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Stopping power and ranges of fast ions in heavy elements
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For the calculation of stopping power and ranges with the method suggested by Bethe, functions
expressing the binding of the electrons in the atoms ("shell corrections") are needed. Here, shell

corrections calculated with hydrogenic wave functions have been employed. By using experimental
atomic energy levels as parameters for them, I have found good agreement between experimental and
calculated values of stopping power for elements with atomic number Z & 56. Only for the mean

ionization energy I there was no simple relation to atomic properties, and a considerable dependence
of the Bloch parameter 5 = I/Z on Z hes been found. Calculated values of stopping power and

ranges agree with experimental values for protons with kinetic energies T above G.5 MeV, for ions

(with z protons and M & 40 nucleons) above T/M ~ (z —1.5) MeV, well within the uncertainty of
the experiments, but an approximately 1% discrepancy for several hundred MeV protons remains.

PACS number(s): 34.50.Bw, 52.40.Mj

I. INTRODUCTION

Calculations of stopping power S, in the tradition of
the Bethe-Bloch method [1—3] including shell corrections
and the Barkas effect correction term, agreed well with
experimental data for protons and o. particles with ki-
netic energies T/M (M is the number of nucleons in
the particle) above 0.5-MeV traversing light elements for
which values of the mean ionization-energy I had been
determined independently [4]. For heavier elements, ex-
perimental I values and scaled shell corrections based on
Walske's functions [5, 6] were used to calculate S (e.g. ,

[7—9]). For the heaviest elements (Au and Pb) this ap-
proach was not suitable for proton energies below about 3
MeV. Since shell corrections for the M shells [10] and the
L subshells [11] are now available, I have extended the
algorithm to calculate stopping power to include these
functions. Corrections for the outer (N, 0, P, and Q)
shells were derived from the M-shell corrections with a
scaling procedure using experimental atomic energy level
data. It is thus possible to calculate S and ranges for all
elements with 57 & Z & 92, with only the I value a free
parameter not simply related to Z. It will be seen that,
for most data, the agreement between calculated and ex-
perimental values is well within experimental errors. The
present study is an outgrowth of earlier work [12—14] and
is an effort complementary to those by Andersen and
Ziegler [15, 16] and Janni [8]. Many observations about
problems with experimental data were made in these ref-
erences and should be studied there.

II. PROCEDURE

It is not possible to calculate S a priori with an ac-
curacy of, say, 1%, and empirical modifications of the
theoretical functions are used to get calculated values Sq
agreeing with experimental data S~. Here, it is assumed

that a major uncertainty in the calculation of stopping
power stems from our knowledge of shell corrections. Pa-
rameters used in defining them should have values plau-
sibly related to atomic energy levels, so that it is possible
to obtain S for all elements. Relativistic corrections for
atomic properties were not used. It is shown in the Ap-
pendix that they might improve the method.

A. Stopping power S

The expression used for the calculation of the stopping
power of particles, consisting of M nucleons, with charge
ze, speed v, and kinetic energy T is

dT zS= —„=k ZB

with x = tp the surface density of the absorber
(g/cm ), p its density (g/cms), t its thickness (cm),
k = 4ire4NO/mcz = 4nr&Nornc = 0.307075 MeV cm2,

( = T/Moc, P = vc, P = ((2+ ()/(I + ()2, p =
1+ (, p = 1/(1 —pz), e the electron charge, m
its rest mass (mcz = 510999 eV), c the speed of light,
rq = ez/rncz = 2.817941x10 is cm the classical electron
radius, Na ——6.022134 x 10zs atoms/mol, (Avogadro's
number), Z the atomic number of the absorber, A its
atomic weight (in g/mol), and B the stopping number
(L in some papers). Ma the rest mass of the particle
(protons: Mac = 938.2723 MeV, o; particles: 3727.316
MeV). Either P or T is used as the variable indicating
the particle speed. As will be seen, this function is valid
for T ) 0.5 MeV for protons, T/M ) (z —1.5) MeV for
z) 2.

For particles heavier than electrons, Bethe gave the
stopping number B in the form

2rnc2P p2B = ln —P —= f(P) —lnI,
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B(z) = Bp + zLq + L2(z) + [G(z, P) —b(P)]/2 (3)

Bp(P) = f(P) —ln I C(P)
(4)

where I is the mean excitation energy of the absorber.
With the inclusion of the correction terms, B is now writ-

ten as

TABLE I. Values of Bioch parameters b = I/Z from vari-

ous sources, and related quantities (Sec. II B):average exper-
imental plasmon energies hf„[20] and plasma energies hf all
in eV. bl, was calculated for atoms with a local density model

[21]. b, is the average experimental value from Fig. 4. Values

used in other tabulations are bq [8], b~ [15),and by [23]. They
dHter from b, because diferent shell corrections and di8'erent

experimental data sets were used. Note the systematic trends
with Z.

where C(P) is the total shell correction, G(z, P) the Mott
correction term, b the correction for the density effect, L q

the Barkss correction term, and Ls the Bloch correction
term. For the study of experimental data, it is useful to
define the experimental value of the stopping number B
obtained by solving Eq. (1) for an experimental value S
of the stopping power:

57 La
58 Ce
5S Pr
62 Sm
64 Gd

hf hf br, b,

45.9 8.53 8.32
48.2 8.6 8.76
48.5 8.67 8.64
50.6 9.04 9.05
51.5 9.08 8.83

by b~ br

9.75 8.42 8.8
9.75 8.5 8.8
9.76 8.59 S.1
9.78 8.84 9.78
9.27 8.81 9.2

B (P) = S*(P)

and an "experimental I value" I~ defined by

66 Dy
67 Ho
68 Er
70 Yb
72 Hf

53.7 9.4 9.17
54.5 9.36 9.55
55.6 9.6 9.56
48.3 9.65 9.66
66.2 9.76 9.32

9.8
9.8
9.11
9.82
9.83

9.09 9.8
9.3 9.8
9.41 9.7
9.46 9.82
9.47 9.83

1».—= f(p) —B.(p) — + zL& + L2(z)
C(P)

+[G(» P) —~(P)]/2. (6)

The various terms in Eqs. (3) and (4) are considered
next.

