can
improve the accuracy systematically by including these
higher-order terms.

The present method can be easily extended to the
asymmetric betatron focusing case, which may be more
realistic in a storage-ring FEL system with a planar
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wiggler. The results are briefly summarized in Appendix
D. In this case, the gain of the fundamental mode be-
comes a function of six scaling parameters.
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APPENDIX A: EQUATIONS OF MOTION

The Hamiltonian for a single electron is given by
H=mcly=c[(p,—e A)+p2+mi?]'/?, (A1)

where p, and p, are the canonical momentum conjugates
to the transverse coordinates, x=(x,y) and z, respective-
ly. The vector potential A= A(x,z,?) consists of the vec-
tor potential of the wiggler field, A, and that for the ra-
diation field, A,:

A=A, +A,. (A2)

For a small transverse displacement from the wiggler
axis, A, can be well approximated by

A,=A4,[i,(1+1k2y?)cosk,z +i,(1+1k2x?)sink,z] ,

(A3)

where i, and i, are unit vectors in the x and y directions,
respectively. We derive an expression of A, in Appendix
B. All the other notations are as follows: c¢ is the speed
of light, e is the electron charge, and ¥ is the electron en-
ergy in units of its rest mass energy mc>.

It is convenient to choose z, the distance from the
wiggler entrance, as the independent variable. The new
Hamiltonian is simply p,:

p,=[mi%y*—m*2—(p,—e A)?*]'2. (A4)

Equations of motion for an electron are then given by
Hamilton’s equations:

dp, d ap,
dx__ % dp_ . a5)
dz ap, dz ox
and
dt _ 9. dH _ 9p,
dz OH' dz ot (A6)

The variables x and p, include the fast-oscillating heli-
cal motion. As variables to be used in the Vlasov equa-
tion, we define slowing varying new transverse variables
Xp and their canonical momentum conjugates pg as the
average of x and p, over the wiggler period:

1 z2+A, 1 z+A, Py

AF R T A

(A7)
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where we have introduced the normalization factor mcy
that makes pg dimensionless. When the rapidly oscillat-
ing radiation fields and the nonlinear terms that are of or-
der of 1/y? or higher are ignored, the transverse part of
Hamilton’s equations (A5) becomes equations of a simple
harmonic oscillator:

de_ dpg )
dz ~Pp -gz———~kﬂx3, (A8)
where
k2
ki=K2— (A9)
B 27,2

is the betatron wave number in the absence of external
focusing and K =eA,, /(mc) is the peak wiggler parame-
ter.

The equation of motion of 7=t —z /v, is obtained by
carrying out the partial derivative in the first equation of
Eq. (A6), where v, is the longitudinal velocity of the
reference electron with the zero transverse oscillation
amplitude. It is approximately given by

dr 1 1+K2 1, 5., .2 1 1+K?

=1+ +—(p3+k —— 1+

dz ¢ 29?2 2(P3 5%p) c 272
1 14K Y~V [ 1, 5, ,2.2

So far, the equations of motion of xg, Pp, and 7 were
derived by taking into account the wiggler field only. To
derive an equation of motion of the energy v, it is essen-
tial to consider the interaction of the electron’s helical
motion and the radiation field. Hamilton’s equation of ¥
becomes

mczﬂ:_eaAr (pl—e A) )
dz ot D,

(A11)

Note that A, = A (x,z) has no time dependence. Using
Hamilton’s equation of x,

—eA

ﬂ:&— , (A12)

dz )2

Equation (A11) can be written as
2dy _ _,dx 34,
™ T Ydz e
dx, JA, Al

~Te dz dt ’ (A13)

where we have retained only the fast-oscillating helical
motion x,, in dx/dz, as the first-order approximation.

