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Exchange efFects in electron-impact ionization of atomic hydrogen
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A method for obtaining the exchange scattering amplitude for electron-impact ionization of atomic
hydrogen in the eikonal approximation is developed. The expression for the eikonal amplitude in the
present case turns out to be a two-dimensional integral which can be evaluated numerically with con-
venience. This exchange amplitude can be combined with the corresponding direct amplitude to calcu-
late both differential and total cross sections for electron-impact ionization of hydrogen atoms. We
present numerical results for triply differential cross sections (TDCS) for the H(e, 2e)H+ process for in-

cident energies of 150 and 250 eV. A comparison is made of the present TDCS with the corresponding
results of other calculations and experiment.

PACS number(s): 34.80.Dp

I. INTRODUCTION

During the past and the present decade, the eikonal
and Glauber approximations have been useful theoretical
tools for studying a wide variety of atomic collision pro-
cesses [1]. In particular, these approximations have been
successful in intermediate- and high-energy collision pro-
cesses.

In 1972 Byron and Joachain [2] first applied the eikon-
al approximation (EA) to calculate the e -H exchange
amplitude for elastic scattering. They used a straightfor-
ward Monte Carlo integration technique to compute the
six-dimensional integral occurring in the expression for
the amplitude. Later on, Foster and Williamson [3] re-
duced this integral to a two-dimensional one. However,
the numerical evaluation of this integral involves compu-
tational difficulties and requires extreme care. Recently,
Onaga, Tsuji, and Narumi [4] have developed a useful
method for calculating the eikonal exchange amplitude
for e -H scattering without the difficulty related to nu-
merical convergence and found agreement with the exact
results of Franco and Halpern [5] and Gien [6]. The
method was, however, applied to elastic scattering.

In 1980 Sekimura and Narumi [7] applied the EA to
obtain the exchange amplitude for electron-impact ion-
ization for atomic hydrogen. They succeeded in reducing
the six-dimensional exchange amplitude to a three-
dimensional form. The method, however, was based on a
partial-wave decomposition of the scattering amplitude
and the final expression for the amplitude involved sum-
mations over the orbital angular momentum I and the
projection quantum number m of the ejected electron.

This paper reports a calculation of the exchange
scattering amplitude in the EA for electron-impact ion-
ization of atomic hydrogen. In order to evaluate the am-
plitude, we have avoided the use of partial-wave decom-
position since these procedures require substantial com-
puter time where many partial waves are involved. Our
procedure, which is an extension of the method of Onaga,
Tsuji, and Narumi [4], leads to a two-dimensional integral
for the exchange amplitude for the H (e, 2e)H+ process,

which can be computed numerically with convenience.
As an illustration of the exchange effects, we calculate tri-
ply differential cross sections (TDCS's) [8] by combining
this exchange amplitude with the direct amplitude previ-
ously obtained by us in the Glauber approximation (GA)
[9]. We have also incorporated in the present calculation
the effect of post-collision interaction (PCI) using the
method of Klar et al. [10]and compared our results with
the absolute data of Ehrhardt et al. [11],who made ex-
tensive measurements of TDCS's in the case of asym-
metric geometry, where one of the two emitting electrons
has a much smaller energy than the other.

The plan of this paper is as follows: Section II gives
the theoretical formulation of obtaining the TDCS's for
electron-impact ionization of hydrogen. In Sec. II A we
describe the reduction of the eikonal exchange amplitude
for H(e, 2e)H+ reactions to a two-dimensional integral.
Section IIB gives the method of obtaining TDCS's. In
Sec. III we present the results of our numerical calcula-
tion of the TDCS's and compare them with the corre-
sponding results of other theoretical calculations and ex-
periment. Section IV contains the conclusions. Atomic
units are used throughout unless otherwise indicated.

II. THEORY

A. Exchange amplitude

In this section we derive the exchange scattering am-
plitude for e -H ionization in the eikonal approximation.
Although the exchange amplitude is considered in both
post and prior forms, we consider the post form; howev-
er, our procedure can be easily applied to the prior form.
Also, we confine our attention to the case of asymmetric
geometry, where one of the emitting particles is fast,
while the other one is slow.

