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Electric analog circuits are used to simulate stochastic resonance (SR) systems. It is found that the
signal-to-noise ratio (SNR) obtained by the SR device can exceed the upper limit of the SNR obtained by
the optimal linear filter. By applying two SR devices successively, the SNR obtained by the SR devices
may be about eight times larger than that of the optimal linear filter.
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I. INTRODUCTION

The phenomenon of stochastic resonance (SR) has at-
tracted much attention in the study of fluctuating systems
in the last decade. It has been found that under proper
nonlinear conditions of the system, an increase in disor-
der of the input may result in an increase in order of the
output [1-9]. Specifically, the output signal can be great-
ly enhanced (while the output noise can be considerably
lessened) by suitably increasing the input noise. This ac-
tive role played by noise seems to be striking and concep-
tionally meaningful. It is particularly interesting to seek
possible applications of this peculiar phenomenon for
practical purposes.

In many practical cases, we are not very interested in
the amplitude of the signal itself since there are so many
well-known approaches for amplifying a signal. The
signal-to-noise ratio (SNR) often plays a more important
role since this quantity represents the quality of a signal.
Therefore, the interest in the SR problem has shifted to
the SNR in current works [5-8]. To get a signal with
SNR as high as possible is one of the central tasks in in-
formation theory. There had been a great variety of
methods (mainly, linear treatments, for instance, linear
filtering) dealing with the problem of increasing the SNR
of a signal before the term SR was adopted. In the study
of SR we find that the SR devices may also be used to ac-
complish this task. Hence, it is interesting to ask if the
SR devices can work better than all the known methods.

Given an input

I()=U@)+Q(1), (1.1)
where Q (?) is a white noise
(Q()=0,
(1.2)
(Q(1)Q(t')=2D8(t —1¢') ,

a well-known theory predicts that the largest SNR ob-
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tained by the optimal linear filter reads
R;y=Ps/P, , (1.3)

where Py is the total signal power [10]

PS=?17;wadw : (1.4a)

(1.4b)

P,=[" (UWUt+1))e'dr,
and P, is the noise power of per unit spectrum
P,=D/m .

In (1.4) P, is independent of ¢ if we deal with a steady
process. In this paper we consider a sinusoidal signal

(1.5)

U(t)=U cost . (1.6)
Then Egs. (1.4) can be specified as

Pw=%U2[8(w+Q)+5(a)-—Q)] , (1.7a)

Py=-L ["pdo="" (1.7b)

S o2rdo e 4 '
which leads to

7 U?
Riv=7"p (1.8)

Equation (1.8) serves as the absolute upper limit for linear
devices. Any new devices which can exceed this limit
must be of great interest in the problem of signal transfer-
ence and reception. One may ask if the SR devices be-
long to the devices of this kind.

Let us consider a nonlinear system which has been ex-
tensively investigated in the study of SR so far,

X=ax—bx3+I(t), a,b>0
I(t)=Ucos(Qt)+Q(¢), U>0.

(1.9

3243 ©1992 The American Physical Society



3244

The central problem to be answered in this presentation
is whether the ratio

G =Rg /Ry (1.10)

can be larger than unity (Rgi represents the SNR of the
output of the SR devices). If we get G>1, a more
effective way of producing higher SNR is realized, and
useful applications of the SR effect may be expected.

Gammaitoni etz al. first used an electric circuit to
simulate a periodically forced bistable stochastic system
in the SR study [11-13]. This analog simulation has two
advantages. On one hand, it is an experimental study.
The result is more useful for application. On the other
hand, it directly simulates a well-defined differential equa-
tion, and then allows a close comparison with theoretical
analysis. Recently, Zhou and Moss [14], Gong et al.
[15], and Hu et al. [16] also used an analog circuit to
simulate Eq. (1.9).

The main purpose of the present paper is to experimen-
tally (by using an electric circuit) investigate whether the
quantity G can be larger than unity, and how G can be
modified by changing the control parameters. In Sec. II
we describe the experimental set and the method measur-
ing the quantity G. In Sec. III we present experimental
data of G. It will be shown that G can be considerably
larger than unity. The influences of various control pa-
rameters on G are experimentally investigated. In Sec.
IV we use two SR devices successively to treat the input
signal and noise. It is found that both SR sets can
effectively enhance the SNR.

