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We have studied theoretically the dependence of the Raman-enhanced nondegenerate four-wave-
mixing (RENFWM) spectrum on the relative time delay between two pump beams 7 when a thermal
effect exists in the sample. Using the chaotic model for the incident laser beams, we give the conditions
that the thermal background can be eliminated completely when the relative time delay is much longer
than the laser coherence time. In this limit, the theoretical RENFWM spectra show the normal asym-
metry due to the interference between the Raman-resonant term and the nonresonant background origi-
nating solely from the molecular-reorientational grating. We then turn our attention to the dependence
of the RENFWM signal intensity on the relative time delay when the laser frequencies are fixed. Our re-
sults indicate that RENFWM is asymmetric about 7=0 and the maximum of the RENFWM signal does
not occur at 7=0. When the beating frequency between the pump beam and the probe beam is off reso-
nant from the Raman mode, the RENFWM signal exhibits damping oscillation as the time delay in-
creases. We also show that the temporal behavior of the RENFWM signal is drastically different if the
laser sources are described by a phase-diffusion model. The different roles of the phase fluctuation and
the amplitude fluctuation can be understood in the time domain.
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I. INTRODUCTION

Coherent Raman spectroscopy [1,2] has become a
powerful tool for studying the vibrational or rotational
mode of a molecule. The most commonly used coherent
Raman spectroscopy is coherent anti-Stokes Raman
scattering (CARS) [3] and Raman-induced Kerr-effect
spectroscopy (RIKES) [4]. Recently, we have made a de-
tailed study of Raman-enhanced nondegenerate four-
wave mixing (RENFWM) [5] and demonstrated that it
has the features of nonresonant background suppression,
free choice of interaction volume, and simple optical
alignment. It can also provide excellent spatial signal
resolution even for the case of a small dispersion and
small Raman shifts, as in the case of pure rotational Ra-
man scattering.

RENFWM is a third-order nonlinear-optical effect
with its signal intensity proportional to the absolute
square of the third-order nonlinear susceptibility x|
Xﬁ.}k)l can be decomposed into a Raman-resonant part )(}}k,
and a nonresonant part X,I}T,S. The RENFWM spectrum
appears asymmetric due to the interference between the
nonresonant background and the Raman-resonant term.
In RENFWM experiment, )(E'f] originates mainly from
the molecular-reorientational grating formed by the in-
terference of two pump beams. If we know X}}kz from
other technique such as conventional Raman scattering,
the third-order nonlinear susceptibility due to the molec-
ular reorientation can be deduced from the RENFWM
spectrum. Now, let us consider a sample which can ab-
sorb light at the frequency of the pump beams. In this
case, the absorption of the interferent field between two
pump beams and subsequently nonradiative decay give
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rise to a thermal grating of temperature variation [6]. In
other words, both the molecular reorientation and the
thermal effect contribute to the nonresonant part of the
RENFWM signal. One way to eliminate the thermal
effect is to use the cross polarization of two pump beams.
We can obtain the tensor component x5, or x15}, of the
third-order nonlinear susceptibility by this polarization
configuration.

Recently, we proposed a time-delayed method to dis-
tinguish the molecular-reorientational grating from the
thermal grating [7]. This method employs the intrinsic
incoherence of pump beams and the order-of-magnitude
difference between the relaxation time of the molecular-
reorientational grating and the thermal grating. The ten-
sor component x)\}, originating from the molecular re-
orientation can be measured by this method. The first ex-
periment was performed in a dye-dissolving benzene [8].
By measuring the time-delayed dependence of the
RENFWM spectrum, we demonstrated that the thermal
grating could be eliminated when the relative time delay
was much longer than the laser coherence time 7.. How-
ever, our experimental results showed that there was a
distortion of the RENFWM spectrum. Specifically, the
interference between the nonresonant background and
the Raman-resonant term disappears almost completely.
The physical origin of this distortion is unclear. The pur-
pose of this paper is to study theoretically the dependence
of the RENFWM spectrum on the relative time delay 7
between two pump beams when the thermal effect exists
in the sample. We assume that the incident laser beams
are chaotic field. We also neglect the saturation effect
and restrict our investigations to a pure third-order non-
linear process. Our calculation indicates that under cer-
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tain conditions the thermal background can be eliminat-
ed completely when the relative time delay is much
longer than the laser coherence time. Furthermore, the
theoretical RENFWM spectra show the normal asym-
metry due to the interference between x%,; and x\%;.

