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A pure quantum state which when split in any way cannot violate Bell’s inequality is termed a Bell
state. Such a state may be considered as classical a state as possible. We show that for the radiation field
the Bell state is unique, and is the Glauber coherent state. The formalism allows the interpretation of a
local measurement in an entangled state as a measurement with an extended apparatus on a product

state.

PACS number(s): 03.65.Bz, 42.50.—p

I. INTRODUCTION

In 1966 Aharonov, Falkoff, Lerner, and Pendleton
(AFLP) [1] characterized a special quantum state of the
radiation field by a classical attribute it possesses. The
classical characteristic was the following. Let two ob-
servers, C and D, receive two beams. According to classi-
cal radiation theory the observers cannot ascertain by
any of their (local) measurements (including correlating
their observations) whether the two beams emanated
from one source that was subsequently split—or they
came from two independent sources. The reason for this
is as follows (they refer pictorially to radio signals). “In
classical physics the stochastic variations of the radio fre-
quency oscillators and other components contributing to
the signals can be imagined to be as small as we desire.”
Therefore, in classical physics we can suppose that any
prescribed nonstochastic signal can be reproduced as ac-
curately as desired. Hence the beams at C and D that
were split from one source can be simulated by two
beams from independent sources. AFLP proved that
only one quantum state possesses this classical attribute:
Glauber’s coherent state [2].

Bell introduced his basic inequality in 1964 [3]. How-
ever, its clear experimental implications were given by
Clauser, Horne, Shimony, and Holt [4] in 1969. [We
shall refer to their inequality as Bell’s inequality in the
sequel; it is given below—in Eq. (5)]. This inequality
clearly distinguishes quantum idiosyncrasies—some
quantum states violate Bell’s inequality. It is thus natural
to inquire: what is the state of the radiation field that
when split into two daughter states, the latter cannot
violate Bell’s inequality? This could sharpen the AFLP
meaning of “classical quantum state.” Indeed we shall
show below that the unique state of the radiation field
that fulfills the above requirement is indeed the Glauber
coherent state (CS). We call a Bell state a quantum state
such that upon splitting will not violate Bell’s inequality
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(i.e., it is a state that possesses the basic attribute of clas-
sical physics) and we shall show that (a) a state that fac-
torizes upon splitting never violates the inequality, while
(b) a state that gives rise to an entangled state [i.e., a state
involving a sum; see Eq. (8) below] can always, by a suit-
able choice of local apparatus, be made to violate Bell’s
inequality. Then we use the AFLP result, which proved
that the only state that factorizes upon splitting is
Glauber’s coherent state, to deduce that Bell’s state is
unique. The splitting we have in mind could be, e.g., that
obtained by a half-silvered mirror. Finally, we discuss
the problem from a ‘“Heisenberg” point of view, which
shows that local measurements in an entangled state may
be interpreted as nonlocal measurements in a product
state.

II. SPLIT BEAM

In this section we formulate the problem mathemati-
cally. Thus consider a state of the radiation field (|)
denotes the vacuum state)

IRY=f@ll) . 5

Here aL is the creation operator for the mode A4 (A4

could specify the wave number and polarization). Upon
splitting, this state becomes [1,5]

flap=rpal+va)l), )

where p is the probability amplitude that the photon will
leave the splitter in the mode C, while v is the probability
amplitude for mode D. Now if the state |R ) is such that
upon splitting it factorizes, i.e.,

flual+vah)y=rfal)fraf)l) , 3)

then following AFLP [1], f, f,, and f, generate CS,
which are given by (including normalization)
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f(a:(,)=exp(ou1:r1 —aa,), (4a)

fl(ag)=exp(a1aé—a1‘ac) , (4b)

fz(a£)=exp(a2ag—a;ab) , (4c)
with

o, =ua, a,=va. (4d)

Note that Eq. (4) represents the unique solution of Eq.
(3) [1]. To see that this state trivially satisfies Bell’s in-
equality, we consider any operators C (p) and D(o) with
the following properties. C acts only on the C mode (it
represents the apparatus of observer C). It is such that in
the normalized state f,(al)|), depending on its parame-
ter p, its eigenvalues are +1. The same applies to D (o).
Now Bell’s inequality is [4,6]

(| (p)D(a)+C(p)D(o’)+C(p)D (o)
—Cp")D(a)w)|<2. (5
In our case we have a factorized state,
wY=Ifc)fo) s (6)

with |fc) the normalized state f(al)|), with similar
meaning for |f,). Now because |W) is factorized, we
have

(WIC(PD ()W) =(fclCPIfNIfplDlafp) . D

Recalling that |{fc|C(p)|fc)|<1 [and a similar in-
equality for {fp|D(o)|fp )], we have that the left-hand
side of Eq. (5) is necessarily less than or equal to 2, i.e.,
Bell’s inequality is not violated. We now show that
whenever the split state is an entangled state, a violation
of Bell’s inequality is possible.