73 Ta
74 W 25
77 Ir
78 Pt 23
79 AU 24

74.6 9.78
80.3 9.8
86.5 9.87
84.2 9.96
80.2 10

10.05 10.11
10.53 10.17
10.23 9.93
10.08 10.58

10 10.21

9.37 9.8
9.36 9.8
9.55 9.8
9.73 10.1
9.56 10

B.I values

In the present approach, experimental I values were
calculated with Eq. (6) for experimental values B~, and
an average experimental value I, was determined by ex-
amining all experimental values. Values b, = I,/Z are
given in Table I and are discussed in Sec. IV. If the func-
tion given in Eqs. (3) and (4) is complete, I, will agree
with the value derived from the complex dielectric func-
tion c(E,O) [3]:

2 —1lnI = E Im lnE dE, (7)
e E, O

where E is the energy transfer in a collision. e(E, O)

is related to the optical properties of the material (e.g. ,

[17]),and hf is the plasma energy [3], defined by (hf)2 =
830.4pZ/A (hf in eV). The only metals for which I was
calculated with Eq. (7) are Al [18] and, partially, Si [19].
For most solids, insufBcient information is available about
Im[—1/e(E, O)] to permit this method of determining I.

For preliminary estimates of I, the Bloch parameter is
useful:

(8)b—:I/Z
Trends of the dependence of b on Z may be evident from
three quantities: hf„, br„and hf, given in Table I. hf„
is the most probable energy loss to valence electrons, ob-
served in electron energy-loss spectra [20]; it is a major
feature of s(E, 0), depends on the structure of the metal
and the number of valence electrons, and thus will not
relate simply to Z. br, = IL,/Z is an I value calculated for
atoms with the local plasma model [21]; it may indicate

61.1 9.79
56.9 9.71
61.3 9.06
77.4 9.16

82 Pb 15 9.5
83 Bi 18 8.98
90 Th 8.51
92 U 9.09

9.99 9.26
9.87 9.22
8.18 9.17
9.56 9.21

10
99
9.4
9.7

the trend of I related to inner shells (see [22], though).
The plasmon energy hf replaces the I value in S for very
high speeds. The small values of all three quantities for
Pb compared to those for Au may explain why the exper-
imental value of the Bloch parameter b, for Pb is smaller
than that for Au. Values used earlier [8, 15, 23] are also
given in Table I.

C. Shell corrections C(v, Z)

X. Genernl

In the approach formulated by Bethe, shell corrections
must be calculated on a shell-by-shell basis:

C(Z, v) = ) C„(Z,v)

= Ca-(Z, v) + CL, (Z, v) + CM (Z, v) + . (9)

Usually, the dependence on particle speed is expressed in
terms of the variable g:

q„= (mv'/2)/(mv, 'Z„'/2) —= (mv'/2)/. . (10)

with e„= RZ„, vo the Bohr speed (va ——c/137),
R = mv&2/2 = 13.6 eV the Rydberg energy, and Z„ the ef-
fective charge of the absorber atoms for electrons in shell
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C, = V„C„(W„,H„ri„), (12)

where v stands for any one of the outer shells and p,
stands for the inner shell. H„ is expected to be equal to
the ratio of ionization energies J&/J„and V„related to
the number of electrons in the shell. In order to assess
the plausibility of this approach, it is instructive to com-
pare the shapes of the known shell corrections. In Fig.
1, they are shown for K, L, and M electrons in gold.
The functions have been plotted in such a way as to co-
incide at the maximum value. Clearly, the functions are
similar in shape, and the scaling procedure can be used
with some justification, but some leeway will be needed
in the choice of H„and V„. At present it is not known
how closely the hydrogenic calculations approximate the
correct functions.

v. The dependence of C on the atomic number Z also
enters via the ionization energy J„,expressed in terms of

W„= J„/e .

In principle [8], these functions should be calculated for
each subshell in the atom [24]. Here, a somewhat simpler
approach was used, as outlined below.

Shell corrections for K and L shells were derived by
Walske [5, 6] with the nonrelativistic hydrogenic approx-
imation. Recently, the corrections for the M shells [10]
and the L subshells have been calculated [11],with the
same approximation. For the outer shells no calculations
have been made, and a scaling procedure was used in
which it was assumed that the shell corrections for outer
shells have the same shape as those for the inner shells
[12, 25]. Vertical V„and horizontal H„scaling factors
were introduced:

1.0

0.5

0.0

—1.0

—1.5
,ls .bs

3p~ I

—2.0
10 2

. I

1O-'
. I

1oo

K
Lrr
Mr
Mrr
Mrv

18
2p
3s
3p
3d

W

0.876
0.182
0.081
0.072
0.039

6.03
0.999
0.616
0.444
0.403

gv

1.04 2
1.472 2
0.561 2
1.04 2
3.524 4

The functions for Lr, Irrr, Mrrr, and Mv lie within the ex-
tremes shown (Li lies very close to Mi). Note that g„ is
not closely related to the number of electrons n in the sub-
shells, and f is only approximately proportional to W„=
J„/e„(Table II).

FIG. 1. Shell corrections C„cgculated for gold with the
nonreiativistic hydrogenic approximation [5, 10, 11]. The
scaled functions „0 are plotted vs a common, scaled abscissa

The scaling was chosen to give the ordinate value 1.0 at
the maximum for each function and to have the maximum
value at the same value of the abscissa, viz. q =0.18. The
actual function C„can be obtained by using q„= f„q, and
C„(ri„)= g„„C„(ri),where f„and g„are given below.