Another problem is the dependence of the RENFWM
signal intensity on the relative time delay between two
pump beams when the frequencies of the incident beams
are fixed. This problem is interesting particularly for the
case that the laser coherence time is much shorter than
the relaxation time of the material, therefore the laser
source can be regarded as an incoherent light. Recently,
Morita and Yajima [9] proposed a time-delayed four-
wave mixing (FWM) with incoherent light in a two-level
system to achieve ultrafast temporal resolution of a relax-
ation process. This technique has been applied to mea-
sure the relaxation time in Nd glass [10], atomic vapor
[11], and dye solution [12,13]. In an inhomogeneous
broadened system, these experiments show basically a
photon echo phenomenon. Hattori, Terasaki, and
Kobayashi [14] extended this method to a three-level sys-
tem. They studied the dephasing time of a Raman vibra-
tional mode by a time-delayed coherent Stokes Raman
scattering (CSRS) with incoherent light. Physically, the
time-delayed RENFWM with incoherent light is similar
to the corresponding CSRS. On the other hand, unlike
the CSRS with incoherent light [14], the time-delay
dependence of RENFWM is asymmetric about 7=0 and
the maximum of the RENFWM signal does not occur at
7=0. When the beating frequency between the pump
beam and the probe beam is off resonant from the Raman
mode, the RENFWM signal exhibits damping oscillation
as the time delay increases. We also study the temporal
behavior of the RENFWM signal if the laser sources are
described by a phase-diffusion model [15,16], where the
laser amplitude is a constant while its phase fluctuates as
a random variable. Considering the Raman term only,
our result indicates that RENFWM is independent of the
relative time delay, which is drastically different from the
result based on a chaotic model. Finally, the different
roles of the phase fluctuation and the amplitude fluctua-
tion in the time-delayed RENFWM can be understood by
a time-domain picture.

The paper is organized as follows. In Sec. II we derive
equations which describe the dependence of the
RENFWM signal intensity on the frequency detuning for
J

P(r,t)=Py(r,t)+Pp(r,t)+ Pg(r,t)

=g,e5e5expi[(k;—k,+k;) r—w;t]
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FIG. 1. Schematic diagram of the geometry of Raman-
enhanced nondegenerate four-wave mixing.

Raman resonance and the relative time delay between
two pump beams. Section III is devoted to the theoreti-
cal study of the suppression of the thermal background in
the RENFWM spectrum. In Sec. IV we study the time-
delay dependence of the RENFWM signal for different
laser linewidth and frequency detuning when the frequen-
cies of the incident beams are fixed. The different roles of
the phase fluctuation and the amplitude fluctuation have
also been discussed in this section.

II. BASIC THEORY

The basic geometry of RENFWM is shown in Fig. 1.
Beams 1 and 2 used as pump beams have the same fre-
quency w; and a small angle 6 exists between them. The
probe beam (beam 3) and the signal (beam 4) with the
same frequency w;, are almost propagating along the
direction opposite to that of beams 1 and 2, respectively.
In an absorbing liquid, the interaction of two pump
beams gives rise to a molecular-reorientational grating
and a thermal grating. On the other hand, when
|, — 5] is near the Raman frequency w, a moving grat-
ing formed by the interference of beams 2 and 3 will ex-
cite the Raman-active vibrational mode of the material
and enhance the FWM signal. The complex incident
laser fields can be written as

E (r,t)= A;(r,t)exp(—iw;t)
=¢g;u;(t)expli(k; T—w;t)] (i=1,2,3), (1)

where A;(r,t)=¢;u;(t)exp(ik; r). g; and k; are the con-
stant field magnitude and the wave vector of the ith
beam, respectively. u;(¢) is a dimensionless statistical fac-
tor that contains the phase and the amplitude fluctua-
tions.

In Appendix A we derive the induced polarization
originating from the molecular-reorientational grating,
the thermal grating, and the Raman-active mode. From
Eqgs. (A3), (A6), and (A9), we have the total polarization

X )(MyMfowdt’u,(t—t’)u;(t—-t’)u3(t)exp(—yMt’)+XT7/Tfowdt’ul(t—t’)u;(t—t')u3(t)exp(—yTt’)

+iXrVR fowdt'ul(t)u;‘(t—t’)u3(t—t')exp[—(‘;/R —iA)'] | . (2)

In our case, beams 1 and 2 come from a single laser source. Letting 7 be the time delay of beam 1 with respect to beam
2, we have u(t)=u(t—7), u,(t)=u(z). The FWM signal is proportional to the average of the absolute square of the
polarization over the random variable of the stochastic process. We have
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I(A,'r)cr()(MyM)zfowds’fowdt’(u(t—t'—r)u(t—s’)u*(l—s’—T)u*(t—t’))(u;(t)ug‘(t))exp[—‘yM(t’+s')]
+(XT7/T)2f0°cdS'f0wdt'<u(t—t'—‘r)u(t—S')u"(t-—s’—T)u*(t—t'))(u3(t)u§‘(t))exp[——-yT(t’+s')]
+oery g [ Tds T (e —mute—s (= rut(e 1))

X Cuz(t—t")ut(t—s'))exp[iA(t'—s')]Jexp[ —yg(t'+s')]

+FXMXTY MY T fowds'fowdt'<u(t—l’—r)u(t—s’)u*(t—s’—‘r)u*(t—t’))(u3(t)u;‘(t)>exp[—(yMt'+‘yTs')]

+ fomds'fowdt’(u(t—t’—'r)u(t—s’)u"(t—s'—'r)u*(t—t'))(u3(t)u§(t))exp[—(yTt’+yMs')]