Let r& be the position vector of the incident electron
and rz the position vector of the electron initially bound
to the proton. Let k, k&, and k2 denote, respectively, the
momenta of the incident, scattered (fast), and ejected
(slow) electrons. The exchange-transition matrix element
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is given by [12]

1
TI, = 4I 2, 1

12

gI+ '(1, 2 )),
T2

where i and f denote the initial and final states. In Eq.

(1), 4f is given by

Czf(rz, r, )=e ' 'Pf(r, ), (2)

where pf(r) represents the wave function of the ejected
(slow) electron and is taken to be the Coulomb wave func-
tion

pf(r)=(2m } ~zer ~ I (1+iy)e ',F, ( i y—, 1, —i(kzr+kz r)),
with y = 1/kz, where 1F1 is the confluent hypergeometric function.

In the eikonal approximation, the wave function gI+' is given approximately by

(3)

l z)
P', +'(r, , rz)=P, (rz)exp ik r, ——f dz', V;(b, +z', z, rz) (4)

where r1 has been decomposed into vectors parallel and perpendicular to the path of integration, which is along a vec-
tor z. In the present case of post interation, z is along the direction of the incident beam k. In Eq. (4}, P; represent the
initial state of the target atom and is given by

P, (r)=n ' exp( ar)—,

with a = 1, and the integral for the eikonal phase is given by

(5)

Z
1

V, (b, +z'1z, rz)dz', =ln
r —r z1 1

12 12

(6)

Using Eqs. (2}, (4), and (6), Eq. (1) can be written as

—ik1r2 1 1 ik r,
Tf, =f dr1drze Pf'(r1 } — e P;(rz)

F12 f2

where ri= 1/k.
We may write the amplitude (7) as a sum of two terms:

l'g
F12 r12 Z

1 1r r'z (7)

Tf; =tfj[ lz] f/[rz],
where tf, [r,z] and tf, [.rz] are the terms in Eq. (7) corresponding to the electron-electron and electron-nucleus parts of
the interaction potential, respectively.

Let us first consider tf; [r1z ]. From the definition of the I function, we have the relation

Q Z 1
t z —1 atdt-

r(z) 0

for Re(a) & 0, Re(z) )0. Utilizing (9), tf, [r,z] can be expressed .as

1
l(rlz) tA

I (i')
(10)

where

t„=f dt t'v ' f ds s '" ' fdr drzpf(r, }exp( —ik, .rz) exp( r, t) p(rz—)expii(k —itz) r, ] exp[ —(r z
—z z)s],

f12

with i 12 r12
RePlacing r1z' exP[ —s(r, z

—
z1z )] by its Fourier transform

exp[ip. (r, —rz)]
r 1z' exp [ —s (r 1z

—z 1z ) ]= fd p
2m (p+isz) +s

and then using Eqs. (3) and (5), we have

(12)
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t„=c'f dt t'" f dss '" fdp
1

0 0 (p+isz) +s
i (q' —k2 —ik r&

—ar& —i p r&X fdr, e ' ' '»F»(iy, l, i(&2r»+kz. r»)) dr2e

where

(13}

and

c'=2 ~ e~ P 1 i—y)

q'=p+k —itz .

We next introduce the following integral representation of the confluent hypergeometric function [13]:

1
,F, (ix, l, co) = . rdt t '+'"(t —1) '"e"', (14)

where I indicates a closed contour encircling each of the two points 0 and 1 once counterclockwise. On using Eq. (14}
in Eq. (13) and performing integrations over r, and r2, we get

t„=—32imac' z t, t, '+'
t&

—1 '~ t t'" 't' s s

X dp
1 1

(p+isz)'+s' [(q"—k~) +t']'[(k, +p) +a ]'

where

q"=p+k+ t
& k2 —itz

and

t =t —ik2t»

We express Eq. (15) as

t = 8inc'—f dt t '+' (t —1) ' dt t'" ' dss 8»3r»»
o Bt'8

X dp
1

[(p+isz) +s ][(q"—kz) +t' ][(k,+p) +a ]

(16)

Making use of the Feynman identity

1dx=
0 [ax+b(1 —x)]

'Eq. (16) can be written as

t„=8imc'frdt»t» '+'r(t» —1) 'r f dt t'» 'f dss '» ', f dx, fdp
&p' (p —Q)'+p' [(p—itz)'+t']

where

(17)

(18)

and

p =(a +k» }x—[k,x+isz(1 —x)]

Q=k+k2(t» —1)—k, —(x —1)k,—isz(1 —x ) .

