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We consider an array of N coupled class-B lasers in a ring geometry. We analyze the stability of the
steady-state solutions for small values of the coupling strength and small damping. The problem is
motivated by recent studies of laser-diode arrays, but analytical results on the possible instabilities
remain limited to the case N =2. We consider N arbitrary and use the coupling strength as the bifurca-
tion parameter. As this parameter increases from zero, we show that the first instability leads to a pref-
erential mode of oscillations. For N even, we study this bifurcation to a time-periodic standing-wave
solution and determine the direction of bifurcation. We discuss the bifurcation possibilities in terms of
the parameter @, known as the linewidth-enhancement factor, in semiconductor lasers. Increasing a des-
tabilizes phase locking between adjacent lasers but leads to a smooth bifurcation to periodic solutions.
Inversely, decreasing a stabilizes the laser array, but the first bifurcation leads to a hard transition to
time-dependent solutions. The predictions of our analysis are in agreement with the results of a numeri-

cal study of the laser equations.

PACS number(s): 42.50.—p

I. INTRODUCTION

Arrays of semiconductor diode lasers can operate with
high output powers and are promising devices for appli-
cations that require high optical power from a laser
source (high-speed optical recording, high-speed printing,
free-space communications, pumping of solid-state lasers)
[1]. For all these applications, it is necessary that the ar-
ray operates in phase so as to produce a single and nar-
row beam. This has motivated the recent theoretical in-
terest for models predicting the response of coupled diode
lasers (called phase-locked arrays). Early studies of
phase-locked arrays were able to interpret the experi-
ments [2] but failed to predict the possible oscillating
modes of an array of coupled emitters. Later Otsuka [3]
and Butler, Ackley, and Botez [4] developed a coupled-
mode theory and have shown that an array of N coupled
lasers has N normal modes (called array modes). The re-
sults of their analysis have been confirmed by many ex-
perimental observations [5]. The coupled-mode theory
describes the possible modes of a laser array but ignores
their stability. Experiments have shown that the popula-
tion of coupled lasers has a tendency to operate in the
180°-phase shift mode (called out-of-phase mode: the
phase difference for the electrical field of two successive
coupled lasers is 7). Recently, Winful and co-workers
[6-8] and Otsuka [9] studied simple models of coupled
lasers and have found a rich variety of spatiotemporal
responses. Analytical work is limited to the case of two
coupled lasers [6-8,10,11] and the case of phase-locked
solutions in very large arrays [12].

In this paper, we consider N arbitrary and determine
the stability properties of the laser system in the limit of
small coupling and small damping. Our analytical results
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are valid for all class-B lasers which involve semiconduc-
tor lasers as well as other lasers of practical interest [13].
Furthermore, we propose a first-bifurcation analysis of
the leading instability. This analysis is difficult but leads
to a simple expression for the direction of bifurcation. In
particular, it reveals a key nonlinear effect of the parame-
ter a defined as the linewidth-enhancement factor in
semiconductor lasers. It can range in magnitude from 4
to 6 in semiconductor lasers and couples amplitude and
phase across the array. For other laser systems such as
detuned gas lasers, a is smaller than 1 or even zero in res-
onant conditions. We show that increasing a destabilizes
the basic steady-state solution but leads to a smooth tran-
sition to small-amplitude oscillations. Inversely, decreas-
ing a stabilizes the basic steady-state solution but may
lead to a hard transition to large-amplitude oscillations
(a>1.2). The first case applies to semiconductor lasers
while the second case is appropriate for detuned systems.
Coupled nonlinear oscillators are used as models in
different areas of physics [14] and are studied by first
deriving a phase equation in the limit of weak coupling.
This limit does not apply for class-B lasers because the
laser is not a limit-cycle oscillator but rather a weakly
damped oscillator. A weak coupling between the lasers is
enough to destabilize both the amplitude and the phase of
each oscillator. A Hopf bifurcation is the simplest mani-
festation of this amplitude and phase instability. Recent-
ly, this Hopf bifurcation has been analyzed for a popula-
tion of two lasers [7,8]. In this paper, we consider a pop-
ulation of N lasers and determine steady and time-
periodic solutions in terms of the amplitude of the cou-
pling. We find that the first bifurcation of the basic
steady state corresponds to a time-periodic and spatially
nonuniform solution. The wave number of this solution
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is always equal to N /2 (N even) whatever the values of
the laser parameters. This is a particular feature of the
laser problem which does not appear in other (hydro-
dynamic, chemical, or laser) stability problems. Thus the
first instability corresponds to a preferential mode of in-
stability.