FIXMXRY MYR

[Zas' [ “dr{utt—nutt—sHu*(t—s'—ru*(t—1'))
0 0
Xuy(t—t")ut(t)expliAt')exp[ — (gt + ¥ 5s")]

—fwds'fmdt’(u(t—t’—r)u(t~s’)u*(t—r)u*(t—t’))
0 0
Xuz(Dut(t—s'))exp(—iAs"exp[ — (¥ t' +7rs")]

+iXTXRY TV R fo‘”ds'f:dz'(u(z—T)u(z—s')u*(:—s'—r)u*(z—t'n

X {us(t—t")u%(t))exp(iAt’)exp[ —(ygt' +yrs)]
—fwds'fwdt’(u(t—t'—'r)u(t—s’)u*(t—r)u*(t-—t’))
0 0
XCus(ut(t—s'))exp(—iAs")exp[ —(ypt'+ygs)] | - (3)
We assume that the pump laser is a multimode thermal source. In this case, u () has Gaussian statistics with its
fourth-order coherence function satisfying [17]

Culeu(e)u*(e)u* () =Cule Du*(t) ) Culty))u*(t)) +CuleDu* () ulty)u*(13)) . 4)
If the laser sources have Lorentzian line shape, we have the second-order coherence function

(u(u*(t—71))=exp(—alr]), (5)

(us(ut(t—71))=exp(—ayl7]) . (6)

Here a=08w,/2, a;=8w;/2 with 8w, and 8w, the laser linewidth [full width at half maximum (FWHM)] of beams 1 and
3. Substituting Egs. (4)-(6) into Eq. (3) and performing all the integrals, we obtain, for (i) 7> 0,
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I(A,7) = 2 _Ym ¥ Yr 2 Yr{vr tatas) XX YuY ¥ty rtéa)
’ Mlyut2a Tlyr+2a | R (ygp+ata;?+A2 MET\ (v +y o)y +20)(y 1 +2a)
YMmYRA Yut2(ygt+ta+ta,) 1
—2XmXr T —
(ym+rvrtata)?+A (ypt+ata)?+A2  yyt+2a
YrYrA yrt2ygptata;) 1
—2XTXR 2 3 5 5
(yr+ygrtata;)+A (yptata;)+A vYrt+2a
2
Yr(vr—a+tas)
+exp(—2al7]) | X3 + x5+ X3
P XuFXTTXR (YR—a)[(YR—a+a3)2+A2]

YrA
(yg —a+a3)?+A?

T2XuX7—2Xr XM+ XT)

YrR—a—a, N Yrtata,
('yR —a)[(‘)/R —'a_a3)2+A2] (YR+a)[(’}/R+a+a3)2+A2]

+xiviexp(—2ygl7l)

3 2[y:k +A2—(a+a,)?]
[(yr ta+a)?+A%][(yr —a—a;)?+A?)

+aykexp[ —(yp +a+ay)l7l]

YRQ
[(yr—a—a)* +A?][(y g —a+a;)* +A%][(y g +a+a;)*+A?]

X{[(yg —a)P+A%2—2a,(yg +a)—3a3]AsinAT
—[(yg —a—a3)lyg —a+a;)(y g +a+a;) + A%y g +a+3a;)]cosAT}

YR

+axg(Xp +X1)exp[ — (Y ta+as)|7]]

X {[(yg +a+as)lygr —a+a;)—A%JsinAr+2A(y g +a3)cosAt} , -
and (ii) 7 <0,
A ney, |— |y | YTl | Yerrtata)
Ymt2a yrt+2a (g +a+a;)?+A2
YuYr¥u+vrtéa)
+2x¥mXr
(Ya +Y )y g +20)(y 1 +2a)
YmYRA YuT2ygtatay) 1
—2XMXR — o
(yytvrtata) +A (yrptataz)+A vy +2a
—2¥1X YrYrA yr+2ygr tata;) 1
T rrtrrtatayi+a? (yg tata)*+A*  yr+2a
2
(yr+tatas)
+exp(—2al7|) |x3 +xF+x% Yr(Yr tata,
(Yr+a)(yg +a+a;?+A?]

YrA
(yr +a+as)?+A2

+2¢mX 1t —2Xr (XM +X7T) (8)
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Equations (7) and (8) are the main results of this section.
In general, the RENFWM spectrum is different for 7 and
—7. However, as |7| — o, Eq. (7) is identical to Eq. (8).
Physically, when |7| — o, beams 1 and 2 are mutually in-
coherent, therefore whether 7 is positive or negative does
not affect the RENFWM spectrum.