Using the Feynman's identity (17) again, the p integral in Eq. (18) can be expressed as

1 1
dp

(p —Q) +p' [(p—itz)'+t'] o (p'+b, )'

where

b, =(ig+zt) y +[p —(ig+zt)2 —t'2]y+t'2 .

(20)

(21)

(22)
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The p integral in Eq. (21) can be easily performed. Equation (18) then can be written as

t„=8inc' dt, t, '+'«(t, —1) '«ds s '" ' dx M,8 & 8

Bp

where

(23)

M= dt t'" ', dy, yz
. (24)

In order to evaluate the M integral, we first carry out the differentiation with respect to t' and then perform the y and
t integrals. Consequently, we have

M = —2[(p —ik2t) ) +Q ]'" '[2(p —
ik2t)

—iQ, )] '"$(i«t, 1 i—rt),
where%(x, y) represents the beta function [14]. Using (25) in (23), we have

t„=—16in c'2 '"$(i«i, l i«—i)f ds s '" 'f dx
2 T,

0 0 Ba Qp

where

T= f „dt, t, '+'«(t, —1) '«(p ik t,—iQ,—) '"[(p ik —t, ) +Q ]'"

The T integral can be performed utilizing the result

I=)„dt t '+' (t —1) ' (t+p) '"(t+v)'" '
' —ia

(25)

(26)

(27)

=2mvp '&v'& ' 1+—
V

~ . p v
2F& ia;irt;1; (28)

A derivation of the aforesaid result is given in the Appendix. Equation (26) then becomes

t„=32m c'2 '"%(i«t, l i«i) —dss '" ' dx A '"B'" ts '"v'" ' 1+—a a
—iy

p v
2F, iy;i«t;1;

( +1)

where

and

A = —i (kz+k2 z),
p= A '[p+i[( —k+k, +k2).z+is(1 —x)J ],
B =2[k, Ik —k,x —isz(1 —x) j

—k~ ik2p], —

v=B '[(a2+k
&

)x +(k —kz) —2(k —k2) [k&x+isz(1 —x)] ] .

(29)

(30)

(31)

(32)

(33)

Using (29) in (10), we can obtain the contribution of the. amplitude corresponding to the electron-electron part of the
interaction potential. A similar analysis may be performed to obtain tI, [r2], i.e., the amplitude due to electron-nucleus
part. The results may be combined to yield for T&; the expression

T;= 2'"(i«—i)a e " f'(1 i y ) d—s s '" ' dxF(s, x), (34)fi 0 0

where
T

F(s,x)=x '[a —x '(1 —x)s]
Ba

g —iggir] —1 —iq iq —1

V

—iy

~yt ll t0
( +1) (35)

The exchange scattering amplitude g&; can then be calcu-
lated from the relation

1
g i=

z~ I'' (36)

where T&,- is computed numerically using Gaussian quad-

ratures after performing the parametric differentiation
twice with respect to a .

The integration over s in (34) with an arbitrary small
value of e is well defined analytically in principle, but in
practice it is hardly possible to evaluate it numerically.
To make the integration numerically tractable for small s,
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and

J(s)= f dxF(s, x)
Q

(3&)

~ ) 25/2 iq~—3/2e ye'/21 (1
~

)
7T

In order to avoid the numerical difBculty stemming from
the integrand in {37) for small values of s, we have put
Eq. {37) into the following form by adding to the ampli-
tude and then subtracting from it the same term:

g;=c J(0)f dss '" '+ f dss '" '(J(s) —J(0))fi

we have adopted the method of Onaga, Tsuji, and Narumi
[4]. We rewrite Eq. (36) as

gI;=c dss '" 'J s (37)
0

where

E2(0)=E2 —f dt r'2r&z (r2 r—
&
cosy), (43)