III. VIOLATION OF BELL'’S INEQUALITY
FOR NONPRODUCT STATES

Gisin [7] showed that Bell’s inequality is always violat-
ed by entangled states (i.e., nonproduct states). Our
problem, i.e., that an entangled state that results from
splitting always violates Bell’s inequality, is essentially
the same. Our method of proof involves a generalization
of that of Ref. [6], which considers equal weight states
and a slight generalization of Ref. [7], which considers
states of the same phase. We use the language and tech-
niques of Ref. [6], which seems to us more transparent.

Starting with the Schmidt decomposition [7,8], we can
always write the state emerging from the splitter in the
following form:

flual+vah)=f(al)g (@))+ fralg,(a))+o . (8)

Here o includes any other operator functions, which act-
ing on |) generate states orthogonal to those generated
by the first two, and we may assume, without loss of gen-
erality, that

(Iftac)f2tably=Clgt(ap)g,la))y=0. )

The assumption of entanglement implies that at least the
first two terms in Eq. (8) are nonvanishing. We shall con-

sider operators C and D, which give 0 when acting on
and study their expectation values in the 2X2 subspace
spanned by f ,-| ),g,-l ),i =1,2. Thus we take the state un-
der study as normalized, i.e., we are interested in

W)Y=glfi g, > +7If2)g,) (10)
with

If) < filadl) i=1,2, (11a)

lg:) =g (a)) i=1,2, (11b)
and

(filfi)=8,=(gilg;) , (11c)

|Z|12+%2=1. (12)

Our problems is to show that, provided gv+0 (i.e., the
state is entangled), we can always violate Bell’s inequality
for some “orientation” of the apparatus. By analogy
with Ref. [6], we now define our operators

CA,¢)=cosA[1f ) f11=1f2)(f,]
+sinA[e™|f ) fol+e Tl f1T, (13)
D(8,7)=cosd[lg, (g, =g, ){g,!]
+sind[e'"|g, ) (g, +e "7[g, ) (g,l] . (14)

These operators clearly give O when acting on states or-
thogonal to our subspace, as they were required to. They
are Hermitian. It is easily checked that [the relation be-
tween (&,B8) and (A, ) is given below]

Celvap)=wap), (15)

ClPap)=—9an), (16)
where (|a*+[B|*>=1)

wa,B)=alf,)+B\f,) , an

Y@ B =y —pa )=—pIf ) +a*lf,), (18

and with the proviso that A here is such that

coshA=|al*—|B|?, (19)
and

6=d¢,—¢5, (20)
where

a=lale"=, (21a)

B=1Ble" . 21b)

We have, trivially,
(¥(a,B)ly@ap)=o,

ie., |¥(&@B)) and |9(&B)) span the subspace of |f,)
and |f,). The above implies that for an arbitrary state
|¥(&@,B')) in this subspace

(@, ,B)F(Aé)|Pa,B))|<1. (22)
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Here F denotes C or ﬁ, or their product, i.e., this expec-
tation value corresponds to 7, of Ref. [6]. Thence viola-
tion of Bell’s inequality is tantamount to finding parame-
ters for the operators ¢ (A,¢) and D(8,y), for which (cf.
Ref. [6])

[{W|C(A,$)D(8,7)+C(A,$)D (8,7 )+ C(N,¢")D(8,7)
-G\, )D&, y)¥) ] >2 . (23)

Here |¥) is our entangled state [Eq. (10)]. To this end
we evaluate

(W|C(A,9)D(8,7)¥)

=cosA cosd+2|E¥|sinA sind cos(¢+y — &) . (24)
Here

$=06,—9,, 25)

ﬁ=|ﬁ|ei¢“, (26a)

V=|VIei¢V . (26b)

Note that in Ref. [7] ¢ was assumed zero, while in Ref.
[6] ¢ was assumed equal to 7, and 2|EV| was assumed
equal to 1. Also, our y is minus y of Ref. [6]. If we now
choose our “apparatus orientation,” i.e., our parameters,
as A=0,6=—06",¢+y—d=¢'+y —¢=0,A"=7/2, then
the left-hand side of Eq. (23) becomes (with ¢ =2|a¥])

2(cosd+c sind)=2(1+c?)"%cos(8—x) , 27)
where
. 1
cosy = (—1—+‘c—2)—12 . (28)

We are still free to choose 8, which we take equal to ¥, to
get finally for the left-hand side of Eq. (23)

2(1+¢?)12 . (29)

This is manifestly greater than 2, i.e., for ¢ =2|av|7#0 we
have a violation of Bell’s inequality, QED.