ITI. SUPPRESSION OF THERMAL BACKGROUND
IN RENFWM SPECTRUM
BY A TIME-DELAYED METHOD

The basic principle of the time-delayed method to
suppress the thermal background is the following. Con-
sider a nondegenerate FWM experiment with two pump
beams (beams 1 and 2 in Fig. 1) coming from a single
laser source and having the same polarization. The in-
terference pattern of the pump beams will be in constant
motion when the relative time delay between them is
much longer than the laser coherence time. Now, we
choose the laser linewidth such that y,, >a>>y ;. Be-
cause the phase of the interference pattern changes ran-
domly on the scale of the laser coherence time, the in-
tegrated effect will wash out the thermal grating com-
pletely [7,18]. On the other hand, the molecular-
reorientational grating has much shorter relaxation time.
It will follow the randomly moved field interference pat-
tern and therefore still exist [7]. In the Raman-enhanced
nondegenerate four-wave mixing, the FWM signal has
three origins, i.e., molecular reorientation, thermal effect,
and Raman vibration. We are interested in the
RENFWM spectrum. When |0,—w;| equals the
Raman-resonant frequency, the excitation of the Raman-
active mode leads to a resonant structure in the spec-
trum. In contrast, the molecular-reorientational grating
and the thermal grating give rise to a nonresonant back-
ground. When we increase the relative time delay be-
tween two pump beams, the nonresonant background de-
creases due to the elimination of the thermal background.

We consider the case that y,,,y g >a>>y . It can be
shown from Egs. (7) and (8) that under the condition
(X7/Xm)*(yr/2a) <<1, the thermal background can be
eliminated completely when the relative time delay is
much longer than the laser coherence time. In this limit,
the theoretical RENFWM spectra show the normal
asymmetry due to the interference between the Raman-
resonant term and the nonresonant background originat-
ing solely from the molecular-reorientational grating. On
the other hand, if (7 /X )} (¥ +/2a)~1, the residue con-
tribution from the thermal grating due to the second
term in Egs. (7) and (8) cannot be neglected even when
|7| — 0. Our numerical results are given in Fig. 2. We
normalize the signal intensity so that the maximum of the
RENFWM signal equals one. Except the contribution
from the thermal grating, all the parameters are the same
in Figs. 2(a) and 2(b). For a typical sample, the relaxation
time of the thermal grating is on the order of a mi-
crosecond, while the Debye relaxation time is only a few
picoseconds, therefore it is reasonable to use the follow-
ing parameters in the calculation: Y,,/xz=0.2;
Yu/a=yg/a=10; y;/a=1X10"5, and a;/a=1. In

Z (a)
£1.0
E (1)
=
& @
=
~
S
E @
£
z @
QB -4 0 4 8
AVA
2 (0)
g 1.0 (1)
3
= @
E
&0
&
E @)
; )
QB -4 0 4 8
A/A’ I

FIG. 2. Normalized RENFWM signal intensity vs A/yx for
the different relative time delay. (a) x5 /Xr =0.2; x7/Xr =10;
yu/a=yr/a=10; y+/a=1X10"% a3;/a=1 and (1) ar=0;
yu/a=vr/a=10; yr/a=1X10"% a3;/a=1 and (1) ar=0;
(2) ar=4; (3) ar=5; (4) ar=10.

contrast, we set Yr/Yg=10 for Fig. 2(a) and
X7/Xgr =100 for Fig. 2(b). When ar=0, a huge non-
resonant background originating from the thermal grat-
ing exists in the RENFWM spectrum, which obscures
the Raman resonance signal almost completely in
Fig. 2(b). However, the nonresonant background
decreases  drastically as a7 increases. Since
(X7/Xm ) (¥ 7/22)=0.0125 in Fig. 2(a), the signal from
the thermal grating can be eliminated completely for
sufficient time delay. At ar=10, the RENFWM spec-
trum in Fig. 2(a) converts to the corresponding
RENFWM spectrum of a nonabsorbing sample, which
has the same parameters except Yr=0. On the other
hand, because (x7/X» )X (v r/2a)=1.25 in Fig. 2(b), the
thermal grating always has a residue contribution to the
nonresonant background even when |7|— . Here, we
have given the results for ar>0 in Fig. 2. The basic
features are the same for ar<0. In Appendix B,
we give the analytical expressions of I(A,r) for the fol-
lowing case: a3;=0, YMsVR >a>Yr, and
(XT/XM)Z(VT/20)<<1.

We have demonstrated that if (x4 /x )y 7/2a) <<1,
the effect of the thermal grating on the RENFWM spec-
trum can be eliminated completely by a time-delayed
method. In this case, the RENFWM spectrum of an ab-
sorbing and a nonabsorbing sample are identical in the
limit of |7|— . Another interesting question is, for a
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nonabsorbing sample, how the RENFWM spectrum de-
pends on the time delay 7. By setting Y+=0 in Egs. (7)
and (8), we have, for y,.,7gr >>a,a;, the RENFWM
spectrum is independent of 7. The 7 dependence of the
RENFWM spectrum becomes obvious when the laser
linewidth increases. The numerical results are shown in
Fig. 3. We note that Rahn, Farrow, and Lucht [19] and
Agarwal and Farrow [20] have studied the time-delayed
dependence of the CARS spectrum. They compared the
difference between CARS spectrum at 7=0 and 70 and
found that the statistics of the pump beam plays an im-
portant role.