II. EXPERIMENT DESIGN

Figure 1 shows the block of the analog circuit simulat-
ing Eq. (1.9), U(¢) and H (¢) are the signal and the noise
sources, respectively. The output of the set is X (z) which
is the solution of Eq. (1.9). IC, is an operational integra-
tor, IC, an inverter. D and E are two multipliers. In our
simulation we adjust the experiment parameters to ensure
a =b =1. In our experiment three quantities, U, f, and
H, can be directly changed and measured. (1) The ampli-
tude U and the frequency f [note, U(t)=U cos(ft +6)]
can be directly read from the signal generator. (2) The
effective voltage of the noise H can be read from the noise
generator. H can be changed in a wide regime. Of
course, the noise generator can never produce true white
noise since the total power of a white noise should be

Computer

. The block diagram of experimental apparatus.
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infinite. However, in our experiment the spectrum of the
noise is uniformly distributed in the wide frequency inter-
val 0-6f, and then it can be approximately regarded as
a white noise in our problem. In Fig. 2 we plot the spec-
trum of the noise at H=3 V.

The experimentally measurable quantities are related
to the parameters in Eq. (1.9) as follows:

fOO(Qy

— (2.1)
Ho<VD .

In this paper we are not interested in the proportion
coefficients. Instead, we focus on the problem whether G
can be larger than unity in certain parameter regions of U
and H [i.e., certain parameter regions of U and D in Eq.
(1.9)], and how large the maximal G can be. The frequen-
cy fis fixed to be f, =100 Hz throughout the paper.

The output X (¢) is received by the computer through
an analog-to-digital converter (ADC) where the spectrum
of X (¢) is computed. For making fast Fourier transfor-
mation the computer collects 2000 data in T=1 sec. The
experimental signal-to-noise ratio (R ) is defined as the ra-
tio of the height of the spectrum of the output signal at
frequency f, to the average amplitude of the background
noise spectrum in the vicinity of f. R, is directly mea-
sured from the input U(t)+ H (t) while Ry is measured
from the output of the SR device, X (¢).

We denote the experimentally measured signal-to-noise
ratio quantities with an overbar. The experimental SNR
is different from the SNR defined in Egs. (1.3)-(1.5).
First, the Fourier transformation of the experimental
data is made in finite time interval T, and then the 8 func-
tion in (1.7a) should be replaced by a spectrum peak of
finite height proportional to 7. Second, the Fourier
transformation of the correlation function in (1.4b) is re-
placed by that of the X (¢) time sequence. (In this way we
considerably save experimental and computing time.)
However, by applying the Wiener-Khinchin theorem
[17,18] and performing some elementary calculation we
can relate the theoretical SNR(R) to the experimental

SNR(R) as

L 7y
o . 2.2
R T(R) (2.2)

spectrum (V)
1 Avl;‘lm:f_lugl_._l_J_ —

0 200 400 600
f (Hz)
FIG. 2. The spectrum of noise output of the noise generator.
H=3 V. The spectrum is practically uniform in the frequency
interval f <600 Hz=6f.
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FIG. 3. (a) The SNR measured from the spectrum of the in-
put I(z) (represented by R, ), which is related to the SNR of
the optimal linear filter by Eqgs. (1.8) and (2.2), against U.
H=0.4V (curve 1) and H=1.1V (curve 2). The linear depen-
dence confirms the theoretical result. (b) Ry, (vs) 1/H.
U=0.32 V (curve 1) and 0.16 V (curve 2). The linear depen-
dence is also consistent with Egs. (1.8), (2.1), and (2.2).

[_I_\Tote, R defined in (1.7) has the dimension of 1/sec while
R is dimensionless.] Accordingly, the ratio of Rgg to
R\, i.e., the quantity G, is related to G by

172
Rsr = 1/2

=(G)"“.
Rim

(2.3)

In the following, we focus on the experimental investiga-
tion of the behaviors of the quantities R and G.

In Figs. 3(a) and 3(b) we plot R, ,, against U and 1/H
by fixing H and U, respectively. In both cases we find
straight lines. These behaviors are consistent with the
theoretical result (1.8) [together with (2.1) and (2.2)] and
confirm the validity of our experiment design.

