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Kink solitons and optical shocks in dispersive nonlinear media
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The generalized nonlinear Schrodinger equation governs wave propagation in nonlinear dispersive

media by including the effects of group-velocity dispersion, self-phase-modulation, stimulated Raman

scattering, and self-steepening. This equation is shown to have solitary-wave solutions that correspond

to an optical shock front moving at the group velocity. The properties of such kink-type solitary waves

are discussed.

PACS number(s): 42.65.—k, 42.25.—p

I. INTRODUCTION

Wave propagation in dispersive nonlinear media has
attracted considerable attention in recent years, in part
motivated by its application to optical fibers [1—6]. Prop-
agation of short optical pulses in optical fibers is
governed by the well-known nonlinear Schrodinger equa-
tion (NSE) [1,2]. This equation can be solved exactly by
the inverse scattering method [7]. Under certain condi-
tions, an optical pulse can propagate as a fundamental
soliton that remains unchanged during propagation as
long as optical losses remain negligible. Pulselike solitons
exist only when the group-velocity dispersion (GVD) is
anomalous. In the case of normal GVD, the NSE has
soliton solutions which appear in the form of a dip
against a uniform background [7]. Such solitons are
called dark solitons [1,2].

The NSE describes pulse propagation in optical fibers
accurately only when the pulse width To is relatively
large (Tp))1 ps). Several higher-order effects become
important for femtosecond optical pulses. Their evolu-
tion is governed by generalized NSE that includes these
higher-order effects through additional terms which
represent the effects of third-order dispersion, self-
steepening, and intrapulse stimulated Raman scattering
(SRS). Attempts have been made to find the solitary-
wave solutions of the generalized NSE under varying de-
grees of approximations [8—12]. The inclusion of the
SRS term in the generalized NSE appears to preclude the
existence of solitary waves of both bright and dark types.
Their absence can be attributed to the non-energy-
conserving nature of the SRS term. This paper shows
that the generalized NSE has solitary-wave solutions even
when the SRS term is included, but these solutions corre-
spond to a different class of solitons known as kink soli-
tons [4]. Although kink solutions occur in many
branches of physics (e.g., particle physics and solid-state
physics), their occurrence in nonlinear optics is relatively
rare [13,14]. In the context of nonlinear optics, a kink
soliton represents a shock front that propagates undis-
torted inside the dispersive nonlinear medium.

This paper is organized as follows. The generalized
NSE is given in Sec. II. This equation is normalized and
rewritten in a form that is convenient for examining

solitary-wave solutions. In Sec. III a solitary-wave solu-
tion to the generalized NSE is obtained by including in-
trapulse SRS, but neglecting third-order dispersion and
self-steepening. The properties of this kink-type solitary
wave are discussed and their implications for pulse prop-
agation in optical fibers are explored. The results of Sec.
III are expanded to include the effects of self-steepening
in Sec. IV. Finally, the results are summarized in Sec. V.

II. THE GENERALIZED NSE

The properties of the NSE and its soliton solutions
have been discussed extensively [1—7]. The generalized
NSE includes three additional terms to the NSE which
represent the effects of third-order dispersion, self-
steeping, and intrapulse SRS. Its general form is given by
[1,2]
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where A (z, t) is the slowly varying envelope amplitude, v

is the group velocity, a is the optical loss, p2 is the GVD
coefficient, p3 is the third-order dispersion coefficient, y is
the nonlinear parameter, coo is the carrier frequency, and
the parameter Tz governs the effects of intrapulse SRS.
T„ is related to the slope of the Raman-gain spectrum
near coo and is estimated to be in the range 6—10 fs for sil-
ica fibers [15]. We use the notation of Ref. [1] and refer
to it for further details.

It is useful to write Eq. (1) in a normalized form. For
this purpose, we introduce the normalized quantities

t zlv, —zip, i U=, (2)T2 '
(P )1/2

where To and Po set the time scale and the power scale,
respectively. In the case of optical pulses To and Po are
chosen, respectively, as the width and the peak power of
the pulse. We neglect loss by setting +=0. The GVD
parameter pz is assumed to be negative. Equation (1)
then takes the following form [1]:
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have the following solution:
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where

and
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By substituting this solution in Eq. (7) it is easy to verify
that the solution exists only when K =9/(8r~ ) and N is
related to ~R through

N =yPoTo/IP2I .