We have studied the time-delayed dependence of the
RENFWM spectrum when pump beams (beams 1 and 2)
are partially coherent light from a single laser source.
Now, we consider the situation where pump beams are
monochromatic light. In this case, beams 1 and 2 are al-
ways coherent even when |7| — . The variation of the
relative time delay only changes the relative phase be-
tween them, hence the RENFWM spectrum should be in-
dependent of 7. By setting =0 in Eqgs. (7) and (8) we
have, for both 7>0 and 7 <0,

‘}’R(}/R+a3)
IAT) < x i +x5+x% | —————— | +2
T)SXm TXTTXR (y g +asl+A2 XmXT
XrA
—2xrxXmtX71) ) 9)
XR\ XM TXT ( R+a3)2+A2

o

Normalized Signal Intensity

=]

-
o

Normalized Signal Intensity

=]

A/

FIG. 3. Normalized RENFWM signal intensity vs A/y in a
nonabsorbing sample (i.e., Y7 /xg =0) for the different relative
time delay. (a) yp/xr =0.2; Yy /a=yr/a=10; ay;/a=1 and
ar=0 (solid line); ar=50 (dashed line). (b) xu /xzr=0.2;
Yu/a=ygr/a=2; a;/a=1 and ar=0 (solid line); ar=50
(dashed line).

which is independent of 7 as we predict.

IV. DISCUSSION AND CONCLUSION

We have discussed the RENFWM spectrum at fixed
time delay in the preceding section. Now, we turn our at-
tention to the dependence of the RENFWM signal inten-
sity on the relative time delay between beams 1 and 2
when the frequencies of the incident beams are fixed.
Since this problem is closely related to the time-delayed
coherent Raman spectroscopy with incoherent light [14],
which is used to measure the ultrafast vibrational dephas-
ing of the Raman mode, we restrict this discussion to the
Raman term and neglect the contribution from the
molecular-reorientational grating and the thermal grating
(.e., Xp =x7=0.

Comparing Egs. (7) and (8), it shows that when 7<O0,
I(A,7) versus 7 is only dependent on the coherence time
of the pump beams. In contrast, both the laser coherence
time and the relaxation time of the Raman mode affect
the dependence of I(A,7) on 7 when 7>0. Physically,
beam 1 is used to probe the Raman mode excited by
beams 2 and 3. Therefore the Raman mode and beam 1
are mutually correlated only when beam 1 is delayed
from beam 2 (i.e., 7>0). Since the Raman mode decays
with rate ¥z, I(A, ) versus 7 depends on ¥ i for 7> 0.

Figure 4 shows the logarithm of the RENFWM signal
intensity versus yp7 at exact resonance (A=0) and
a;=0. The 7-independent background has been subtract-
ed in the figure. As we predicted, the signal is asym-
metric about 7=0. When a <<y, the temporal behav-
ior of the RENFWM signal is mainly determined by the
laser coherence time. The signal decays faster as a in-
creases. In the limit of @ >>y, we have for 7> 0

T<1+ 7%:— exp(—2al7|)
Y
—4 TR exp[ —(yg +a)|7|]
Y
+4 7" exp(—2y& 7)), (10)
0»
R
&
-2

0 1.0 2.0 3.0

TrT

FIG. 4. Logarithm of the RENFWM signal intensity vs rela-
tive time delay y g 7 at exact resonance (A /a=0) and a;/a=0.
The 7-independent background has been subtracted and the
maximum of the signal is normalized to 1. (1) a/yz=0.5; (2)
a/yr=1;3)a/yr=2; 4 a/vYr=5;(5) a/yr=20.
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and for 7<0

YR

I<1+ |— |exp(—2al7|) . (11)

Equation (10) shows that the RENFWM signal decays
with decay rate 2y, at the tail of the signal (ar>1),
hence the dephasing time of the vibrational mode can be
deduced. Furthermore, the comparison between Fig. 4
and Fig. 2 in Ref. [14] indicates that the coherent spike in
the time-delayed RENFWM due to the autocorrelation
function of the pump beams is smaller than in the time-
delayed CSRS, which makes the measurement of yp
easier in our case. We also note that, unlike the time-
delayed CSRS, the maximum of the RENFWM signal
does not occur at 7=0. From Eq. (7), we obtain the delay
time such that 7(0, 7) is maximum for a;=0,

Yrta
2yg

Tmax — 1 In

aA—YRr

(12)

The a/yr dependence of yg7... is given in Fig. 5.
Another interesting thing in Eq. (7) is that when A0,
I(A, ) exhibits damping oscillation for 7> 0. The ampli-
tude of this oscillation increases as the linewidth of beam
2 increases. In Fig. 6, we show the logarithm of I(A,7)
versus 7 for the different frequency detuning A when

We have assumed that the laser sources are chaotic
field in the above calculation. Chaotic field, which is

|
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0.8

a/y,

FIG.5. YrTmax VS /Y R-

used to describe a multimode laser source, is character-
ized by the fluctuation of both the amplitude and the
phase of the field. Another commonly used stochastic
model is the phase-diffusion model [15,16]. This model
assumes that the amplitude of the laser field is a constant,
while its phase diffuses as a random variable. Specifically,
the dimensionless statistical factor in Eq. (1) can be writ-
ten as wu(t)=exp[id(t)] and wu;(t)=exp[ids(¢)] with
(d(d(1))=2ad(t—1"),  ($5()d5(t")) =2a;8(z—1"),
and (é(t)hs(z’)) =0. One interesting question is how the
RENFWM signal behaves as the relative time delay be-
tween beams 1 and 2 varies if the laser sources are de-
scribed by a phase-diffusion model.