The paper is organized as follows. In Sec. II we formu-
late the evolution equations for a system of coupled lasers
in a ring geometry. In Sec. III we describe the steady-
state solutions. Section IV is devoted to their linear sta-
bility analysis. In Sec. V we investigate the first Hopf bi-
furcation in the case N even. Section VI summarizes the
results for N odd and discusses the relevance of bifurca-
tion methods for other laser array problems. All
mathematical details are described in the Appendix.

II. FORMULATION

We consider a system of N coupled semiconductor
lasers described in dimensionless form by the following
equations [8]:

Y.
L=(1—ia)Z;Y;+in(Y;, +Y;_)),

2.1

do f 2.1
de 2

T—d:=p—2j—(1+22j)]le . (2.2)

In these equations, the variables Y;and Z ; are defined as
the normalized electrical field and normalized excess car-
rier density in the jth laser, respectively. The basic time
o is defined as o =1 /7, where 7, denotes the photon life-
time. The parameter p is the normalized excess pump
current (p~0.05), n is the coupling strength
(n= 1073-107*), a is the linewidth-enhancement factor
(a=5), and T is equal to the ratio 7, /7, where 7, is the
spontaneous carrier lifetime 7, (T=2X10?). Typical
values of these parameters are shown in parentheses and
were used in numerical studies [8]. As Otsuka [9], we
consider a ring geometry (looped coupled waveguide
lasers [9]) and introduce periodic boundary conditions
given by

Yy ()=Y,() and Zy,,()=Z,(1) . (2.3)

The ring geometry allows us to find all the steady-state
solutions of Egs. (2.1)-(2.3). For the case of a one-
dimensional geometry with fixed boundary conditions
(open coupled waveguide lasers [9]), the steady-state solu-
tions cannot be obtained for an arbitrary N. They must
be determined either numerically or asymptotically for a
specific range of values of the parameters (for example,
N=2[8]and N — o [12]).

It is convenient to reformulate Egs. (2.1)-(2.3) in terms
of the amplitude (X;) and phase (¢;) of the electrical
field. Inserting

Y, =X, exp(i¢;) (2.4)

into Eqgs. (2.1)-(2.3), we find

4253
dX; .
“'17=Zij_77[Xj+lSIn(¢j+l_¢j)
T—r=p=2Z,~(1+2Z))X}, (2.6)
W) oz, +qx X (6,41—¢;)
do aQL;TNA; [j+1005¢j+1 ¢j

+Xj_1COS(¢j_1_¢j)] ’ (2.7)

XN+1(U)=X1(G'), ZN+1(U)=ZI(0)’

(2.8)

¢N+|(0)=¢1(0)+m21r ,

where m =0,+1,%2, ... is arbitrary.

III. STEADY-STATE SOLUTIONS
AND THEIR LINEAR STABILITY

We seek a steady-state solution satisfying the condi-
tions

dX;/do=dZ;/do=d(A;,,;)/do=0, (3.1)

where A;.,;=¢;,,—¢; is defined as the phase
difference between laser j +1 and laser j and which is in-
dependent of j. We denote the steady-state solution by

X;=X, Z;=Z, and A;;, ;=A. From the steady-state

equations (3.1) and since A;_, ;=—A4, ¢o=dy+m2m,
and ¢y ., =¢,+m2m, we obtain the conditions
X=p'?, Z=0, 3.2)
and
sin(A)=sin(¢,—dy) and cos(A)= cos(¢;—¢dy) .
(3.3)

Since we may write ¢y —¢, as ¢y —¢,=(N—1)A, Eq.
(3.3) implies that

A=—(N—1)A+2mm (3.4)
or, equivalently,
K=—1—m27r (m=0,1,2,...,N—1). (3.5)

N

Using (3.5), we then determine an expression for

¢J(U):$j((f)

¢;=2ncos 71\7'"277 a+¢0+j%m21r. (3.6)

In summary, we have found N distinct steady-state solu-
tions characterized by a constant intensity and an identi-
cal constant phase difference between each laser
[A=A(m)]. We call m the wave number of the steady
state. For example, if m =N /2 and N is even, we find

Y;(0)=(—1Vp'expli(¢p—270)] ,
Z,=0 (1<j<N).