III. EXPERIMENTAL RESULTS BY USING
ONE SR DEVICE

In Fig. 4(a) we fix U=0.16 V and plot R vs H. The
crosses represent Rgy while the circles represent R ,,.
Each plot is determined by the average of 20 measure-

U=0.16 V. (b) The same as in (a) with U given by U =0.32 V.

ments. Due to the statistical treatment the curves are
quite smooth. A striking result demonstrated in the
figure is that the crosses may be above the circles in a
wide region of H. In Fig. 4(b) the amplitude of the input
signal is raised to U=0.32 V. The general characters of
the curves are similar to those in Fig. 4(a). In Fig. 5 we
plot G vs H. Curves 1 and 2 correspond to U=0.16 and
0.32 V, respectively. A clear fact is that G can be consid-
erably larger than unity.

1O 3+

0 17 ' 3.4
H(V)
FIG. 5. G’s given by Eqgs. (2.3) and (1.10) against H. Curve 1

corresponds to U=0.16 V and curve 2 U=0.32V. G>1lina
wide region of large H.
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FIG. 6. R’s of x(t) and I(¢) vs U. H=0.8 V. In the cross
curve, three scaling H regions can be clearly seen.

In Fig. 6 we plot R against U by fixing H =0.8 V. The
crosses and circles have the same meanings as in Fig. 4.
In Fig. 6 at relatively small H the cross curve demon-
strates, obviously, three scaling regions. We find rare or
random switchings in the first (small U) region, optimal
switchings in the second (intermediate U) regions, and
saturation in the third (large U) region. In the first re-
gion it is possible that increasing the input signal with the
input noise fixed may result in decreasing experimental
SNR of the output because of the random switchings.
The second scaling region demonstrates obviously sto-
chastic resonance where slightly increasing the input sig-
nal may lead to considerably increasing the output signal
and the output experimental SNR. In Fig. 7 we plot G vs
U. Again we find that G can be larger than unity in a
wide U region. A manifest point is that G increases rap-
idly in the stochastic resonance region.

The reason why we can get G > 1, or in other words,
why we can get higher SNR by using the SR devices than
the highest SNR obtained by linear devices can be under-
stood from the mechanisms of both SR and linear de-
vices. The way for a linear device to increase the SNR of
a signal is to filter out certain parts of noise. The best

0.47 094
u(v)

FIG.7. Gvs U. H=0.8 V.
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filter [which gives the SNR in Eq. (1.8) if the signal and
noise are given by (1.2) and (1.6)] can take away noise as
much as possible. The mechanism of the SR device is
completely different. The essential point is that this de-
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FIG. 8. (a) The total output power of the SR device vs H.
U=0.32 V. The unit is not specified, and then only the relative
height takes meaning. (b) The ratio of the signal power to the
total power of the output of the SR device. There is a huge
hump in the stochastic resonance region. In this region the en-
ergy transfer from noise to signal is obvious. (c) The average
amplitude of the output noise spectrum of the SR device in the
vicinity of the input frequency f, =100 Hz. The output noise is
considerably reduced in the stochastic resonance region.
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vice allows an energy transfer from noise to signal under
certain nonlinear conditions of the system. (For the
theoretical description of this effect, see Ref. [6].) This
energy transfer is particularly effective in enhancing the
output signal and lessening the output noise. This fact
has not been taken into account in previous analysis of
the SNR of linear devices, to our knowledge.

From Fig. 8 the energy transfer in the SR device can be
clearly seen. In Fig. 8(a) we plot the total power of the
output P, against H with U=0.32 V. The P, in-
creases rapidly as H increases from zero. Then the total
power reaches a saturative value, and becomes insensitive
to the change of the input noise strength. In Fig. 8(b) the
portion of the signal power in P, is plotted versus H for
the same U. A huge peak appears in the stochastic reso-
nance region. Part of the signal power uses more than
75% of the total output power. At the same H the input
signal power only uses a few percent of the input P .
The energy transfer in the SR region can be further
confirmed in Fig. 8(c) where the average amplitude of the
background spectra of the output noise in the vicinity of
fo is plotted versus H. The deep valley of the curve in
the SR region clearly shows the effective energy transfer
from noise to the output signal.

Part of the above experimental observations can be
analytically predicted. The detailed theoretical investiga-
tion considering the quantity G will appear in a forth-
coming paper.