For the sake of simplicity, we consider the Raman
term again and neglect the contribution from the
molecular-reorientational grating and the thermal grat-
ing. By setting x,, =X =0 in Eq. (3), we have

I(A,r)a(nyR)Zfo“’ds'fo‘”dz'(u(z—r)u(t—-s')u*(t—r)u*(r—t'»

X{us(t—t")ut(t—s"))exp[iA('—s")Jexp[ —yx(t'+s")] . (13)

For the phase-diffusion model, the fourth-order coherence function is [16]

CultDult)u*(t)u*(ty)) =exp[ —allt, =t + e, —t, |+, — 151+ 1, —t ) Jexplal|t, —t, | +t5—1,1)] . (14)

()

0 1.0 2.0 3.0
YT
FIG. 6. Logarithm of the RENFWM signal intensity vs rela-
tive time delay y g7 for the off-resonant case with a/yz =10
and a;/a=0. The 7t-independent background has been sub-

tracted and the maximum of the signal is normalized to 1. (1)
A/a=0;2) A/a=1;3) A/a=2;(4) A/a=S5.

We have
(ult —mult—s" u*(t—7u*(t—t'))
=exp(—alt'—s'[). (15
Also, if beam 3 has Lorentzian line shape, we have
(us(t—tut(t—s"))=exp(—as|t'—s']) . (16)

Substituting Egs. (15) and (16) into (13), we obtain

(A, 7)o 3 TR +ata3)2 . (17)
(ygr tata;) +A

The above equation indicates that RENFWM is indepen-

dent of 7, which is different completely from the result

based on a chaotic model. The drastic difference of the

results also exists in the other multiphoton processes
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[21-24] when these two models are employed. Physical-
ly, the chaotic field has the property of photon bunching
[25], which can affect any multiphoton process when the
higher-order correlation function of the field plays an im-
portant role.

It is instructive to understand the temporal behavior of
the RENFWM signal by a time-domain picture. In order
to give a simple physical picture, we assume a;=0 and
consider the Raman term at exact resonance (i.e., A=0).
We also restrict ourselves to the condition that a >>yp.
This is the most interesting regime since it is closely relat-
ed to the problem of the time-delayed FWM with in-
coherent light. According to Morita and Yajima [9], an
incoherent light can be modeled as a sequence of square
subpulses with pulse width ¢,=1/a. As shown in Fig. 7,
subpulses are numbered and the corresponding subpulses
of beams 1 and 2 are labeled by the same number. The
electric field of subpulse n of beam 1 or 2 can be written
as f,expli(k;,:r—wt)] with i=1,2. For a phase-
diffusion model, f,=f exp(i$,), with f a constant and
¢, a stochastic variable. On the other hand, both the
amplitude and the phase fluctuate randomly for a chaotic
field. If beam 1 is delayed from beam 2 by 7=Mt,_, then
subpulse O of beam 2 overlaps temporally with subpulse
M of beam 1. Under the stationary condition, the in-
duced polarization corresponding to Eq. (A9) is

Pp(r,t)=i(xgrvr)esexpi[(k;—k,+k;) T—w;st]

X 3 tfufrexp(—nygt.), (18)
n=0

or the signal intensity
I< 3 (fyl?lfal?)exp(—2nygt,) . (19)
n=0

In the derivation of Eq. (19), we have used the relation
(| fp|*fof k) =0for n#n'. Also, for n#*M, we have

Ufa LAY = YL 1Y = f g P00

For a phase-diffusion model, the field amplitude is a
constant, therefore {|f, 12| f,|*) =1f1*and

— 7 —of
TS T
M, (3.201lo! beam 2
[} [ S B I |
4__,_1_55 )
'Y 13127170, beam 1
' 1 ] 1 ' 1 1 !
=t

FIG. 7. Schematic diagram of the time-domain picture of the
Raman-enhanced nondegenerate four-wave mixing. The in-
coherent lights of beams 1 and 2 are modeled as a sequence of
square subpulses with pulse width 7, =1/a. Subpulses are num-
bered, and the corresponding subpulses of beams 1 and 2 are la-
beled by the same number. Beam 1 is delayed from beam 2 by
T=Mt,, therefore subpulse 0 of beam 2 overlaps temporally
with subpulse M of beam 1.
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I« ¥ exp(—2nygt,)
n=0
1

= . (20
1—exp(—2yxt.)