(3.7
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We now analyze the linear stability of the steady-state
solution (Xj,Zl-,¢j)=(X,O,¢j). To this end, we intro-
duce the deviations u;, v;, and w; defined by

X;=X+u;, Z;=v;, and ¢;=¢;,+w; .

=0, (3.8)

Neglecting all quadratic terms, the linearized equations
are given by

RUO-DING LI AND THOMAS ERNEUX 46

The general solution of Egs. (3.9)-(3.12) is a linear com-
bination of eigenfunctions of the form

uj:pewa¢j’ Uj=qeﬂ)0¢j, wj:rew0¢j s (313)
where 1; satisfies the eigenvalue problem

¢j+1+¢j—1_2¢j=_k2¢p Uv1=¥n Yo=Yy,

du; _ 1 (3.14)
—==Xv;,—nsin | —=2mm |[(u;  ,—u;_,)
do v N “irrTH - and k? is the eigenvalue. Solving (3.14), we find
—_ $,=e*% 0=—2mn (n=0,..,N—1), (.15
—nX cos —]\721rm (w4 tw; _—2w;), (3.9) J ’ N AR ’ :
dv and
= 9%y, — Y2
T == 2Xu; —(1+2X"); , (3.10) k?=2[1— cos(0)]=4sin%(0/2) . (3.16)
dw; ) 1 Note that there are N possible solutions. We call n the
do oy mmsin —m2mm (w4 —wj—1) wave number of the perturbation. Substituting (3.13) and
(3.15) into Egs. (3.9)-(3.12) leads to a characteristic equa-
=_1 1 tion for the growth rate . Because T is large and 7 is
+nX cos 7\?27”" () tuj— = 2u)) small, we introduce the parameters € and b defined by
—7—1n — 2 —
(1<j<N). @311 €e=T and n=€b [b=0(1)]. (3.17)
The scalings of 17 and w are motivated by the analysis of
The periodic boundary conditions for u;, v;, and w; are the case N =2 [8] which indicates that an oscillatory in-
formulated as stability appears as 7=O0O(T '), with frequency
o=0(T"!/2). In terms of (3.17), the characteristic equa-
uo(t)=un(t), uy(D=u, (1), tion for ® =€ is given by
vo(t)zvN(t), UN+1(t)=U1(t), (3.12) Q3+DIQZ+DZQ+D3:O’ (3.18)
wO(t)sz(t), wN+1(t)=w1(t) . where
J
D, =€ |(14+2X?)+4ib sin Lorem | sin(6) | (3.19)
- - . 1 .
D,=2X?+4i€b(1+2X ) sin 71[-27rm sin(0)+¢€2b? | cos? 71\;27rm k4= sin? |- 27m 4sm2(9)] , (3.20)
D,=eb | —2aX’cos —11\721'rm k2+4i sin(0)X*sin L ram ]
+(14+2X%)e’b? | cos? %21rm k*—4sin(0)sin’ %mm } . (3.21)
[
Since €e=0(1072) is small, we determine the roots of _ =2\ = 1 )
(3.18) using a perturbation method. Specifically, we seek Q(e)= —e(2X) b | —2aX" cos ﬁ27rm k
a solution of the form
Qe)=Qy+€eQ,+€2Q,+ - -+ . (3.22) I
+4i sin(6)X “ sin —]\727rm
Substituting (3.22) into (3.18) and equating to zero the
coefficients of each power of € leads to a succession of +0(e2) (3.23)

problems for Q,, Q,, .. ..
three solutions:
(1) One complex root

We have found the following

and (2) a pair of complex-conjugate roots



46 PREFERENTIAL INSTABILITY IN ARRAYS OF COUPLED LASERS

Oy (=42 2K+ 2 | —(1+2%7)
—2ib sin LZTrm sin(0)
N
—ba cos i27rm k?
N
+0(€) . (3.24)
From (3.23), we find that Re(Q;) <0 [Re(Q;)> 0] if
cos 71\7-277'm <0, (3.25)
cos 71[-21rm >0 . (3.26)