where y=8&+8&. 8;(0) and E;(0) are the respective
scattering angles and energies at the boundary of the re-
action volume. The reaction volume was determined
empirically by Klar et al [10]. It depends on two arbi-
trary parameters rQ, and rQ2, which represent the initial
positions of the two emitting electrons. Ioar et al. ar-
rived at the values of the aforesaid parameters after a sys-
tematic search for good values of these parameters,
which depend only on the incident energy, but not on the
energy of the ejected electron and the angle of scattering.
We have adopted exactly the same values of rQ, and rQ2

as those in the calculation of Klar et al. The values of
rQi and rQz for different incident energies have been given
in Sec. III. The initial values for 8, (0) and E;(0) are,
however, determined numerically from Eqs. (41)—(43). In
the present case, we approximate the integrals (41)-(43)
using straight-line trajectories obtained from the equa-
tions

+ dss '" 'J s
1

(39)

and

E) =
—,r')

~ 2

8. Evaluation of TDCS's 1
E2 —

—,r2
~ p

f2For the case where the incident beam and hydrogenic
target are unpolarized and no attempt is made to distin-
guish between the Snal spin states, the TDCS's for the
H(e, 2e)H+ process is given by

with initial values r&(0)=ra& and rz(0}=rpg.
This classical treatment of the PCI effect may then be

incorporated in the Glauber approximation including ex-
change correction (GA-EC-PCI). The quantities 8;(0)
and E;(0) were taken from our Glauber-exchange calcu-
lation, and Eqs. (41)—(43) were used to incorporate a clas-
sical PCI effect to obtain E; and 8, , which we compare
with experiment.

d'a
A

dk, dk2dE,
[ ,'If+gI'+ ,'If-gl'], -—(40)

where f and g represent, respectively, the direct and ex-
change scattering amplitudes. In Eq. (40}, dk& and dk2
denote, respectively, the elements of solid angles for the
scattered and ejected electrons and dE2 represents the en-

ergy interval of the ejected electron. In the present calcu-
lation, we have adopted for g the expression (39) of Sec.
II A, whereas for f we have used the two-dimensional ex-
pression for the Glauber amplitude obtained by Roy,
Das, and Sil [9].

The GA does not take into account the correlation be-
tween the two emitting electrons in the final state. This
correlation manifests itself by a conspicuous PCI efFect.
The salient feature of the PCI efFect is that the electron-
electron interaction allows for exchange of angular
momentum and energy between the two continuum elec-
trons during their travel from the reaction zone to the
detectors. Consequently, the emitting electrons undergo
both trajectory deflections and energy shifts. These devi-
ations have been calculated recently within the frame-
work of classical mechanics [10],

8, (0)=8;—sin(y) f dt r&r&r&z f dt'[r, (t')]

III. NUMERICAL RESULTS AND DISCUSSION

TDCS's for the H(e, 2e)H+ process have been mea-
sured by Ehrhardt et al. [11]in a coplanar geometry; i.e.,
the three vectors k, k„and k2 are in a plane. They de-
crease strongly with increasing momentum transfer. So

TABLE I. Magnitude of binary maxima (in a.u. ) for
electron-impact ionization of atomic hydrogen.

E (eV) E2 (eV) 8I (deg) GA-EC

150 4
10
16
4

10
16
4

10
16
3
8

11.83
3.17
0.87
8.53
3.08
1.09
3.69
2.14
1.26

10.85
3.41

11.58
3.01
0.77
8.30
2.91
0.96
3.53
2.00
1.10

10.74
3.31

10

i =1,2, (41)

250

E&(0)=E&+ — dt r&r&z (r& rz cosy), —

(42)
'Present Glauber approximation.
Present exchange-corrected Glauber approximation.



EXCHANGE EFFECTS IN ELECTRON-IMPACT IONIZATION. . . S719

attention was paid to the so-called as m

t e present workwork, we have calculated TDCS's
In

enrgies of 150 and 250 V
'

e 's at incident

matics and compared
e ~n thecaseofas my metric kine-

pare our results with the absolute mea-

surements of Ehrhardt t I Ae a. t E=150 eV we

eV we have examined TDCS' fs or E2 =5eV and
an 8 . In order to obtain TDCS' s we have adopt-

l 5-
(a)

E =150 eV

E~= 3eV
e qo

GA-EC

1.0

08.

(b)
E =150 eV

E,=3 eV

e,=&6'
——— QA

g A-E.C

10.