APPENDIX B: DERIVATION OF A, (r,t)
AND ENERGY CHANGE

In this appendix we derive Eq. (25) for A,(r,?), and
Eq. (29) for the energy change by the radiation field. The
starting equation is Eq. (24). First, we introduce the
Fourier transforms of p; and G over x; and 7 as
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3

1 © © —ik,-
Xe'“d xgd T (B1)
and
Gmkl(z|zl)=fm fw G(r,t)rr,tr)eV"kl"("_x’)eiwtt-l’)
XdXx—x)d(t—1'). (B2)
From Eq. (18), we have an explicit form of kal in free
space:
1 eikz(z —2z')
G (zlz')= (27”41[_00 - sdk, . (B3)
k2_ _
c

We carry out the integration over k, using the residue
theorem. The contour of integration goes from the nega-
tive infinity to the positive infinity along the real axis and
closed in the upper half-plane. It goes above a pole on
the negative real k, axis and below a pole on the positive
real k, axis. The result is
ik,(z—2")

e (B4)
(2m)* k

kal(ziz' )=i

z

gotioo

A (n=epy [~

where we have defined the integral

dx, i x
qu(kl’z): fOZG“)kL(Ziz,) dzfl e L
Xeiw(z'*Z)/U,eq\z’~z)dz' . (B10)

Now, our task is to carry out the integration in Eq.
(B10). If we insert Egs. (3) and (B3) into Eq. (B10), we ob-
tain

. K LK) —(g+ion —ik
qu(kl,Z):_lh u 4 ‘i o T 3
Yr 277 Kk,
(B11)
where
z,. ..
qu(k)=f0 (iycosk,z’+i,sink, z")
Xe(q+iw/vr—if(2)z’eierhsinsz'
xefikyrhcossz’dz, ’ (B12)

and we have replaced c¢ /v by 1 in the helical radius to a
good accuracy. By using the expansion formulas [6]

eikx ry,sink  z _ —imk 2z

> (=D, (ke

m=—wx

(B13)

1 >}
quo—ioo lf,wqu(klyz)pwq(kl)e

where

k=12 — (K} k]2 (B5)
If we neglect the small x; dependence of v, in the helical
radius r,, we find that the convolution law can be applied

to Eq. (24) between G(r,t|r',t’) and p,(x47;2) over X
and 7’ integrals. It follows that

fx fjc Gl(r, v, t")p(xp, 752" )d *xpd 7'
=fx fjc kal(zlz’)pw(kl,z’)e

—iolt —2"/v,)

Xe "d’k do , (B6)

ik, -(x=x)

where we have used x' =x3+x, and t'=7"+z"/v,.
We also introduce the Laplace transform of p,(k,,z)
with respect to z defined by

Pu k)= [ "ok 2e iz B7)

where the Laplace-transformed function p,,(k;) is
defined only for Re(g)=gq,. The inverse Laplace trans-
form is given by

1 poti=

= qz
pw(kDZ) 2mi Jagy—ie qu(kl)e dq . (B8)

Inserting Egs. (B6) and (B8) into Eq. (24), we have

ik, 'x

duk,

e%dg e " do (B9)

—
and

& —ink z’

> i,k )e et
the integration in Eq. (B12) can be carried out, with the
result,

. ,
Iky 9 cosku,z _

(B14)

L= 3 3 (=Dm%, ko), k)
m=—ow n=—c
) I(r+n)+1(:n+n)
1, — 2 ~
I(r+n)_I(T+n)
+lyM2i )
(B15)
where
{i[(tl“m7n)kw-l?z+m/ur]+q§z_1
1mtm = = . (B16)
N i[(x1—m —n)k,—k,tw/v,]+q
If we notice that
I‘f’+"+“:I(,m+n_” (B17)

and change the index from m to p =m +n +1, Eq. (B15)
can be rewritten as
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.1
Imq(k)= 2 2 lx?[']p—n-f-l(erh)+Jp—n—1(erh)]

p=—® n=—oo0

+iy%[Jp_,,+1(erh)—JPA,,Al(er,,)] (=P~ N =D, (k,r I, (B18)
where
[i(—pkw—122+w/v,)+q]z_l
== (B19)

i(—pk,—k,+w/v,)+q
can be approximated in the high-gain regime by

li(—pk,—k,+w/v,)+qlz

19 ~—% - . (B20)
i(—pk,—k,tw/v,)+q

The double summation in Eq. (B18) can be reduced to a single summation by using Graf’s additive theorem [6]:

. 0 v/2 - '
T [(22+E—2z€ cos)! /2] = Z—g% S Ty (2, (E)ein0 (B21)
z—¢ge n=—o

The result is

s _y —ipo, . 1 _  —i6 i0
L,k= 3 (—1p e 7% iole ki) te “J, (k)]
p:—oc
.1 —ie, i6), (n)
iy oole ki) —e N,y kyr)T IS (B22)

where k, =(k}+k})!/> and 6, =tan™'(k, /k,).