Thus we conclude from (3.25) that one condition for sta-
bility is the inequalities

(3.27)

We now analyze the real part of Q,;. From (3.24), we
find that Re(Q2, ;) <0 if

(1+2X%)+bacos 71,—27Tm k2>0. (3.28)
and Re( 92,3) > 0 lf
(14+2%2)+ba cos %mn K2<0 | (3.29)

Assuming that the stability condition (3.27) is satisfied,
the condition (3.28) implies that the coupling strength b

1.0
m=N/2

o
o

o
o

unstable

o
>

coupling strength b
o

wave number n

FIG. 1. Neutral stability curve for N even. The full curve
represents the Hopf bifurcations b,,, for m =N /2 and as a func-
tion of n taken as a continuous variable. For m#N /2, the
function b, as a function of n is similar to the curve for
m =N /2 but the minimum appears at a higher value of b. The
dots indicate the permitted wave numbers. The figure illustrates
the case N=10. Note that the minimum of the curve corre-
sponds exactly to n =N /2.
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FIG. 2. Neutral stability curve for N odd. The full curve
represents the Hopf bifurcations b,,, for m=(N—1)/2 or
m =(N +1)/2 and as a function of n taken as a continuous vari-
able. For m <(N —1)/2 or m > (N +1)/2, the function b,,, as
a function of n is similar but the minimum appears at a higher
value of b. The dots indicate the permitted wave numbers. The
figure illustrates the case N=9. Note that the first instability
corresponds to n =(N —1)/2 and (N +1)/2.

is below a critical value b=b,,,:

(1+2X?)
cos[(1/N)2mm k?

b<b,,=—a"! (3.30)

The critical values b=b,,, correspond to Hopf bifurca-
tion points. They are characterized by two wave num-
bers m and n. Recall that m is the wave number associat-
ed with the steady-state solution and # is the wave num-
ber of the small-amplitude perturbation. As b progres-
sively increases from zero, the first bifurcation point cor-
responds to min(b,,, ). Taking into account the condition
(3.27), we find from (3.30) that this minimum appears for
the steady state with “m =N /2" and with respect to a
perturbation of wave number ‘“n=N /2" if N is even. If
N is odd, m is either equal to (N—1)/2 or equal to
(N+1)/2. Moreover, both the wave numbers
n=(N—1)/2 and (N —1)/2 are possible candidates for
an instability because we obtain the same minimal value
of b,,,. Figures 1 and 2 illustrate the two cases. If N is
even, we determine from (3.30) a simple expression for
bo= min(b,,, ):

b=by=a 'L(1+2X?) (N even). (3.31)

Using (3.17), we may then obtain an approximation of the
first  bifurcation point np=n,. The  scaling
7,=0(T 'a™!) is in agreement with the result of a
different analysis given in [12]. Moreover the case N =2
can be analyzed in detail and does not require the limit
€—0 (the laser equations are the same as the equations
given in [7] except that 7 must be replaced by 27 because
we consider periodic boundary conditions and
Y;+1=Y,_;). We have found that the out-of-phase solu-
tion becomes unstable if b >b* where b* is identical to
b.