06

0
0 ea 120

e, (deg)
0.2

0
0 j20 300

(c)
E =150eV
E,=5 eV

e,= 4'
------ GA

— -CPA
GA+C-- -- CPAEC

1.2 .

E - )50eV
E =5eV

8, =16
------ GA
- ----- CPA

GA- EC
———- CPA- EC

1.0.

0.8

0.6

D
0.4

0
0 60

g (deg j

180 240 300

0.2

60 120

e, (degj
240

FIG. 1.. TDCS vs the angle ofeectig e o e~ec ion, 02, for the H(e, 2e)H+ reac ione, e reaction at an incident ener ofg

ross sections includin ex h l' ) Gl
s sections includin excha

au er cross sections
g g

ve ~

xc a ve, an coupled-pseudostate cross se

'
ns omitting exchange (da h ds e curve), coupled-

eu ostate cross sections omitting exchange (double-



5720 H RAY AND A C ROY

rocedure o e .f R f. [9] to calculate theri p
ude whereas the exc ange a

in Gauss-Legendre quadraturesby (39) is evaluat i g
p ' g the x integration o q.

ures for s integra s occu...h .;. . .chan e amplitude wi
h h t dby means of q.E (40) we obtain t e exc

TDCS' obt d
'

hkinematics, T s
t rocess are cylindrica y syGA for the direct proces

momentum-transfer direc ionaround the m
1 1 maxima in the direc-theoretical cross sect'tions show oca m

entum-transfer vector q (binary peak)

o 1 k. T bl I s t tlip
nitude of binary peaks obtained in e

ation (GA-EC}.rected Glauber approxima
'

d th GA-EC d' t'o fo th
y-p positions are almost t e sam

GA-EC k 1

he ma nitudes o e
ethods differ. The

are seen to be ebelow the correspon ing v

this work. Further-peaks in all the cases considere in is
les the effect ofat for fixed scattering ang

eases with decreasing scattering an-

g o gyr of ejection. ore
the fixed incident energy o

TDCS d b 2% fole of 4, the
~ ~

scattering angle
b 4% when Ei is inhereas it decreases y o

c o gyo
arne fixed incident energy
r of 3 eV, the3 o gy

d thihchange effect is seen to be less pronounce

cident energies.
d GA-EC results for the dis-Figure 1 showws our GA and

incident energytribution of ejected
=3 S, and 10 e~ an

electrons at e

es . hat fi ure we illustrate
'ection energy E2=3, , an

A tdth h
les 4 and 16. In t a gu

exchan e. As expec e,p
to be relatively more impor an

1 dner, increasing sca
. 1() dl( ), hner . In Figs. c an

dthe results obtaine in
PA} [15] with and without

d ht ltho hth h
a roximation (C

h th' ""'nt
hould be noted t at a

in the CPA is considered throug e
the exchange term inf the wave function, e

bthe coupled integro-ro-differentia equa
'

We note that ourg the actual calculation. e no
in ualitative agreemen

of CPA calculations. e cr
fh b k ndin the vicinity o t e inaare affected mainly in

' ' '
ina

most consipicuously
'
in the case w ere

the resent TDCS's obtained in theFigure 2 displays e p

d 8'. The exchange effect is seen
co the cross section doesp contribution to e

not exceed 2% and 4% at any angle in igs.
respectively.

arison of the present
1 1 t' ns and the measured

3 and 4 show a comparison
d GA-EC-PCI ca cu a ion

o [ll]. The error bars on the
t th t d ormalization error o

of Ehrhardt et al. . e
fq

u h 'tarized eikonal Born
o shown in the figures are t e

Curran and Walters, h 'tarize15 the unitarize

3.0-

(e)
E =150 eV
E,=1p eV
e 40
—--- — QA

GA- EC

1.4

1.2

1,0

E = 150eV
E =10eV

0e, =16
------ CA

~-EC

2.5 .

2.0 .

EA

(Qp8

CI1- p.e

0,4.

1.0 .

0.5-

0
eo 120 180

greg)
300 360

0
0 120 180

8 (deg)
3go 360

FIG. 1. (Continued).