Inserting the above equation (B22) into Eq. (B11) and replacing k, by (k?—k?)172, we have
—ipk,z
qu(kl,z)=—i(2:_)4y£(kz_i(i)m é ¢ V&) . (B23)
’ PET% g +i | —pk,—(k*—kD)' 2+ —
where
Vp(kl)z(—l)"*le‘ipek [ix%[e‘mk‘]p+1(rhkl)+eiek']p—l(rhkl)]+iy?ll-—[e#iek']p+l(rhkl)_ei9k'lp_1(rhk1)] .
(B24)

Next, let us calculate the energy change by the radiation field. Substituting Egs. (3) and (B9) into Eq. (8), we have

dy _ e K ¢

. . . ik, 'x
= (i cosk,z +i,sink, z)e *°*
dz mc2 y, v X w 'y w

r r

. © 1 q()+i°c © ik x 2 z —ior
X ——ze,uof_w —2;[%% [fwmeq(kl,z)pwq(kl)e s kl}eqdq e dw]. (B25)
The term
L=(i,cosk,z +i,sink,z)e " (B26)

can be expanded in terms of the Bessel functions, and the resulting double series can be reduced to a single series as
I,,(k). We find that

it _g—1 ile, . 1 _ 6 —if
L= 3 (-1 e ktlxz[el T _uentkir)te KTkl

I=—w

1. e

. —i6 ik, z
—i,=[e *T_ inlkir)—e KT _y(kir)] e

(B27)
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If we insert Eq. (B27) into Eq. (B25) and retain only the slowing varying term p =/, we obtain

ﬂ:L 1% gotice [ ik;'Xg 1o ] o —ior B28
=0 15 fqow S Pk pgke™ dk, [e¥dg e~ dw (B28)
where
2
A (— 1P | T2k, ry) f’rh +J2k,ry)

P k)= 3 —|— , (B29)

! =2, 2me |, 2172 222, W

p [1—(k, /k)*1"? |q +i | —pk, —(k?—k2)1/?+ =

r

where r,=e?/(4meymc?) is the classical electron radius, ~ where r =(r2+r2)!/? is the amplitude of the electron po-

€y is the permittivity of free space, and J,(x) is the sition in four- dlmensmnal transverse phase space. The
derivative of the Bessel function. Here, we have used the  normalization constant then becomes
recurrence formulas [6]

» C=(mR%kp) . (C2)
J _ +J =2J, (x)*, .
p 1) HTp () P (X)x Any perturbation on the hollow beam will have to take
J o (x)— (x)=2J"(x) (B30) place around the ring r =R, where electrons populate.
Pl pHl ’ As a result, all R (™ ")(r r,) degenerate into & functions,
ie.,
APPENDIX C: ORTHOGONAL FUNCTIONS 2
R(’" r., r,)<d | 1= | — r)‘(’"‘r)l"l . (C3)
1. Hollow beam 0
o 1 M Thus, f,ﬂ""“"“(rx,ry) is a nonzero constant for k =0, and
Sor(ri)= (7R3 k,;)z 61— E{ vanishes otherwise. By introducing the polar coordinate
as
We choose the weight furzctlon to be ro=rcosé, r,=rsind (C4)
W, (rt)=8 [1 — RL , (C1n the orthogonality relationship (47) for kK =[ =0 is written
0 as
J
2 /2
fo s l1— {RL l(fé)lm,lnl))2r2|m|+2ln[+3drf()” coszlm‘+l¢sin2‘"‘+l¢d¢=l ) (C5)
0
The constant fg'”‘l’ "D is found to be
172
1 2
Fimlinh = ) (C6)
0 R(\)mH—|n1+2 Al ]
where
@ = [ eos?m g sin?rl g d g
(2[mn2[n| M
— . 7
2lm|+2|nl+2)1 (C7
Equation (49) then becomes
1 T/2 ®©
Clol im0l ks k)= R | ’ f f J i (k7 cOs@I |, (K, r sing)
0
2
X8 |1— |5— Jr""'“"'“dr cos"*igsin"* g dg
0
R} Jiml+inl+1(k Rg)
0 [m|+|n|+1 7180 (kao)lm‘(kyR())‘nl , (C8)

‘/zalm\ (K RO)\m|+|,,H_1
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where we have used the integration formula [6]

v+1

T/2 . :
f J,(z,c08x)J ,(z,sinx)cos” " 'x sin** 'x dx
0

_ ziz} 24 .2\122
Ty e (O

2. Gaussian beam

1 —Lrs0 1?2
(ry=————e 2 '~
Jo (2molkp)?