4256
IV. BIFURCATION ANALYSIS
FOR m =N /2 AND N EVEN

We consider Egs. (2.5)—(2.8) with €2=T "! and p=¢b,
or equivalently,
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These equations can be simplified if we introduce new
variables defined as

1/2

2 _ -
ax, Tl S B AR
J_ 22 . _
do =Z,X; fb[Xj+131n(¢j+1 é;) B L (4.4)
s=(2p)’'“eo .
+X; _sin(¢; —¢;)], (4.1)
Wzdzj 2 . . .
€ ‘—=p—2Z,—(1+2Z,)X; , 4.2) These new variables are motivated by the expressions of
do j i p

the frequency and the eigenvector of the critical mode
d¢; A previously obtained by the linear stability analysis. Simi-
do _ QZtTebX; [Xj+1cos(d; 1 —¢;) lar changes of variables have been proposed for other

class-B lasers (such as CO, lasers). Equations (4.1)-(4.3)

TX;ycos(d;1=¢)]. (43 then become
J

ﬁ=——y-—e(2p)_”2x-[1+2p(1-1-y»)] (4.5)
ds J J Joa )
dy, 172
—dsi=(1+y,)xj—eb %' ((A+y, V2 +y ) Zsin(é; =)+ (1+y, ) 2(1+y) Psin(d; - — ;)] , 4.6)
do;
dsf =—lax;+eb(2p)"X(1+y,) " [(1+y; )P cos(d; ., —d;)+(1+y;, ) cos(d; _,—¢;)] . 4.7)

We are interested in determining the periodic solution
which is bifurcating from the steady state m =N /2. In
terms of the new variables, this steady-state solution is
given by

x;=y,;=0 and ¢,=—2eb(2p)” s+, +jm . (4.8)

We are now ready for the bifurcation analysis. We first
introduce the new variables uj, v, and w; which are
defined as the deviations from the steady state,

Uj==xp ;=Y

w;=¢,—[—2eb(2p)" s+ t+jm] .

(4.9)

We then seek a small-amplitude solution of the form

uj(S,v)=vuj1(S)+v2uj2(S)+ e, (4.10)
v (S, v)=w,(S)+vv,(S)+ -+, (4.11)
wj(S,v)=D(v)S+ij1(S)+v2wj2(S)+ e, (4012)
where the new time S is defined by
S=w(v)s =[wy+ V2w, +O(Wv")]s . (4.13)
All the correction terms ujj,Ujy, ... VU0, -5 W),

Wjy,. . . are 2m-periodic functions of S. Note from (4.9)
that w; corresponds to ¢;, the phase of the electrical field.
The phase has an expression of the form
$;(S)I=Ry+R,;S+R,(S) where R, is a 2w-periodic

function of S. By introducing the term

D(v)S=(v*D,+v*D;+ ---)S (4.14)

f

in (4.12), we allow a possible O(+v?) correction term for its
linear dependence in time. The small parameter v is pro-
portional to the deviation b — b, and is defined by

(4.15)

where c=1if b—by>0and c=—1if b—b,<0. Wein-
troduce (4.10)-(4.15) into Eqgs. (4.5)-(4.7) and equate to
zero the coefficients of each power of v. We then obtain a
succession of problems for the unknown coefficients. The
three first problems are given in the Appendix. Each
problem is then solved by a perturbation analysis valid in
the limit e —0.

In summary, we have found the following results.
From the O(v) problem, we obtain that the Hopf bifurca-
tion is located at

=1
4a

b(V)—bozvzc R

by(€) (1+2p)+0O(€) (4.16)
and the frequency of the oscillations at the Hopf bifurca-
tion point is

wo(€)=14+0(€?) . 4.17)

The periodic solution corresponds to a standing-wave
solution in space and is harmonic in time. It is given by

u;=v(Be’ SN+ c.c.)+0() (4.18)
v;=v(BBe'ST/T+ c.c.)+0(W), (4.19)
w; =v(BCe' ST+ c.c.)+0(+), (4.20)

where B and C are two constant coefficients defined by
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S=0 S=x/2

Intensity
Intensity

T T3 T 8 T P 3 ¥ o T I3 3P 3T T 3880
laser nb laser nb

S=w

Intensity

laser nb

FIG. 3. The standing-wave solution. The intensity of the
27-time-periodic standing-wave solution is represented for ten
coupled lasers and for three different times.