TABLE II. Parameters used for the calculation of shell corrections for the L- and M-shells for some heavy elements. n„ is
the number of electrons in each subshell. The total number of electrons included in these shells is 26. In the first line for each
element, the value of the energy unit, e, Eq. (10), for each subshell is given in keV. In the second line, the ionization energy
is given in these units, W = J„/e„, Eq. (11), where J„ is the measured ionization energy [24].

ell Lr
2 2

Lrrr
4

Mr
2

Mrr
2

Mrrr
4

Mrv
4

Mv
6

57L 23.94
0,262

37.91
0.155

37.91
0.145

19.57
0.07

19.78
0.061

19.78
0.057

25.22
0.034

25.22
0.033

Gd 30.32
0.276

48.48
0.164

48.48
0.149

25.98
0.072

26.51
0.064

26.51
0.058

34.38
0.035

34.38
0.034

73Ta 39.55
0.295

63.97
0.174

63.97
0.154

35.5
0.076

36.49
0.068

36.49
0.06

48.05
0.037

48.05
0.036

"Au 46.34
0.31

75.51
0.182

75.51
0.158

42.29
0.081

43.73
0.072

43.73
0.063

58.36
0.039

58.36
0.038

82Pb 49.66
0.319

81.63
0.186

81.63
0.16

45.99
0.084

47.58
0.075

47.58
0.064

63.9
0.04

63.9
0.039

92U 60.21
0.361

99.65
0.21

99.65
0.172

56
0.096

58.49
0.085

58.49
0.071

80.4
0.045

80.4
0.044



5764 HANS BICHSEL 46

8. Present approximation: K, L, and M shells

The functions mentioned above [5,10, 11,26] were used.
The effective charge, Z„ in Eq. (10), was chosen to be
n(, where n is the principal quantum number and ( the
orbital exponent given by Clementi, Raimondi, and Rein-
hardt [27]. For the K shell, Z~ = Z —0.3 was used. The
quantities t „and W„ for some elements are given in Ta-
ble II. From the variations in W„ for the subshells and
from the differences in shape seen in Fig. 1 it is evidently
advisable to calculate C„ for each subshell separately.

proach, the shell corrections for the outer shells will also

compensate for residual errors in Lq, Lz, and z'.

D. Other corrections

The need for zs and z4 corrections was established ex-
perimentally by Andersen et at. [28]. Basbas [29] dis-
cussed the problem in a general context. Bichsel [30]
analyzed experimental data and found that for Au only
an empirical function for Lq approximated experimental
data (extending from 1 to 4 MeV) well:

8. N, 0, P, and q shells Ly(P) = 0.002 833P (14)

H =JM„)
~Nv

) n„, (13)

where n„ is the number of electrons in subshell v (Table
III), and Vq and Vz might be about 1.3 6 0.6, and inde-
pendent of Z. For all electrons outside of Nv (in gold a
total of 33 electrons, with ionization energies between 0
and 108 eV) a single function C~, (Z, v) was used, with
H3 and Vs as adjustable parameters (Hs might be 2Hz
or greater, and Vs might be expected to depend on Z).
Thus four parameters, viz. Hs and V„must be deter-
mined from experimental data (Sec. II F). With this ap-

From the values of the scaling factors f„and g, in Fig.
1 we must expect an uncertainty of +10 to 20% in the
values of H„, while for V„ it might be as much as +50%.
Within these limits they are chosen to give good agree-
ment with experimental data. The ionization energies for
the outer shells of some of the heavy elements are given
in Table III. In view of the uncertainty of the choice of
H„, it is reasonable to consider shell correction functions
for groups of subshells for which the ionization energies
are similar: N~ to N~rr, 1V~v and Nv, and all the other
shells. Note that the number of electrons in Ny to Nv is
the same for all Z & 57. I have named the functions C~„
C~„and C~„needing six parameters Hq, Vj, Hz, Vz,
H3 and Vs. Initially it was not clear how many of these
parameters should be considered adjustable. Plausibly,
Hp and Hz are defined by

The experimental uncertainty of Lq is less than 10%. The
corresponding expression for Ag (Z = 47) differs by less
than 20%. Thus the use of Eq. (14) for all Z & 57 seems
reasonable. The extrapolation to all proton energies is
tentative, but is appropriate for antiprotons in gold to
0.5 MeV [31].

The term Lz is written in the form derived by Bloch
[2]:

Lz = Q(1) —Re[/(1+ty)] = —y ) 1

+y (15)

where Q is the logarithmic derivative of the I' function
[32], and y = zvo/v = zn/P (n = 1/137.036 is the fine-
structure constant). For yz « 1, the sum is equal to
1.202. . . .

Bichsel [30] found that it was not necessary to use any
charge-state corrections for protons and n particles with
T/M & 0.5 MeV. For Li ions, a reduced charge z' & 3
appears to be needed for T/M & 2 MeV, but no definite
form of z' could be derived from the experiments. For
lomer energies, the need for charge-state corrections mill
be seen in the figures. Nuclear collisions contribute less
than 0.1% to the stopping power at the energies consid-
ered here, and thus are neglected. Ahlen [33, 34] gave a
close-collision correction G(z, P) due to the Mott cross
section. It is less than 0.1% of B for protons and n par-
ticles, but will be important for heavy ions (e.g. , about
2% for 3000-MeV Ca ions, 15'%%uo for relativistic U iona)

TABLE III. Ionization energies J„[24]and horizontal scaling factors Hz and Hz for the calculation, Eq. (12), of the shell
corrections C~q (the average value for the 8 electrons in shells Nq to Nm) aud C~2 (for the ten electrons in shells Nyv and
Nv). Values of Hz and H2 are defined by the average value of the ratios JMv/J&„, weighted with number n„of electrons in
each subshell.