The parameters 5, s, and ~R govern, respectively, the
effects of third-order dispersion, self-steepening, and in-
trapulse SRS. For relatively long optical pulses (To ) 10
ps), all three parameters are so small that the right side of
Eq. (3) can be set to zero. Equation (3) then reduces to
the standard NSE that can be solved by the inverse
scattering method [7]. For integer values of N, the solu-
tions are in the form of solitons. The fundamental soliton
corresponds to N=1, and its amplitude is given by
U(g, r) =sech(r) exp(i g/2)

The generalized NSE governs the evolution of optical
fields whose envelope varies on a time scale shorter than
a picosecond (To & 1 ps). Considerable attention has been
paid [8—12] to obtaining the solitonlike solutions of Eq.
(3). In the absence of the SRS term (rx =0), pulselike
soliton solutions of Eq. (3) have been found in a certain
range of parameters. In practice, however, the SRS term
dominates and can affect temporal evolution even for
pulses as wide as a few picoseconds [15,16]. We therefore
consider the opposite limit in which we keep the intra-
pulse SRS term but neglect the effects of third-order
dispersion and self-steeping by setting 5=0 and s =0 in
Eq. (3). The effect of self-steepening is included in a later
section.

III. SOLITARY-WAVE SOLUTIONS

We follow the standard approach [8—12] and assume
that the solitary-wave solutions of Eq. (3) can be written
as

The solitary-wave solution (8) belongs to a class of soli-
tons appearing in the form of kinks. Kink solitons have
been extensively studied in many physical systems whose
dynamics are governed by the sine-Gordon equation [4].
In the present context, the kink soliton represents an op-
tical front or optical shock which preserves its shape
when propagating through an optical fiber. Figure 1

shows the shock profiles by plotting F (r) for several
values of rx ', F (r) is normalized such that F(0)= 1. The
steepness of the shock depends on the parameter ~R
defined as rg=TIt/To. The shock front becomes in-
creasingly steep as vR is reduced. The parameter N given
by Eq. (9) increases when rIt decreases. However, the
power level Po (defined as the power at r =0) remains the
same. This can be seen by combining Eqs. (5) and (9) and
noting that

9 IPp
(10)

2.5

By using T„=10fs and typical parameter values for IP2I
and y, Po is estimated to be in the range 1 —10 kW.

The shock front shown in Fig. 1 corresponds to the
switch-on behavior of an optical field since shock occurs
at the leading edge. There is another kind of shock front
that corresponds to the mirror image of the one shown in
Fig. l. It can be obtained by changing r to r in Eq. (—8)
and is sometimes referred to as an antikink soliton [4]. It
is easy to verify that F( —r) is not a solution of Eq. (7)
because of the presence of the first-derivative term related

U(g, r)=F(r) exp[i(K( Qr)],— (6)

d F
4N r~F +—2N F (2K Q)F=O— —

dT' (7)

together with Q(dF/dr)=0, if we assume F to be real.
For a nontrivial solution dF/d~ cannot be zero for all ~;
hence II should be set to zero in Eq. (7). This equation
does not appear to have a pulselike solution satisfying the
boundary condition F(r) =0 as IrI tends toward infinity.
However, if the boundary condition is relaxed so that
F(r) becomes constant as IrI increases, Eq. (7) is found to

where 0 represents a frequency shift from the carrier fre-
quency coo,E is the corresponding change in the propa-
gation constant, and the envelope function F(r) is as-
sumed to remain invariant on propagation. By substitut-
ing Eq. (6) in Eq. (3), F(r) is found to satisfy
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FIG. 1. Temporal profiles of an optical shock representing
kink solitons for several values of ~z.
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to intrapulse SRS. Numerical results obtained by solving
Eq. (3) confirm this behavior. When the initial amplitude
U(0, r) is set equal to F(r) given by Eq. (8), ~ U(g, r)

~
does

not vary with the propagation distance g. However,
when U(O, r) is chosen to be F( r—), the shock profile
changes with propagation. The combination of a kink
and antikink can be used to provide a pulselike input.
Such a pulse may propagate without much change in its
shape when the kink and antikink are well separated. To
check this possibility, the generalized NSE was solved
with the following input:

U(O, v) =F(r rc)H—(r)+F( r r—c)H—( r),—
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U(O, r) = exp (12)

where H(r) is the Heaviside function defined to be 1 for
7 ~ 0 and 0 otherwise. The parameter 2~0 governs the
spacing between the kink and the antikink. Figure 2
shows the evolution of such a pulse over the range (=0
to 1 by choosing ~g =1 70=5, and N= 4. The trailing

edge of the pulse does not change significantly on propa-
gation since it travels approximately as a kink soliton of
Eq. (8). The leading edge, however, begins to deform for
g) 0.2 simply because it does not propagate as a solitary
wave. Deformation is in the form of a buildup of oscilla-
tions which move towards the trailing edge. The qualita-
tive feature remains the same for other values of ~o. The
pulse spectra shown in Fig. 3 indicate that a part of the
pulse energy has shifted towards the red side. Such a
shift is due to intrapulse SRS and has been well studied in
the context of optical fibers [16].