B(e)=—i+0(e) and Cle)=iT+0(e). @21)
Figure 3 represents the intensity of the standing-wave
solution for an array of ten lasers and during half the
period (time S=0, 7 /2, and 7). The coefficient vf is the
amplitude of the periodic solution and S=p(c) is deter-
mined from the O(+v*) solvability condition. The expres-
sion of |B|? is given in (A42) and the fact that it is positive
gives the direction of bifurcation. The bifurcation is su-
percritical (i.e., b>b,), if ¢c=1 which then requires the
condition (A43). On the other hand, the bifurcation is
subcritical (i.e., b <bg) if c =—1 which then requires the
condition (A44). A supercritical bifurcation means that
the transition to the oscillations is smooth and the ampli-
tude progressively increases from zero. A subcritical bi-
furcation implies a hard transition near the bifurcation
point to large-amplitude solutions which may or may not
be periodic and are not approximated by our analysis.
From (A42), we find that the supercritical case appears if

a>a,=(£)"?=1.20. (4.22)

If a < a,, the bifurcation is subcritical and leads to unsta-
ble periodic solutions.

V. DISCUSSION

We have investigated the first Hopf bifurcation of a
system of N coupled class-B lasers. If N is even, we have
shown that the bifurcation leads to a specific time-
periodic standing-wave solution. It corresponds to a
preferential mode of instability because the wave number
is equal to N /2 for all values of the laser parameters.

Since the wave number is O(N) as N— o, the
standing-wave solution varies a lot from one laser to the
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next in the array. It is not a function of the slow space
scale j /N and cannot be determined by using the contin-
uum limit as in [12]. To use the continuum limit as
N— o and determine an approximation of the time-
periodic standing-wave solution, we must seek a solution
of the discrete laser equations that depends on both the
position j and the slow space j /N [15].

The bifurcation results described in this paper will be
useful if we investigate the stabilizing effects of additional
control mechanisms (injection locking, periodic modula-
tions, parallel coupling). Provided that these additional
terms in the laser equations can be treated as weak per-
turbation terms, we may derive amplitude equations
which are slight modifications of the bifurcation equation
of Eq. (A40). In particular, the nonlinear term in (A40)
will remain unchanged.

Of particular physical interest is the fact that the con-
dition for a smooth transition to small-amplitude time-
periodic solutions only depends on a. Increasing a (i.e.,
a>a.~1.2) has a stabilizing effect even if the value of
the bifurcation point n=m.(a) is decreased because we
may guarantee the existence of stable small-amplitude
time-periodic solutions. We have analyzed the predic-
tions for the direction of bifurcation (4.22) by investigat-
ing numerically the laser equations. For T =2000,
p =0.05 (the values of the parameters used by Winful and
Rahman [8]), and N =4, we have determined the branch
of periodic solutions which appears at the first Hopf bi-
furcation point. We have used both a continuation
method (AUTO [16]) and a direct integration method. We
have found that the bifurcation is supercritical if a=1.3
and subcritical if a=1.1. This is in agreement with (4.22)
since the condition predicts that the bifurcation changes
direction at a.~1.20. In addition, we have found nu-
merically that the branch of stable periodic solutions
which appears in the supercritical case (a=1.3 and 5) ad-
mits a secondary bifurcation to quasiperiodic solutions at
a value of b slightly larger than the Hopf bifurcation
point b=b,. This secondary bifurcation reveals the
effects of the nearby modes (n =N/2+1and N/2—1).

If N is odd, the bifurcation analysis is more complicat-
ed because the first instability corresponds to a multiple
eigenvalue [17]. Indeed, both modes with wave numbers
n=N/2+1 and N/2—1 become unstable at the same
time as the bifurcation parameter is increased. Their in-
teraction leads to multiple branches of solutions (two

stable traveling-wave solutions and one unstable
standing-wave solution) [15].
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APPENDIX: HOPF BIFURCATION ANALYSIS

In terms of the new variables (4.9), we rewrite Egs.
(4.5)-(4.7) as
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ﬂ‘____ — -1/2
7 v; —€(2p) [u;(1+2p)+2pujv;], (A1)
du, 172
—E—u +u;v;+eb [[1+%(vj+vj+,)+%vjvj+1—%(vj2+vj2+] )+ - Isin(w; 4 —wy;)