La
Gd
Er
Ta
Au
Pb
U

ell Mv
6

832
1185
1409
1735
2206
2484
3552

Nr
2

270
376
449
566
759
894
1441

2

J„(eV)
206
289
366
465
644
764
1273

Nrrr
4

191
271
320
404
545
644
1045

Nrv
4

99
141
177
241
352
435
780

Nv
6

99
141
168
229
334
413
738

3.96
4
3.94
3.84
3.6
3.43
3.01

8.4
8.4
8.22
7.43
6.47
5.89
4.71
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and is included in the present algorithm. The function
used here for the density effect has been given by Stern-
heimer, Seltzer, and Berger [35]. The effect amounts to
less than 0.04%%uo for 20-MeV protons in gold, and thus
is only important for some of the measurements at high
energies.

E. Ranges and multiple scattering

F. Method for parameter determination

The parameters to be determined are the I value and
the scaling factors H3 and V„of Eq. (12) for the outer-
shell corrections. They were found from experimental
data with a least-squares-deviation procedure. In earlier
studies, the I value was introduced explicitly as a free
parameter in the study of the data: the deviation 6(P) =
B(P) —B~(P) was calculated, and P6 was considered
as a function of the five parameters. A "best fit" was
obtained if the sum was a minimum.

A variation of the parameter I can be avoided if the
equation for 6(P) is rearranged as follows [Eq. (6)]:

6(~) + 1"I, = Y(&) = f (P) —c, (&) —c.(&)
+zLi(P) + L2(P) —B~(P), (17)

where

J'-(P) = f(P) + [&(z,P) 6(P)]I2, —

Cx(p) + CL, (p) + CM(p)
Z )

(i8)

(i9)

CN1(P) + CN2(P) + CN3(P)
0 z (20)

and I~ is an unknown constant. We define Y as the
average of p experimental values of Y(P):

Y. = &.Y(~)», (21)

and by assuming lnI = Y we get

Ranges were calculated from stopping power S with
the continuous-slowing-down approximation

T dT
R(T) = R(Ti)+

21

For present purposes, for protons, Ty ——0.4 MeV,
and R(Ti) was taken as the total pathlength given by
Janni [8]. For 10-MeV protons in Au, this contribution
amounts to less than 1% of the total range. Due to multi-
ple scattering, experimental projected ranges are shorter
than R(T) [7, 8, 36—39].

is the same as +62/(p —1). With this approach, the
parameter search is performed for a space reduced by
one dimension (i.e. , the five-parameter search is reduced
to a four-parameter search). o depends on the param-
eters and can be considered as a function of the four-
dimensional space with coordinates H3, V„. The smallest
0.2 define sets of parameters giving best fits to experi-
mental data.

It was found that there were many local minima of
o 2, and therefore the method of steepest descent was not
suitable for the parameter determination; a grid search
was used instead. The parameters for small o2 were
recorded, and the associated functions Y(P) were plot-
ted versus particle speed P and examined for systematic
deviations. If the deviations [Y~ —Y(P)] were randomly
distributed, or if they deviated systematically by much
less than the experimental error, satisfactory values of
the four parameters and the I value

I~ = exp(Y~) (24)

had been found. I is subject to systematic errors of S
and was determined separately for each set of data.

III. EXPERIMENTAL DATA

For most elements, only the experimental data for pro-
tons were used for the parameter determination. The
data for a particles in Au were used implicitly by the de-
termination of the function Li for the Barkas effect [30].
For measurements relative to Al or Cu, tabulated values

[7] were used to calculate S~. Systematic difFerences oc-
cur between experimental data from different sources (see
the figures), and the uncertainties o, assigned by the au-
thors represent only a qualitative estimate. This means
that a simultaneous g2 calculation of several data sets is
not practical. Therefore, best-fit parameters were deter-
mined for each data set, and average values of the param-
eters were then used. For some data sets where stochastic
errors were less than 1% (e.g. , [40—43], a smooth func-
tion obtained from an independent three-parameter fit
(H3 V3 and I~) has been used to represent the data in
the figures.

For gold, I designed an average experimental data set
for proton energies above 0.3 MeV. Between 0.3 and 1.5
MeV, data by Luomajarvi [44], Semrad [40], Andersen
and Nielsen [45], and Santry and Werner [46, 47] were
used and given about equal weight. Between 1.5 and 3
MeV, the data by Andersen and Nielsen [45] were reduced
by 0.8%. Above 3 MeV, the data by Ishiwari and co-
workers [48, 49] and those by S@rensen and Andersen [50]
were weighted inversely with their quoted errors. Other
data were not used.

For each experimental S (T) and calculated Sq(T)
value, the relative difFerence r(T) was determined:

& 6(~)=0 (22)
S~(T)r(T) S (T)

1. (25)

Then, the average deviation cr defined by

-' = &.[Y. —Y(W]'i(p- 1) (23)

Values of r(T), in percent, are plotted in Figs. 5—8. The
average standard deviation a~ for an experimental data
set with p values was defined by
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FIG. 4. Values of the Bloch parameter b, = I /Z for
difFerent experimental data sets for protons and n particles
(symbols from Table IV) as s function of atomic number Z.
Vj ——1.25, Vg =1.4 for all Z; other parameters: for Z & 60,
H3 = 50, V3 ——3.85; for 60 g Z & 72, H3 ——25, V3 ——2.3;
snd for Z ) 72, H3 = 13, V3 = (Z —46)/25. The differ-
ent values b~ at each Z express the systematic difFerences in
the experimental data. An uncertainty of +1% in 8 gives
an uncertainty of about +1% in b at 1 MeV, about +3% at
10 MeV (Table V). The unweighted mean value for p = 18
measurements in gold is I = (788 6 12) eV; for Pb, p = 8,
I = (779+25) eV.

the definition of Eq. (7), is a property of the material,
we must use an average of all I~ [Eq. (24)]. The values I
have selected are shown in Table I. They are only valid in
the context of the other parameters used here, and still
depend on the experimental data. An uncertainty of I,
of +1.5Fo to +5%%uo should be assumed. Fluctuations in b,
for neighboring Z may be indicative of systematic errors
in the measurements. On the other hand, the trend with
Z seen in Fig. 4 is substantial and more pronounced than
shown so far (compare to bg and b~ in Table I). It is no-
table that b, and the value bi, calculated with the local
density model differ on the average by only (0.7 6 3.6)%,
even though bl, was calculated for single atoms, while b,
was measured for the metal. On the other hand, there
are large changes with Z of the ratio h f/b, .