5721IONIZATION - . .IN ELECTRON-IMPNGE EFFECTS IN E

sections of Joachaln et a andseries (UEgS) [16] cross se o
n Joachain, andt e ei

UEBS method cpnsis
h 'konal Bprn series

'
ts in amalgamating»ra„x [17]. The U

wallace approximationand the at e second Born
takes care p exc ange through e

UEBS
Whereas the CPA a

n of the final-sta et wave function,tisymmetrization o

(a)
E =250eV

=56'V

--—-- GA
GA-EC

10

6

0
0 zi0 300 360180

an e effects via theinto account e g
s the

ross sections take in o
. The EBS methpd adds

cross
0 hkur-exchange amp

h d Bprn term to the
am litude. T e

e first
c

ation to the t ir
nclud-

Glauber approxlma
es. Fxchange is incs of the Bprn series.

nd piraux
and second terms 0

pf Byron Joachain, anhe EBS calculatipn o
'

We see from Figs.
4 that the &b initio c

sectipns whicEBS CPA, and QA-
~

r the magnitudes otures. Ho~ever,
At

h nearly»milar fea
'

h methods dier.
have e

'
btained in t ese mh cross sections o

'
d b the CpA and E25p ey, the TDC '

P
o b s for bpth scatteringe experimenta e

h d the presentles g =3' and 8'.
experimental

t with
experiment, bu;

. A the smaller inciden
nt between

the recoil-peak regip
the CPA and exPe=150 ey, the agreemen

0 =16' the CPA cross
e

nt is not so goo
hborhood of the bi

as before. At 8~=
'

arsections are too large in the ne'g
' d &p' the UEBSan les of 4' anpea At the scattering g

the vicinities orimental data inl below the experim
l In the remain-

agreement wit
bl ood agreement w't exp

~

re in reasonably g
ses at lpwer

sections r
~ Th agreement ecreament at ~i= a

scattering a gle
pCI calculation depends oThe present QA-E -

. At the incident energyb't ary parameters ~oi '

d p we«, r espec-
p and ~p2 ~ar i ra
chpsen fpr rp& an ~p2of 25p ey, the values c p

E = lsp e~ these valuesp.4, whereas at E=
'

pf ost-
tively, 3.1 and

d that the inclusion p pwere 2.4 and o
the present QA-EC

4 We fin a
resultsollisipn interaction imp o

considerably

(b)
E = 250 eV
E&-5 eV
ees
----- GA

GA EC

lQ

Vl

C5
f—

0
0 120

e, (deg)

740 360

S vs the angle of ejection,
'

n g, forthe. 2. Coplanar TDCS s e

).— .(.).7

d an le of scattering aej
1 d h (tions inc u iCurves:

ions omitting exc angeand Glauber cross sections om

IV. CONCLUSIONS

a method of obtaining the exchangep
de for electron-impac

' ' ' fsca g P
This metho re an e

1scattering amp
'

p
uted numerically with ctegral, w ichich can be compute nu

S's for the
ence.

co lanar TDpWe av
'

cident energies o2 )H+ process at tnci
s and scatteringe ected electron energies3

of as mmetric ge
i . alculation is per o

'
onal amplitude wi

0
'}1ing p

p4
pr orated in the presen

ith de-
i

is relative y mog
ner, increasing sca e

istentTh findg & o gy.

is found to cause a decrease
in

hi most rominen in
' f...h.„h.TDCS.

wor . i

yp
obtained in t e presen



H Rhy' AND A.. C- R

ation are in reasonably good agreementGlauber approximation are in re
with experiment.

ce, Calcutta, forthe Cultivation of Science,Association for t e u
many va ualuable discussions.

ACKNOWLEDGMENTS

b the Institute fororted in part y
1 Ph, C b'dand Molecu areor

ful to ProfessorThe authors are grate. u

APPENDIX
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(A10}

The hypergeometric function F, of two variables occur-
ring in Eq. (A10) can be expressed in terms of the Gauss-
ian hypergeometric function zF, using the relation [19]

Consequently, the ingegral I can be written as

' —ia
p v

2F, ia, ig; I;
p v+1

(A12)

F, (a,P,P', P+P';x, y) =(1—y) 2F, a,P;P+P',

(Al 1)

Although we obtain the result (A12) under the restriction
(A2}, it is valid at other regular points by analytic con-
tinuation.
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