F{1+ 3 +v, )+ Lo, — L+l )+ - Isin(w; o —w))} (A2)
dw} 1 1/2 1 2 1 1 2
s tau;+eb(2p)” {1+ 304 — v)+5 —gij——T ja o I 1wy —w)) + -]

Fl 20, —vp) 3=t = ot I T w2 T, (AD)
where we have expanded the functions (1+y;)'/%,... and cos(¢;;—¢;),... in Taylor series. Introducing

(4.10)-(4.15) into Egs. (A1)-(A3) leads to a succession of problems for the unknown coefficients:
o),

woujys=—€(2p) " A1+2p)u; — vy (A4)
172
Vs =uj;T€bg (w; 11 Fw; -y —2w;) (AS5)
w15 = — tau;; —1ebo(2p) T 2wy o —2050) 5 (A6)
o),
woujzs+€(2p)—l/2(1+2p)uj2+vj2:_G(ZP)I/zujlvjl , (A7)
172
WoVjps — U~ €by (W) 4yt wj -y 2w),)
12
=u;v;;T€bg [%(vj1+vj+1‘1)(wjHyl—wjl)+§(vj,+vj_1,1)(wj_,,,—wj,)] ) (A8)

wowﬂs+%auj2+%€bo(2p)_l/2(vj+1,2+vj_1y2—20j2)=6b0(2p)w“2[‘%le+ iy L0t W —wpy)

TR ij—l 1 Fgv

jl
+%(wj_1’1—wj1) ]_woDz 5 (Ag)
o),
wouj3s+e(2p)_‘/2(1+2p)uj3+vj3=eR1—wzujls , (A10)
172
C()0Uj3s_uj3’—€b0 - (wj+1,3+wj_1’3—2wj3)
1/2
-_—(ujlvj2+ujzvj1)+€R2+€C - (wj+1,1+wj_m—ijl)—a)2vj15 y (All)

@owj3s + yaujst1ebo(2p) T Ay 3y, g 37 203) = €Ry —woDs —wguy; (A12)

where R, and R, are defined by
Ry =—(2p)" X (ujpj+upv;y) , (A13)

172

f— 1 i 1 —
R,=b, {3(vjat vy 2 (W40 w3 tv e (W) wj,)

p
1 — 1 — —1 — 3
+3wpto; N wjy— g w;)+ 5 v Nwj—y ) W)= ¢(wj 41— wj))

—1 — 3 1 _1(,2 2 _
swj—11 w;) v+ i(Uj1+Uj+1,1)](wj+1,1 wjy)

+[%Uj1Uj—1,1 (U +UJ—11)] ,«1,1'—“’1'1)}- (A14)
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We do not need to know the expression of R ;.
We solve each problem sequentially. The O(v) prob-
lem has a 2#-periodic solution if

b0(6)=bm+0(62):ﬁ(1+2p)+O(62) . (AL5)

wo(€)=we+0(e2)=14+0(€?) . (A16)
The solution is then given by

uj1=[3ei(s+j“)+ c.c. , (A17)

v;;=BBe'S* M+ c.c., (A18)

wj1=BCei(S+j”)+ c.c. , (A19)

where B is an unknown amplitude and B and C are two
constant coefficients defined by

B(e)=—i—e(2p)"2(142p)+0(€) , (A20)

C(e):i%—2€b00(2p)_1/2+0(62) ‘ (A21)

We now consider the O(+?) problem. We find that D, is
a function of BB given by

D,(e)=€e(2p) VBBl —al1+2p)+by2(a®—1)]+0(€?) .

(A22)
The solution for u,, v;,, and wj, is then of the form
u;p=(Be"$ M+ c.c.)+BBA,
+(B* 4,04 ST cc.), (A23)
vj;=(B,Be"5 "™+ c.c.)+PBBB,
+(B*B,e¥STiM+ cc.), (A24)
w;=(ByCe ST/ + ¢c.c.)+BBC,
+(B’Ce¥S*timMt cc.), (A25)

where B, is a new undetermined coefficient which multi-
plies the homogeneous solution and 3 is the complex con-
Jugate of B. The coefficients 4,, By, Cy, 4,, B,, C, are
obtained by substituting (A23)-(A25) into Egs.
(A7)-(A9) and solving the resulting algebraic equations
for (Ay,B,,Cy) and (A4,,B,,C,), respectively. As € —0,
we find that C; is arbitrary and