V. COMPARISON OF CALCULATED
AND EXPERIMENTAL VALUES

10.0

7.5

II p
I p

p
&)

Ta, I=734 eV

0.0

—25

FIG. 5. Comparison of experimental and calculated values
of the proton and deuteron stopping power for gold. The
relative difFerence r(T) [Eq. (25)] is given as a function of the
kinetic energy per nucleon T/M of the particles. Calculated
values were obtained with Vj ——1.25, Vg ——1.4, H3 ——13,
V3 = (Z —46)/25 = 1.32, snd I, = 789.9 eV. Symbols are
given in Table IV; continuous lines are used for smoothed
data; dashed-double dotted, [51];double-dotted; [54]; dashed,
[44]; dash-dotted, [50]; solid line above 0.8 MeV, [45]; below
0.7 MeV, smoothed data by Semrsd [40]. The a-particle and
Li data of Ref. [28] between 1 snd 4 MeV/M are shown by the
dotted lines, as are those from [43, 67] below 0.5 MeV. The
data from [51, 54] were not included in the data adjustment of
Sec. III, thus their deviation is relatively large. Experimental
uncertainties o„given by the authors, are shown for only a
few values. Negative values of r(T) imply values of I less
than I, .

A. Protons
0.3

S & i I i a I

T/M(Me V)
30

The comparison between selected experimental data
S~ and calculated functions Sq for T ( 30 MeV is made
in Figs. 5—8. The relative difference r(T), Eq. (25), is
shown as a function of reduced kinetic energy T/M of
the particles. The authors' experimental uncertainties
are shown at only a few energies Similar .functions for
Ce, Pr, Sm, Gd, Dy, Ho, Yb, Hf, Ir, Pt, Bi, and U may
be found in [71]. There is no evidence to invalidate the
adopted function S. It is notable that it agrees with ex-
periments at energies T well below 1 MeV. There are no

FIG. 6. Same as Fig. 5, for Ta. Calculated values were
obtained with H3 ——13, V3 ——1.08, and I, = 734 eV. Contin-
uous lines show data smoothed by the authors, proton data
from [51] below 0.6 MeV sre shown as the dotted line, snd
those from [50) above 2.25 MeV as a solid line. The dashed
line shows the proton dsts from [44]. a-particle data from [63]
are shown by the solid line ending at 8.5%. The difference in

r(T) between the data from [44] snd [50] at neighboring en-
ergies (1.5 snd 2.25 MeV) is about 3%, thus equal to the sum
of the experimental errors cr . It is unlikely that this is a
problem in the algorithm for S.
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general trends for r(T) to be definitely larger than 0, thus
no need for z" & 1 is evident. For Ta, Fig. 6, the agree-
ment between different experiments is poor, but while the
data by Luomajarvi [44] differ considerably from Sq, they
agree quite well for W and Au. Experimental data for
protons with energies between 12 and 73 MeV [59—61, 72]
in general agree well with calculated values [71]. For mea-
surements with high-energy protons reported by Bakker
and Segre [73], Barkas and von Friesen [74), Vasilevsky
and Prokoshkin [75), and Vasilevsky et al. [76], a higher I
value (which would reduce S&) is indicated for Pb and U:
further correction terms to the algorithm may be needed
(see Appendix).

B. Helium and heavier ions

10

I I ~ ~

+
0

004

La, 474 eV
Z=57

FIG. 7. Same as Fig. 5, for lead, with 83 ——13, Va ——1.44,
and I, = 779 eV Value.s of r(T) for the data from [51] (dsshed
line) and [54] (dotted line) show similar deviation as those for
gold. The proton data from [50] and the n-particle data from

[52] for 0.3 & T/M (MeV) & 0.45 are shown by solid lines.

Selected data for cr are shown in Figs. 5—8. The values
of r(T) generally increase with decreasing TjM & 0.5
MeV, indicating the need for a charge-state correction.
Experimental data by Ishiwari et aL [77—79] and data by
Takahashi et aL [80] for cr particles and C ions agree with
calculated values. For the C ions, Lq and L2 amount to
8%%uo and 5%%uo of L, respectively. The expression given by
Eq. (14) thus seems to be valid. The Mott term amounts
to less than 02%%uo. The data for MO ssAr 4eAr and
40

)

Ca ions traversing Ta and Au by Bimbot et aL [81,82],
Gauvin and Hubert [83], and Schwab et al. [84] agree
well with calculated values [71], except for 0 ions with

10 Er, 650 eV
Z=68

~' I
% J

10 775 eV-
Z=74

10

—10
M

10

Z =68,Er

0.1 0.3 1

T/M(Me V)

10

Z=79, AL1

FIG. 8. Same as Fig. 5, for Ls (Hs = 50, V3 = 3.85),
Er (H3 = 25, V3 = 2.3), snd W (H3 = 13, Vq = 1.12). The
I values I, = b, Z (Table I) sre shown next to the chemical
symbol. For La and Er, the solid lines represent the o, data
from [55], the dotted line for Ls those from [63]. For Er, data
from [42] are shown as smooth lines which were obtained by
making a three parameter fit (H3, V3, I ) to their experimental
data: protons, dotted line; a, dashed line. Data for Er from

[53] are shown by the squares: open for protons, solid for a.
For W, the dotted line represents the o; data from [63], the
dash-dotted line those from [52], the dashed line the proton
data from [44], and the solid line those from [56]. For 2-MeV
o;, the value from [68] is plotted as a star at 0.5 MeV.