In this case, f,, (%) can be factorized as

fm(r2)=f0x(rx )ny(r )

Accordingly, the weight function W, (r?2) also can be fac-
torized as

(C10)

W (rH)=W,(r )W,(r,) (C11)
where each weight function is defined by
—x(r /o )? —Lr s0 2
W (r.)=e 7%/ "), W,(r,)=e *7 o (C12)

respectively, and we have chosen the normalization con-

stant to be
C=Qmolkg)? (C13)

It follows from the orthogonality relationship (47) that

the orthogonal functions also can be factorized as
fl((lmMni)(rx’ry )=gl§|rnI)(rx )gi(?nl)(ry ) (C14)

I i —%(rx/ax)2
Clm kK k)= [ 7Ty G e

lr/ox)

X [ Ttk e 2

1
Ix —kiol | kyoy

by | 75
(lmDy (Im]) | __X
D{Imb (Im

2
D (Inh L(lnl) {
2 2

|ml|+2j

where the orthogonal functions g”'"')(r ) satisfy the
orthogonality relationship

foo ——(r /o, )2

(IMI)(r )g(lrnl)(r )r2|rn|+1dr —-51 ,
(C15)

and g; ”'(r ) satisfy a similar equation where r, |m|, and j
are replaced by r,, |n|, and i, respectively. The orthogo-
nal functions are glven by

g{Im(r,)y=D{ImDL (Im) | | (C16)

202

where L }'"’l’(x) is the generalized Laguerre polynomials
[6] and

Vim0 V2

APPENDIX D: ASYMMETRIC FOCUSING
IN A PLANAR WIGGLER
WITH PARABOLIC POLE FACE

For a small transverse displacement from the wiggler
axis, the vector potential of a planar wiggler with a para-
bolic pole face, A, can be approximated by

k
A,=4, |i,—>(1+1k2 x*+1k2 y?)sink,z
Ko
"'k k xkuyxy sink,z |, (D1)

where

: \ 172
D{lmh= : . (C17)
! ol * L 2lml(m| 4 )
The functions f{™"!"(r,,r,) can be expressed as
|, Inl imbp b dimly | T2 ry
(Iml,|n]) = ptUmbhptnhy (Im)) x (In]) y
Sk (re,r,)=Djm'Df"IL 207 L, 207 |
(C18)
where k and (j,i) are related by
k=Lj—+—V%l—)+z, 0,j=0,1,2,.... (CI9)
We then have
r,lc’"H‘drx
n|+]dr
. —%kzaz kyax |nl+2i
e ) rox —
Vil([n[+i)! V2
(C20)
l
k2, +k2, =k, (D2)

The transverse trajectory of the electron consists of the
betatron motion and the wiggler motion. The betatron
oscillations are governed by the equations of motion for a
simple harmonic oscillator with the betatron wave num-
ber kg, and kg, in the x and y planes, respectively [in the
absence of external focusing, kg, =Kk,, /(yV2) and
kg, =Kk,, /(yV2)], and the wiggler motion x,, is ex-
pressed by

x, =r,cosk, .z , D3)
Y,~0.
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Here,
and

K =ed,k,, /(mck

r,=K/(yk,,) is the radius of the wiggler motion

we)=eB/(mc’k,,)

is the peak value of the wiggler parameter where B is the
peak magnetic field on axis.

In contrast with the helical wiggler case, the longitudi-
nal velocity of the electron has the longitudinal modula-
tion with the wave number 2k,

2

v =0 + I

1+ 2 (D4)

cos2k,,z ,

where the overbar denotes an average over one wiggler
period. As the result, the arrival time ¢ of an electron at
position z is also modulating:

2

zﬂ . 1
07, 8k,,c

sin2k,,z . (D5)

From now on, we simply denote k,, as k.