We should note here that our operators € and D, while
being Hermitian and therefore measurable in principle,
may not be easily implemented in actual experiments, as
they are not easy to express in terms of ordinary experi-
mental setups, e.g., in terms of photon-counting experi-
ments.

IV. OPERATORS LEADING TO VIOLATION
OF BELL’S INEQUALITY

Inspection of Eq. (23) and (24) reveals that the viola-
tion of Bell’s inequality is due to the particular depen-
dence of the expectation value, Eq. (24), on the parame-

ters of the entanglements (Z and ¥). On the other hand,
1
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we can see [Eq. (8)] that the entangled state can be related
to a nonentangled state by a unitary transformation

flual+va))=ufaHu". (30)

For example, for u and v real, e.g., u =cos, v=sin6,
U =exp[6laca)—apal], (31

clearly gives

UalU~'=cosbal +sinba}, , (32)
UaoU '=cosa +sinbay , (33)
Ua},U~'=—sinfal +cosba}, , (34)
UapU ~'= —sinfac +cosap, - (35)

Thus for these particular parameters, U of Eq. (31)
satisfies Eq. (30). Since the vacuum state is unaffected by
U, we have

flual+va))y=Uf@dl) . (36)

Returning to Eq. (24) we can rewrite the expectation
value as

(Uf*ac)[C(A,)D'(8,7)]f (al)]) . 37
Here,

C'(A,$)=U"'C(A,U, (38)

D'(8,y)=U""'D(5,7)U . (39)

Clearly the eigenvalues of the primed operators are still
+1; however, the primed operators now act on both sub-
spaces. On the other hand, the expectation value Eq. (37)
is now for a nonentangled state, i.e., we have the (perhaps
expected) result that upon making a “nonlocal
measurement” — ‘“apparatus” ¢’ and D’ are nonlocal—
we get a violation of Bell’s inequality. We illustrate this
new viewpoint with the following example. Let

flal y=al . (40)

In this case we get for the entangled state, via Eq. (8) with
p=cosf, v=sin,

al ) =(ual+va)))=vdall),
t t (41)
U =expblacap—apac) .
Written explicitly [cf. Eq. (10)],
|f1>=a2|)c, g1=Dp, f2=Dec g2=al§l>. (42)

Here the operators ¢’ and D’ can be evaluated. Using
Eq. (13) and (14) in conjunction with (38), (39), and (31)
we get, e.g., for C'(A,¢):

C'(A,¢)=cosA{ (uv)Xad?| ) (laZ+a}) (laf —al2l)(la}3 —a}?|){lad)
+(p2—v*Naka}|) lacap)+uvip>—v*)alad ) (l(aZ —aB)+H.c. ]— (]}
+sinA{e [ pv(—val?| ) lac —pad?| Y {lap +paf?l) (lap —vaf?|){lac)
—(r=v)valal Y lac—palad|) lap)+(ual +va))){|]+H.c.} .
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A similar expression is obtained for D’. These opera-
tors (whose eigenvalues are +1) are seen to be complicat-
ed and each involves both channels C and D, i.e., they
represent ‘“‘nonlocal apparatus.”

The reason for the relatively simple expectation values
Eq. (24) is due to the simple nonentangled wave function
that we need deal with now, aél ). We see then that the
conceptual simplicity that this Heisenberg-like descrip-
tion allows, viz., we are not surprised to get nonlocal re-
sults from nonlocal instruments, is paid for by the com-
plexity of the apparatus.

V. SUMMARY

A state of the radiation field, when subjected to a spli-
tter, e.g., a half-silvered mirror, can either be factorized
in its two daughter states or it can form an entangled
state (i.e., a state involving a sum). A Bell state is a state
which, when subjected to a splitter, leads to a classical-
like daughters’ state in the sense that the resultant state
cannot violate Bell’s inequality. We showed that for the
radiation field Bell’s state is unique and is Glauber’s
coherent state, i.e., we showed that only Glauber’s
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coherent state, which factorizes upon splitting, abides by
Bell’s inequality. Any other state that is, necessarily, an
entangled state can violate Bell’s inequality for a proper
choice of experiment. This classical-like feature of the
coherent state may be related to its being the unique pure
state possessing a non-negative, and no more singular
than a 8 function, Glauber-Sudarshan P representation
[9]. A Heisenberg-like approach to the expectation value
allows us to view local measurements in an entangled
state as nonlocal measurements in a product state.
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