0.3
T(MeV)

3 10

FIG. 9. Comparison between present calculations and
some other tabulations. The relative difFerence r(T) is plot-
ted as a function of proton energy T for four elements. The
solid lines represent the functions given by Jsnni [8], the dot-
ted lines those by Andersen snd Ziegler [15], the dashed lines

those of Williamson, Boujot, and Picard [89].
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TABLE V. Contributions to the stopping number B, Eqs. (3) and (4), for protons of energy

T (MeV) passing through a gold absorber with lnI = 6.672. Bs = f (P) —lnI, Eq. (18). The

shell corrections c; and c are defined in Eqs. (19) and (20), I,z in Eq. (14), and L2 in Eq. (15).
Hy=3. 6, Vq

——1.25, Hg=6. 47, Vg ——1.4, H3 ——13, V3=1.32. Note that a fractional change of z% in B
(or 8) causes a change of (xB)% in the I value.

0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00

1.10
1.20
1.30
1.40
1.50
1.60
1.70
1.80
1.90
2.00

B
0.5374
0.6374
0.7273
0.8097
0.8862
0.9575
1.0245
1.0876

1.1472
1.2037
1.2574
1.3083
1.3573
1.4041
1.4489
1.4920
1.5334
1.5732

Bg
-0.1901
0.0974
0.3204
0.5026
0.6565
0.7899
0.9075
1.0127

1.1079
1.1947
1.2746
1.3485
1.4174
1.4817
1.5422
1.5992
1.6531
1.7042

f (P)
6.4819
6.7695
6.9924
7.1746
7.3286
7.4619
7.5796
7.6848

7.7799
7.8667
7.9466
8.0206
8.0894
8.1538
8.2142
8.2712
8.3251
8.3763

—0.6270
—0.5398
—0.4724
—0.4175
—0.3714
—0.3317
—0.2969
—0.2662

—0.2386
—0.2138
-0.1912
—0.1703
-0.1515
-0.1341
—0.1180
—0.1031
—0.0891
—0.0761

Cp

0.0398
0.1252
0.1800
0.2163
0.2408
0.2573
0.2683
0.2755

0.2798
0.2820
0.2828
0.2823
0.2809
0.2790
0.2765
0.2736
0.2705
0.2672

Lg

0.2338
0.1968
0.1721
0.1543
0.1407
0.1299
0.1210
0.1136

0.1073
0.1019
0.0971
0.0929
0.0891
0.0857
0.0827
0.0799
0.0774
0.0750

—Lg

0.0935
0.0713
0.0577
0.0484
0.0417
0.0366
0.0326
0.0295

0.0268
0.0246
0.0228
0.0212
0.0198
0.0186
0.0175
0.0165
0.0157
0.0149

2.50
3.00
3.50
4.00
5.00

10.00
30.00

100.00

1.7533
1.9080
2.0437
2.1648
2.3737
3.0631
4.2076
5.4012

1.9265
2.1080
2.2614
2.3941
2.6156
3.3007
4.3686
5.4819

8.5986
8.7801
8.9334
9.0661
9.2876
9.9727

11.0407
12.1539

—0.0221
0.0181
0.0490
0.0733
0.1081
0.1677
0.1441
0.0787

0.2491
0.2309
0.2137
0.1981
0.1712
0.0956
0.0310
0.0095

0.0657
0.0589
0.0537
0.0496
0.0434
0.0288
0.0152
0.0078

0.0120
0.0100
0.0086
0.0075
0.0060
0.0030
0.0010
0.0003

T/M ( 6.5 MeV in Au, where a charge-state correction
appears to be necessary. So far, the data are not sufficient
to arrive at a quantitative description of z'(P).

C. Range measurements

The ranges of protons in Au measured by Bichsel,
Mozley, and Aron [85], corrected by the multiple scat-
tering corrections [36], agree with calculated values, Eq.
(16), to +0.2%. Asymmetries in the range-straggling
function [39, 86] have not been taken into account yet.
The ranges for protons in lead measured by Bloembergen
and van Heerden [87], Mather and Segre [88], Vasilevsky
and Prokoshkin [75] in general exceed calculated ranges
by 1—2%, suggesting a larger I value for Pb, or the need
for the correction discussed in the Appendix.

VI. TABLES OF STOPPING POW'ER

The expression for the stopping number B contains
several terms which change quite rapidly at small particle
speeds. This can be seen in Table V, where the terms of
Eqs. (3) and (4) are shown for protons in gold. The shell
corrections are combined into inner shells c; and outer

shells c, [Eqs. (19) and (20)]. The Bethe approximation
is defined by Bp = f~(P) —lnI. For T ) 1 MeV, Ba
differs by no more than 10% from B, but the sum of
the corrections still amounts to 1.5% at 100 MeV. With
decreasing energy, the various correction terms begin to
contribute increasing amounts to B. Around 1 MeV,
the net contribution from the shell corrections c; + c, is
almost zero. All the terms in Eqs. (3) and (4) have a well-

defined physical meaning even at the smallest energies
listed here, and therefore, no definite energy can be given
at which the algorithm is invalid. Measurements with
antiprotons in gold show a deviation of Lq of Eq. (14) at
energies below 0.5 MeV [31].