If we insert the above equations (D3)-(D5) into Egs.
(8) and (24) and follow the procedure shown in Appendix
B, we obtain an expression for the energy change dy /dz
similar to Eq. (29), where P, (k) should be replaced by

wg(kx,k,) given by Eq. (89).

We again assume that the focusing in the wiggler is
matched to the electron beam so that f, is a function of

+(ppx 7k px 2, yf;+(p5y /kpg, )?, and y only, and we
also assume for simplicity that f, can be factorized as:

So=Sol xlzx +

(pﬁx /ka )Zyy,23+(pﬁy/k5y )2)f0”(7/) .

(D6)
Now, the (Fourier-Laplace-transformed) linearized
Vlasov equation is given by [cf. Eq. (32)]
dr afa)q 2 af(uq
90y (o tPe s TR,
fu)q 2 aqu
TPy B8 3ps,
_ OH ik x
= —fm oy [ Py keky)pug(k )e™ ™Pdk .

(D7)
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Let us introduce the transverse polar coordinates as

Xg=r.cosd,, yg=r,cosd, , (D8)
pr . pBy .

=r,sing,, —— =r sind (D9)
kg * x kg, y y

Then, the second and third terms in the LHS of the
linearized Vlasov equation, Eq. (D7), are written as

9f wg af af af
4] —’k 2 wq _Joq 2 wq
Ppx Ax BxXB 3 apg +pBy ay kByyB apﬂy
af af
=k wg wq
Bx a¢x By a¢y (D 10)

The matching condition, Eq. (D6), can be written in

terms of 7, and r,, as

So=Fforlrery)fo (¥) (D11)

The rest of the procedure closely follows the formula-
tion described in Secs. IV and V. One important
difference is that the unperturbed transverse distribution
(and also the weight function) is a function of both r, and

ry, not r =(ry -+—r2)1/2 only. Therefore, for example, the
orthogonality relatlonship, Eq. (47), should be modified
as

fowfom W, (r

| Ini
)flilm\,\m)(rx’ry )f](\MI,m.)

X(resry )y 2ml+1 2"'“ler dr,=8&,, . (DI2)
Finally, we arrive at the dispersion relation
det(I+B8M)=0 (D13)

where the matrix elements of 37"

and M"::':,’j are given
by .,

| ( [n}) 24 [+1 21 |+1
Wl ry ™ A 2 A ,dy

mn— [ [* (D14)
r=J"0 dy
b To q—twdT( ryv)—ilkgem +kg,n)
dz
and
rr:r:llj._l,m‘+\n; —(Im'|+|n’]) c Yy f f P k ky)C|m{,\n\,l(kxyky)C‘ml’nlj(kx’ky)dkxdky (D15)
respectively.

If we retain only the lowest-order term m =n =k =0 in the azimuthal and radial expansions, as we did in Sec. VI,
the dispersion relation (D13) can be written in a general form as
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kT |K 2k foo Lo ¥y forlry,r,)2m)? kakﬂyr dryr,dr,

T | f I Ky YV 2 ’
o dk,dk
X 2

f_wf_w ik k—ky  kitk)
q Tiky k, Sy
X | L7 [ fortrem otker Mok, Y2m)?
2
Xkgokgyridrer,dr, | (D16)

where f, (r,,r,) is normalized such that
f f Forlre,r, )2 kg kg redr r,dr, =1 . (D17)

Here, we have used the approximated expression of P, (k,,k,), Eq. (92), and have retained only the fundamental har-
monic term of the forward radiation p =1. For a Gaussian beam,

1 —r2/202 —r2 /252
(ry,r,)= roox ey (D18)
foulror, (27)kg02kg 03
—(y— 2 202
FNCI e — ——— G (D19)
? V2mo,y,
the above dispersion relation can be written in a scaled form as
172
ka kB,v
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where we have replaced k by k; except in the detuning term (k —k,)/(k,D) to a good approximation. The scaled
growth rate Re(q)/(k, D) is a function of the six scaling parameters:

Re(q) _ kpx kg, k—k;

kD =F |2k €,,2k € €y, D k, D’ k,D’ kD (D21)
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