Ay(e)=2e(2p) VX 14+2p)+0(€?) , (A26)

27 . : —
—i(S+jm) _ *
fo e Im™ (eR | —wyu;5)+B

+E*[6R3_woD3_(02ujlsl dSZO 5

ujlvj2+uj2vj,+eR2 +ec
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Bole)=—€p~(1+2p)+0(€) , (A27)
Az(e)=—§+§<2p)—‘/2(1op—1)+o<62) , (A28)
By(e)=—1+4e(2p)Hap+5)+0() , (A29)

2
a . € —1n2|a 1

_ = _ —_ — 2 _—
C,(€) 2 +12a(2p) 36(38p+7) (1+ p)4

+0(€) . (A30)

Note that the solvability condition for the O(+?) is identi-
cally satisfied because the right-hand side of Egs.
(A7)—(A9) contains only constant terms or terms multi-
plying exp[£2i(S +jm)]. However, the right side of the
0(+?) problem contains terms multiplying
exp[Li(S+jm)]. These terms are of the same form as
the solution of the homogeneous problem. Therefore the
right-hand side must satisfy a solvability condition. This
condition will give equations for 8 and w,. To formulate
this condition, we first need to solve the homogeneous ad-
joint problem. This problem is given by the following
equations:

—oous+e2p) T (14 2p)uf —vf + Zwi=0,  (A3D)

—owjstuf+1leby(2p)” Hwr Fwr | —2wr)=0,

(A32)
5 172
—oows —€b, > ] (i +of—2vf)=0. (A33)
Equations (A31)-(A33) have two solutions given by
u~*=eii(s+j") vr=B*eti(S+j1r) (A34)
j v Y ’
and
w;::Cslreii(S-%jﬂ') , (A35)

where the coefficients B* and C* are defined by
*=—i+0(€), C*=—4eby(2/p)"*+0(€?).
(36)

Note that the correction term in B* is O(e?) and that
C*=0(e€). These properties will be useful in the formu-
lation of the solvability condition. We now consider the
O(+*) problem. The first solvability condition is given by

172

= Wit wi—y 2w — o)

(A37)

where bar means complex conjugate. We do not write the second solvability condition because it is the complex conju-
gate of (A37). We now solve (A37) by expanding the various functions in power series of € and neglecting all O(¢€?)
terms. The algebra is easier if we first note a series of simplifications. First, since C* is O(¢€), we do not have to take
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into account the contribution of €R ; because C*€R ; is O(€?). Second, the constant term w,D will not appear after in-
tegration. Third, we only need to evaluate the leading terms in €R | and €R, because their contribution is O(e€).
Finally, the first correction term in B* is O(€?) and we do not need it. The condition (A37) then takes the form

172

B

—iw,B[2—2ie(2p)” A 1+2p)]+2aec

3

After dividing by S, the imaginary and real parts of (A38) lead to two conditions of the form

20,+1pB=0,
172

—w,2€(2p) "} (14 2p)+2aec %

Solving first (A39) for w, and then (A40) for BB, we find

+/32E[—i+§(zp>"/2<11+22p)—e(2p>“/"—(—1i62&)(5+3a2) =0. (A38)
(A39)
+e(2p)" BB l‘é‘(ll+22p)— (ng ) (5+3a2) |=0. (A40)
[
and
a<a, ifc=—1. (A44)

w,=—1BB, (A41)

=_ T2ac 1
BB (1+2p) (9a2—13)

The expression (A41) is the correction of the frequency.
The expression (A42) gives the amplitude |B]. From
(A42), we note that B> 0 requires that

a>a,=(2)"?=1.20 if c=1

(A42)

(A43)

Following the Hopf bifurcation theorem, we conclude
that the bifurcation is supercritical and leads to stable
periodic solution if ¢ =1 (i.e., b > by) which requires the
condition (A43). On the other hand, the bifurcation is
subcritical and leads to unstable periodic solutions if
¢=—1(i.e., b <b,) which requires the condition (A44).
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