Values of stopping power for p and n calculated with
the parameters in Tables II and III, and in Sec. IV are
given in Tables VI and VII. They are compared with
other tabulations in Fig. 9. A.ndersen and Ziegler [15]
published an evaluation of experimental stopping-power
data for protons. For energies greater than 1 MeV, they
used five free parameters to calculate the shell correc-
tions. Janni [8] gave stopping powers for protons. He
used the scaling procedure of Eq. (12) to obtain shell
corrections for each subshell from L-shell corrections [6].
Data from the tables by Williamson, Boujot, and Picard
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[89] are also shown. A major reason for the relatively
large differences below 2 MeV is the inclusion in the
present study of data which were not available for the
earlier evaluations [44, 55, 69]. Data for p in Pb above 1
MeV in [7] differ by less than 1'%%uo from present values.

VII. CONCLUSIONS

With the functions, scaling factors, and I values given
above, good to excellent agreement between calculated

and experimental values of stopping power has been ob-
tained. For gold, I estimate the uncertainty (lo level)
of calculated values to be +2%%uo between 0.5 and 1 MeV,
kl%%uo between 1 and 3 MeV, +0.5% between 3 and 20
MeV, kl%%uo above 20 MeV, and +2%%uo above 100 MeV.
For other elements, it may be (k2—

4)%%uo below 3 MeV,
k(1—2)'%%uo above. The influence of the uncertainty of the
I value must be added. The present approach is plau-
sible insofar as it includes all of the elements of current
thoughts about the Bethe-Bloch approach. In examining

TABLE VI. Stopping-power table for protons in several elements as a function of kinetic energy
T. Below 1 MeV, the uncertainty is several percent; above 1 MeV it is mainly determined by
the error in the I value. If a linear interpolation is made for lnS and lnT, the maximum error of
interpolated values is 0.1%.

Element
A (g/mol)
I (eV)

La
6.189
474

Sm
7.49
561

Er
9.15
650

Ta
16.6
734

Au
19.32
790

Pb
11.36
779

U
19.07
841

T (MeV) La Sm
Stopping power (MeV cm /g)
Er Ta Au Pb

0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.2
1.4
1.6
1.8
2.0
2.5
3.0
3.5
4.0
4.5
5.0
6.0
7.0
8.0
9.0

10.0
12.0
14.0
16.0
18.0
20.0
25.0
30.0
35.0
40.0
50.0
60.0
70.0
80.0
90.0

100.0

153.79
136.93
123.67
113.16
104.68
97.707
91.875
86.986
78.882
72.543
67.401
63.113
59.470
52.303
46.964
42.793
39.419
36.620
34.254
30.451
27.512
25.160
23.229
21.609
19.038
17.070
15.527
14.266
13.218
11.232
9.823
8.767
7.943
6.737
5.893
5.267
4.783
4.397
4.082

125.71
113.95
105.23
98.12
92.15
87.009
82.533
78.624
72.045
66.719
62.304
58.567
55.344
48.957
44.123
40.317
37.222
34.643
32.456
28.927
26.191
23.994
22.185
20.666
18.247
16.393
14.931
13.736
12.742
10.851
9.506
8.495
7.705
6.546
5.732
5.129
4.661
4.288
3.983

106.25
98.23
92.06
86.82
82.24
78.179
74.553
71.307
65.735
61.136
57.262
53.949
51.083
45.324
40.965
37.509
34.688
32.334
30.332
27.094
24.575
22.549
20.877
19.470
17.224
15.503
14.135
13.019
12.089
10.317
9.052
8.099
7.354
6.258
5.487
4.913
4.469
4.114
3.823

117.29
101.95
91.86
84.52
78.82
74.208
70.333
67.016
61.534
57.174
53.563
50.499
47.861
42.574
38.557
35.374
32.770
30.590
28.734
25.720
23.371
21.475
19.906
18.585
16.470
14.845
13.551
12.494
11.611
9.926
8.719
7.811
7.098
6.048
5.309
4.757
4.330
3.988
3.708

103.41
92.02
84.03
77.99
73.18
69.203
65.830
62.910
58.046
54.097
50.820
48.019
45.586
40.677
36.920
33.926
31.470
29.409
27.650
24.791
22.553
20.744
19.249
17.985
15.960
14.400
13.157
12.140
11.289
9.664
8.498
7.618
6.927
5.909
5.190
4.654
4.237
3.904
3.631

103.79
92.59
84.52
78.35
?3.43
69.360
65.905
62.920
57.961
53.959
50.628
47.798
45.347
40.409
36.641
33.644
31.191
29.135
27.382
24.538
22.316
20.521
19.038
17.787
15.781
14.239
13.009
12.003
11.162
9.555
8.403
7.533
6.851
5.843
5.133
4.603
4.191
3.862
3.592

87.94
81.73
76.13
71.40
67.40
63.976
61.009
58.398
53.998
50.409
47.393
44.811
42.561
38.018
34.524
31.733
29.440
27.517
25.874
23.206
21.119
19.435
18.040
16.863
14.978
13.527
12.370
11.422
10.629
9.112
8.023
7.199
6.552
5.595
4.919
4.415
4.022
3.707
3.450
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the data for individual experiments for various Z in Figs.
2—4 it is seen that a single experimental data set cannot
be expected to provide the parameters H3, Vg, and I
suitable for other data, and it is inadvisable to deter-
mine parameters on the basis of a single data set, espe-
cially if it extends over a restricted energy range (e.g. , [9,
12—14]). If the procedure is to be used for elements not
listed in Table I, all parameters are defined above, only
an I value must be chosen. This could be done, e.g. , by
using b, from a neighboring element or by interpolation
using calculated values of bl,

Many systematic errors of unknown magnitude are
associated with the functions used. Examples are (1)
use of nonrelativistic hydrogenic wave functions (see Ap-
pendix), (2) use of scaling procedure for the calculation of
the shell corrections, (3) extrapolation of empirical Lq to
different Z, (4) influence of the approximations used by

Bloch in his derivation of L2, (5) neglect of higher terms
in the Born approximation, (6) approximations used for
the Mott term and the density effect, (7) neglect of charge
exchange effects (e.g. , [90]). Most of these errors influ-
ence S at the level of +1% or less. Further developments
needed to reduce them appear to be very tedious and
may not be worthwhile.