IV. EXPERIMENTAL RESULTS BY USING
TWO SR DEVICES SUCCESSIVELY

In Sec. III we found that the SNR of a signal can be
considerably enhanced by using a SR device. It is in-
teresting to ask if one can further increase the SNR of the
signal by successively using the SR sets one after the oth-
er. If the answer is positive a powerful device in improv-
ing the quality of the signal and in separating weak sig-
nals from strong noise can be hopefully designed. In this
section we consider a set of two SR devices which is
schematically drawn in Fig. 9. In Fig. 9, 4 and B are
two analog circuits simulating the following equations:

x()=a;x —bx3+1(1),
4.1)
y(t)=a,y —b,y>+kx(t),

where
I(t)=Ucos(ft+60)+H(t) .

The time series of 7(t), x(t), and y (¢) are monitored and
recorded. The computer can make Fourier transforma-
tions of these three time series. The systems are adjusted
such that @, =a,=b,=b,=1. The multiple coefficient £

1(t) A X(t) B8 Y(t)

FIG. 9. The scheme of two-order stochastic resonance de-
vice. A4 and B are two blocks given in Fig. 1.

3247

30
[e4

154

] .
-

0 . T . .
0 17 34

H(V)

FIG. 10. The R’s of y(t) (squares), x(t) (crosses), and I(z)
(circles) vs H. U=0.5V.

is varied so that for a given x (¢) the output y(¢) has the
highest measured SNR.

In Fig. 10 we show the measured SNR’s of I(?) (cir-
cles), x (¢) (crosses), and y (¢) (squares) by varying H and
fixing U =0.16 V. The highest measured SNR of the
squares is slightly higher than that of the crosses. How-
ever, the peak of the squares is much flatter than that of
the crosses. Therefore, the measured SNR of the output
of the second SR device is considerably larger than that
of the first SR device for relatively large H, which results
in considerably enhancing the quantity G. In Fig. 11 we
plot G vs H for the same U. Curves 1 and 2 represent the
G’s of x(t) and y(t), respectively. It is clear that the
second SR device can further increase G. The quantity G
of Y (¢) can increase eightfold, i.e., the successive use of
two SR devices may lead to a measured SNR eight times
higher than that obtained by the optimal linear filter.

In order to show how the SR devices can effectively
enhance the SNR we present Figs. 12 and 13. In Fig. 12
we fix U=0.16 V, H=2 V. Figures 12(a)-12(c) give the
spectra of I(t), x (), and y (¢), respectively. In Fig. 12(a)
the input signal is entirely submerged by the noise spec-
trum; meanwhile, the peaks of the signals of x(¢) and

1O 4+

0 " ) 17 34
H(V)

_FIG. 11. _G’s plotted vs H. Curve 1 represents the ratio
Rsr[X(£)]/Rpp; curve 2 represents Rsg[y(£)]/Rpp. The max-
imal G of curve 2 is 40% higher than that of curve 1.
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FIG. 12. The spectra of I(z). (a), X(z) (b), and y(?) (c), re-
spectively. U=0.16 V, H=2 V. In (a) the signal cannot be
found. At the same parameters the signal spectra in (b) and (c)
can be clearly seen.

y (1) are standing highly above the noise backgrounds in
Figs. 12(b) and 12(c). In Fig. 13 we increase the input
noise to H =5V and keep the input signal unchanged. In
both spectra of I(z) and x (¢), one cannot see the trace of
the signal. Nevertheless, the signal is manifest in the
spectrum of the output y(¢). A clear impression is that
the SR devices are really useful for improving the quality
of the signal and for separating the weak signal from
strong noise.

From Figs. 10 and 11 it is obvious that the second SR
device is not as effective as the first one in enhancing the
SNR. Actually, we find that the highest experimental
SNR of the output of the first SR device can hardly be
further increased by the second SR device. The reason is
that the nature of the input of the second SR device (i.e.,
the output of the first SR device), x (¢), is considerably
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FIG. 13. The same as in Fig. 12 with H given by H=5 V.
The signal spectra disappear in both (a) and (b). However, after
the second SR device the signal spectrum clearly grows up out
of the noise sea.

different from that of the input of the first device, I(¢).
Q(t) can be approximately regarded as a white noise,
while the noise in X (#) can never be regarded as white.
The finite correlation time of the noise in X (¢) consider-
ably reduces the efficiency of the second SR device. We
believe that there must be a limit in enhancing the experi-
mental SNR by successively using the SR devices. How-
ever, suitably using a combination of various nonlinear as
well as linear devices and properly adjusting various pa-
rameters may produce even higher G by applying mul-
tiorder SR devices.
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