In the limit of a>>yy, we have I xa/2yy. Equation
(20) indicates that the signal intensity is independent of
the relative time delay if the incoherent light is character-
ized by a noisy phase and a stable amplitude. Now, let us
consider a source with irregularities in its intensity distri-
bution. In a nonlinear response proportional to higher-
order correlation function of the field, the peaks in the ir-
regularities are weighted more strongly than the valleys
[22], therefore (|fy|*) > ({|f4]*))>. We have from Eq.
(19)

Ix<1+27 exp(—2yg7), (21)

YR
a
with

D=1 = (U fa PP/ f a2

For a chaotic source we have {|fy|*)=2({|fy*))%
which leads to 7=1. Besides a factor of two on the
exp(—2yg7) term, Eq. (21) is consistent with Eq. (10) in
the case of ar> 1. The main purpose of the above discus-
sion is that the time-domain picture reveals an important
fact that the amplitude fluctuation of the incoherent light
plays a critical role in the temporal behavior of the
RENFWM signal. This is quite different from the time-
delayed FWM with incoherent light in a two-level system
[9], where T, of the system can be deduced. For the
latter case, the phase fluctuation of the light is crucial.

In conclusion, we have studied theoretically the depen-
dence of the RENFWM spectrum on the relative time de-
lay between two pump beams when the thermal effect ex-
ists in the sample. Using the chaotic model for the in-
cident laser beams, we give the conditions that the
thermal background can be eliminated completely when
the relative time delay is much longer than the laser
coherence time. In this limit, the theoretical RENFWM
spectra show the normal asymmetry due to the interfer-
ence between the Raman-resonant term and the non-
resonant background originating solely from the
molecular-reorientational grating. We then turn our at-
tention to the dependence of the RENFWM signal inten-
sity on the relative time delay when the laser frequencies
are fixed. Our results indicate that RENFWM is asym-
metric about 7=0 and the maximum of the RENFWM
signal does not occur at 7=0. When the beating frequen-
cy between the pump beam and the probe beam is off res-
onant from the Raman mode, the RENFWM signal ex-
hibits damping oscillation as the time delay increases.
We also show that the temporal behavior of the
RENFWM signal is different drastically if the laser
sources are described by a phase-diffusion model. The
different roles of the phase fluctuation and the amplitude
fluctuation can be understood by a time-domain picture.
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APPENDIX A

In this Appendix, we discuss the induced polarization
originating from the molecular-reorientational grating,
the thermal grating, and the Raman-active mode.

1. Molecular-reorientational grating

The order parameter Q,(r,t) of the molecular-
reorientational grating induced by beams 1 and 2 satisfies
the following equation [26]:

90y
ot

4
+yuQu=7 had 43, (A1)

where y,, =5k T /v is the Debye relaxation rate, v is a
viscosity coefficient for an individual molecule, and
Aa=aqa;—a, is optical polarizability anisotropy. The for-
mal solution of Eq. (A1) is

__4Aa

Qu(r,1) == fo dt'A,(r,t—t') A (r,t—1t")

Xexp( —ypt’) . (A2)

The induced polarization which is responsible for the
FWM signal is
Py (r,t)=2NAaQy,(r,t))E;(r,1)
=(Xnm¥ m)e1€3esexpi[(k; —k, +k3) r—wyt ]
X [ Fdtu,(t—1utt—1t'
fo u(t—1ut(t—1')

XU3([)CXP(_7/Mt/) N (A3)

with ¥, =8N(Aa)’/9vy, and N the density of mole-
cules.

2. Thermal grating

Consider the thermal grating established by beams 1
and 2. The variation in temperature through the sample
Qr(r,t) obeys the diffusion equation [6]:

aQT 2 nc
- —_LnC_ 4 43 4
TR Sl IRk (A4)

Here, the diffusion constant D =3/pC,; p, C,, B, §, and n
are the mass density, the specific heat per unit mass, the
thermal conductivity, the loss of the medium, and the re-
fractive index, respectively. We can solve Eq. (A4) for-

mally, and obtain

_ _&nc ® 4 'y 4% ,
t = —_ p—
Qr(r,t) 2 fo dt’ A (r,t —t')A3 (r,t —t")

Xexp(—yrt') . (AS)

Here, y  =Dgq? is the relaxation rate of the thermal grat-
ing with q;=k;—k,. We have the nonlinear polarization
created by the coupling between thermal grating and
beam 3,

n

PT(r,t):E QT(r,t)E3(r,t)

on
oT
p
=(xry7)e85esexpi[(k; —k, T k3) r—qt]
X [ Zdt'u(t—tut(t—r
fo uy( Jui(t—t')
Xu;(texp(—yrt’),
with x7=(&n%c /87°pC,y 1)(3n /3T),.

3. Excitation of the Raman-active mode

The beat between beams 2 and 3 will excite a Raman-
active mode in the media with its normal coordinate
Qg (r,1) satisfying [26]

aQR l'aR

A4, .