Systematic errors of the experimental data cannot nec-
essarily be discerned. An example is the modification of
the Andersen et al. [28] data for Au by Andersen and
Nielsen [45]. The results for Ta (Fig. 6) do not inspire
much trust in the experiments. The results for I, (Table
I) based on a single set of data must be considered to
be tentative. I would be surprised if new measurements
would show the need for changes in the basic parameters
of Tables II and III, and in Vq and Vq. Measurements for
proton energies between 0.5 and 6 MeV for several ele-

TABLE VII. Stopping-power table for o, in several elements as a function of kinetic energy
T. Below 2.5 MeV, the uncertainty is several percent; above 2.5 MeV it is mainly determined by
the error in the I value. If a linear interpolation is made for lnS and lnT, the maximum error of
interpolated values is 0.ling.

Element
A (g/mol)
I (eV)

La
138.91
474

Sm
150.35
561

Er
167.26
650

Ta
180.95
734

Au
196.97
790

Pb
207.19
779

U
238.03
841

T (MeV) La Sm
Stopping power (MeV cm /g)
Er Ta Au Pb

1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0
3.5
4.0
4.5
5.0
5.5
6.0
7.0
8.0

10.0
12.0
14.0
16.0
18.0
20.0
25.0
30.0
35.0
40.0
50.0
60.0
70.0
80.0
90.0

100.0

557.42
529.22
504.17
481.71
461.56
443.45
426.94
412.05
379.91
354.18
332.27
313.65
297.56
283.46
259.86
240.73
211.29
189.43
172.39
158.64
147.26
137.65
118.98
105.34
94.861
86.519
74.003
65.007
58.181
52.806
48.453
44.849

466.11
447.58
431.01
415.85
401.92
389.14
377.24
366.17
341.71
321.03
303,20
287.68
274.03
261.91
241.32
224.35
198.01
178.15
162.56
149.92
139.40
130.50
113.15
100.42
90.606
82.775
70.986
62.456
56.018
50.914
46.772
43.336

403.39
390.41
378.50
367.34
356.82
347.00
337.71
328.92
309.11
291.82
276.65
263.31
251.42
240.77
222.50
207.34
183.51
165.55
151.36
139.81
130.20
122.04
106.08
94.34
85.267
78.010
67.059
59.133
53.088
48.316
44.424
41.211

417.59
395.65
377.19
361.23
347.31
334.94
323.83
313.78
292.28
274.59
259.61
246.71
235.45
225.47
208.47
194.48
172.54
155.95
142.85
132.17
123.25
115.67
100.80
89.82
81.309
74.487
64.164
56.670
50.947
46.412
42.722
39.656

378.14
360.96
346.04
332.94
321.29
310.79
301.32
292.66
273.87
258.22
244.87
233.25
223.03
213.92
198.35
185.41
164.98
149.42
137.08
126.99
118.55
111.35
97.22
86.74
78.627
72.101
62.208
55.009
49.501
45.135
41.575
38.611

380.28
362.94
347.86
334.50
322.61
311.91
302.18
293.32
274.12
258.15
244.54
232.76
222.38
213.14
197.43
184.40
163.87
148.28
135.93
125.85
117.43
110.27
96.22
85.82
77.760
71.304
61.510
54.388
48.944
44,625
41.106
38.176

336.91
325.26
314.30
304.16
294.75
286.05
278.01
270.53
254.02
239.99
227.89
217.30
207.95
199.58
185.21
173.22
154.28
139.79
128.27
118.84
110.96
104.24
91.04
81.27
73.698
67.616
58.407
51.705
46.574
42.501
39.180
36.411
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ments with an uncertainty of no more than 0.3%%uo would
demonstrate the Z dependence of Hs and Vs more clearly.
Similar measurements would be required to establish val-
ues of Hs, Vs, snd I for compounds. An independent de-
termination of I values from Eq. (7) with an uncertainty
of less than +2%%uo is desirable (it would help, e.g. , with
the problems with the data for Ta). Such I values would
also help in establishing the errors of the scaling factors
H„and V [4].

While approximations better than the nonrelativistic
hydrogenic calculations for K-, I , and-M-shell excita-
tions have been made for collision cross sections (e.g. ,

[91—93], these calculations still differ by large amounts
from experimental data at low particle speeds. It is thus
an open question whether corresponding calculations for
the shell corrections would be helpful.
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APPENDIX: RELATIVISTIC EFFECTS
IN ABSORBER ATOM

Leung [94] described a correction to the Bethe theory
which he obtained from considering relativistic eKects for
the atomic electrons. For Au, he estimated an increase
of S of about 2%%uo due to this effect. The change was re-
lated to relativistic corrections to the Bethe sum rule [95].
The introduction of this correction term into the present
study of the data [with the expression given in Leung's
Eqs. (13) and (14)] changes the coefficients H and V for
outer-shell electrons, and decreases the I values. For an
average data set for Pb, consisting of the data of Ishiwari
et al. [48, 49] and Sglrensen and Andersen [50], the fol-
lowing three-parameter best fit was obtained: Hs = 12,
V3 —2, and I = 720 eV, with o = +0.08%%uo. The fit is as
good as that shown in Fig. 7. If these parameter values
are used for all the high-energy data for Pb, the average
value of r is (0.2 6 0.9)'%%uo, compared to (1.4 6 0.9)'%%uo for
the parameters in Sec. IV. Thus the Leung correction to
the stopping-power function brings the calculation into
closer agreement with experiment at the higher energies,
and it appears desirable to explore this effect in more
accurate studies. Also, more accurate measurements at
both low and high energies would be useful to assess the
accuracy of this correction.
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