It is likely that optical pulses with a nearly rectangular
shape may propagate without much distortion as long as
the propagation distance is of the order of a dispersion
length. We have used a super-Gaussian profile of the
form
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FIG. 3. Intensity spectrum at g= I showing that a part of the
pulse energy has shifted toward the red side. Input spectrum is
shown by a dotted curve for comparison.

since they have a nearly rectangular shape at the input.
Figure 4 shows evolution of such pulses over the range
(=0 to 5 by choosing rx = 1 and N = ,'. The corr—espond-

ing pulse spectra are shown in Fig. 5. The pulse shape
and spectrum remain nearly the same over the range
)=0 to 1 but begin to change for g&1. The main
difference from a previous study [17] in which wx was
much smaller (~x =0.01) is that the spectral shift to-
wards the red side is almost suppressed. These numerical
results suggest that femtosecond pulses of relatively short
duration (50 fs or less) may experience less red shift than
pulses whose duration is much longer than 100 fs when
such pulses are transmitted through an optical fiber.

C/}z
2

z

3

z
PJ

2

z

-20 -10 0 10 20

TIME

-20 -10 0 10 20

TIME x

FIG. 2. Evolution of a pulse composed of two optical shocks
(representing a kink-antikink pair) over one dispersion length
((=0 to I) for ~z = I, N =—', and ~o= 5

FIG. 4. Evolution of a super-Gaussian pulse over five disper-
sion lengths (/=0 to 5). Other parameters are identical to those
of Fig. 2.
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FIG. 5. Pulse spectra corresponding to pulse shapes of Fig. 4.
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IV. EFFECT OF SELF-STKEPENING

U(g, r) =F(~) exp[i/(r)+iKg], (13)

where the phase P(r) is yet to be determined. By substi-
tuting Eq. (13) in Eq. (3) we find after some
simplifications [8] that F(r) satisfies

In this section we study the effect of self-steepening on
the kink soliton found in Sec. II by retaining the term
containing the parameter s in Eq. (3}together with the in-
trapulse SRS term containing ~R. It is no longer possible
to assume a solution of the form (6) since the phase of
U(g, r) becomes intensity dependent. We therefore use

FIG. 6. Increase in the value of N required to maintain the
kink soliton in the presence of self-steepening.

unchanged in the presence of self-steepening. The nu-
merical value of N is larger than 3/(4rz ) for sXO. The
increase is, however, by only a few percent in most cases.
Figure 6 shows the increase in N as a function of s for
several values of ~R.

A major qualitative change induced by self-steepening
is related to the phase P(r). If we substitute F(r) from
Eq. (16) in Eq. (15) and carry out the integration, the
phase is given by

4N r F — + 's N F +2—N F 2KF=O—. (14)4

The phase P(r} is obtained by solving

3SSRN
P(r) =

p
ln 1+ exp

2p7
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where

2+(16—9s )'p=
4 —3s

Both A and N also become s dependent and are given by
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In the limit s =0, p =—'„and the solution (16) reduces to
that obtained in Sec. III, as it should. The qualitative
features of the intensity profiles shown in Fig. l remain

In the absence of self-steepening (s=0), the solitary-
wave solution of Eq. (14) is given by Eq. (8). The func-
tional form of the solution remains unchanged when s is
nonzero. The solution of Eq. (14) can be rewritten as

1/2

Thus the phase varies with time across the entire soliton,
a phenomenon referred to as frequency chirping. Such
solitons are often called chirped solitons. The frequency
chirp is related to the phase derivative as
hco, = dPId r, and i—s given by

b,co, =3sN F (r)=6sN 1+ exp
2pv

R
(21)

The maximum value of hco, is 6sN and occurs for large
negative values of ~. It reduces to 3' at the front
center located at v =0 and vanishes for v &)0.

V. CONCLUDING REMARKS

In this paper we have obtained solitary-wave solutions
of the generalized NSE. Although we did not find bright
or dark solitons, we were able to obtain a kink-type soli-
ton that represents an optical shock. Recently, shock-
type solitary-wave solutions were obtained [14] for the
case of nonlinear interaction of two waves in a Raman
medium. In this geometry, two optical fields at different
wavelengths are incident at the nonlinear medium. They
copropagate in such a way that the longer-wavelength
field can be amplified through SRS by gaining energy
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from the other optical field. Furthermore, dispersive
effects were assumed to be absent in Ref. [14]. The situa-
tion is quite different from the one considered in this pa-
per where only a single optical field propagates through
the dispersive nonlinear medium. However, SRS appears
to be necessary for the existence of kink solitons in both
cases.
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