Here A=(w;—w;)—wpg; wg and Yy are the resonant fre-
quency and the relaxation rate of the Raman mode, re-
spectively. ap is a parameter denoting the strength of
the Raman interaction. The formal solution of Eq. (A7)
is

p— iaR ® ’ * ' ’
QR(r,t)—Wfo dt' A% (r,t—1") A,(r,1—1')

Xexp[ —(ygr—iA)t'] . (A8)

We have the nonlinear polarization responsible for the
Raman-enhanced FWM signal,
PR(r,t):%NaRQR(r,t)El(r,t )exp[i(a)l 'a)3)t]
=i(xrVr)E1E5€sexpi[(k; —k, T k3) T—wst]
X [ “dt'u,(Out(t—1)us(t—1")
fo u(us( Ju 4 (
Xexpl —(yg—iA)M'], (A9)
with Yg =Nak /8%y g.
APPENDIX B

Consider the following case: a3;=0, ¥, Vg >a>y,
and (Y7/Xa ) (v r/2a) <<1. We obtain, from Egs. (7)
and (8), for (i) 7> 0,
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2
YR YRA
I <X Xk | |2 A +AT
(A, 7)< X2 +x% Y XMXR 7 +A2
2
v} YrA
2 2 2 — -
+exp(—2alr|) XatXTHXR W F2X X1 2XR XM T XT) 7%{+A2
YR
+axgexp(—2yrl7) | 55
X R €XP 7’R| | 7%R+A2
YRCQ
+4 xp[—(yr tO7|] | ———=
Xrexpl — (v I71] (v} +A2)
X(Xg¥r[ASinAT—y gcosAT]+(xp +x7)[(Yk —A%)sinAT+2Ay geosAt]) B
and(ii)7'<0,
2
YR YRA
IAD <Xy +XR |55 |2
7)<yl +x% 734 A2 XMXR 2 4 A?
2
v% YrA
+exp(—2 RpCRp i S hwayell R 2 Ciar> P Rp 3l by snyell B I .
exp(—2al7]) [x3 + x5+ x% Y XmXT —2XR\ XM TXT 73 +A2

The above equations indicate that as |7|— o0, the signal
from the thermal grating disappears completely and the
RENFWM spectrum converts to the normal asymmetric
structure originating from the interference between the

—

Raman-resonant term and the nonresonant background.
In this limit, the nonresonant background is solely due to
the molecular-reorientational grating and the spectrum is
independent of the laser linewidth.

[1] G. L. Eesley, Coherent Raman Spectroscopy (Pergamon,
New York, 1981).
[2] M. D. Levenson, Introduction to Nonlinear Laser Spectros-
copy (Academic, New York, 1982).
[3] P. D. Maker and R. W. Terhune, Phys. Rev. 137, A801
(1965).
[4] D. Heiman, R. W. Hellwarth, M. D. Levenson, and G.
Martin, Phys. Rev. Lett. 36, 189 (1976).
[S]JZ. Yu, H. Lu, P. Ye, and P. Fu, Opt. Commun. 61, 287
(1987).
[6] G. Martin and R. W. Hellwarth, Appl. Phys. Lett. 34, 371
(1979).
[7]1P. Fu, Z. Yu, X. Mi, and P. Ye, J. Phys. (Paris) 48, 2089
(1987).
[8] Z. Yu, X. Mi, Q. Jiang, P. Ye, and P. Fu, Opt. Lett. 13,
117 (1988).
[9] N. Morita and T. Yajima, Phys. Rev. A 30, 2525 (1984).
[10] S. Asaka, H. Nakatsuka, M. Fujiwara, and M. Matsuoka,
Phys. Rev. A 29, 2286 (1984).
[11] R. Beach, D. DeBeer, and S. R. Hartmann, Phys. Rev. A
32, 3467 (1985).
[12] M. Fujiwara, R. Kuroda, and H. Nakatsuka, J. Opt. Soc.
Am. B 2, 1634 (1985).
[13] N. Morita, T. Tokizaki, and T. Yajima, J. Opt. Soc. Am. B

4, 1269 (1987).

[14] T. Hattori, A. Terasaki, and T. Kobayashi, Phys. Rev. A
35, 715 (1987).

[15]J. R. Klauder and E. C. G. Sudarshan, Fundamentals of
Quantum Optics (Benjamin, New York, 1968), Chap. IX.

[16] B. Pincinbono and E. Boileau, J. Opt. Soc. Am. 58, 784
(1967).

[17]J. W. Goodman, Statistical Optics (Wiley, New York,
1985).

[18] Z. Yu, X. Lu, X. Mi, Q. Jiang, and P. Fu, Opt. Commun.
85, 63 (1991).

[19] L. A. Rahn, R. L. Farrow, and R. P. Lucht, Opt. Lett. 9,
223 (1984).

[20] G. S. Agarwal and R. L. Farrow, J. Opt. Soc. Am. B 3,
1596 (1986).

[21] L. Armstrong, Jr., P. Lambropoulos, and N. K. Rahman,
Phys. Rev. Lett. 36, 952 (1976).

[22] Y. R. Shen, Phys. Rev. 155, 921 (1967).

[23] G. S. Agarwal, Phys. Rev. A 1, 1445 (1970).

[24] C. Lecompte, G. Mainfray, C. Manus, and F. Sanchez,
Phys. Rev. A 11, 1009 (1975).

[25] R. Glauber, Phys. Rev. 131, 2766 (1963).

[26] Y. R. Shen, The Principles of Nonlinear Optics (Wiley,
New York, 1984).



