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In this paper, we present a theoretical study of the quantum-nondemolition properties of a scheme
that uses a Kerr medium in a double-ended cavity with both the signal and the probe inputs being
coherent fields incident from the two sides. We find that with a suitable choice of parameters this system
satisfies almost perfectly the criteria for quantum-nondemolition measurements.

PACS number(s): 42.50.Lc, 03.65.Bz

I. INTRODUCTION

The aim of a quantum-nondemolition- (QND) mea-
surement scheme is to measure the value of a signal ob-
servable as accurately as possible while adding minimum
possible noise to it and hence not significantly degrading
it during the measurement. In addition, one may also re-
quire the scheme to be useful as a state preparation de-
vice for the output signal. These criteria are expressed
quantitatively in terms of a set of correlation coefficients
and a related conditional variance. A number of possible
QND-measurement schemes in optics have been pro-
posed where one employs a probe beam of light to mea-
sure the properties of a signal beam [1-6]. Some of these
schemes have been realized experimentally, for example,
four-wave mixing [7] in optical fibers and a scheme in-
volving nonlinear mixing in a y'?’ medium [8]. A recent
experiment has demonstrated a QND measurement using
three-level atoms [9].

Consider making a good QND measurement of the am-
plitude quadrature of the input signal field by measuring
the amplitude quadrature of the output probe field. In a
general scheme, the amplitude quadrature of the signal
field interacts strongly with that of the probe field, pro-
ducing a strong correlation between them and thus the
information on the signal quadrature gets imprinted on
the probe quadrature. Thus by measuring the amplitude
quadrature of the output probe field, one can find the
value of the input signal quadrature. In order that there
is no appreciable degradation of the signal (i.e., there is
an addition of minimum possible noise or uncertainty to
the signal output quadrature) during the measurement, a
lot of noise or uncertainty will be added to the conjugate
variable, i.e., the phase quadrature of the signal output,
in order to satisfy the Heinsenberg’s uncertainty princi-
ple.

The measurement correlation coefficient gives the pre-
cision with which the input signal amplitude quadrature
can be measured. The back-action evasion correlation
coefficient gives the ability of the scheme to avoid degra-
dation of the signal. The ability of the scheme as a state
preparation device is given by a conditional variance.
For our system these quantities are defined later. For the
ideal case, each of the above two correlation coefficients
should be unity and the conditional variance should be
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zero.

An ideal QND-measurement scheme does not exist.
Therefore, the interest naturally lies in devising practical
schemes whose performance approaches that of the ideal
one as closely as possible. In this paper, we study a
QND-measurement scheme that uses a Kerr medium,
with a third-order nonlinear susceptibility, in a double-
ended cavity with both the signal and the probe inputs
being coherent-field incident from the two sides. This
system has been shown to exhibit bistable behavior [10].
For a single-ended cavity Collett and Walls [11] have
shown that good squeezing is possible in the vicinity of
the bistable turning points. The double-ended cavity has
been analyzed by Collett and Walls [12] who investigated
its properties as a nonlinear beam splitter. They showed
that it is possible to superpose squeezed vacuum fluctua-
tions onto coherent light thereby producing a bright
squeezed light beam. One might expect that by suitably
choosing the input phases and other parameters the
squeezing exhibited by this device could be made use of
for the purpose of a good QND measurement.

II. THE SYSTEM

Our system is shown in Fig. 1. It consists of a double-
ended cavity with a Kerr medium having a third-order
nonlinear susceptibility y. The signal is an amplitude
quadrature, X4, of a coherent input field from the left
with a boson annihilation operator a;;,. The probe is
also an amplitude quadrature, XX " also of the coherent
input field from the right and with a boson annihilation
operator agp;,. The corresponding output amplitude
quadratures for the signal and the probe are X4°" and
X% °" with the annihilation operators a; ,,, and ag outs T~
spectively. If a is the intracavity annihilation operator for
a single mode, the Hamiltonian of the system can be writ-

ten [10] as
H, =fo.a'a+%iya"a?, 1

where o, is the frequency of the cavity mode. This sys-
tem shows a bistable behavior as shown by Drummond
and Walls [10] who gave a full quantum analysis. Its fre-
quency spectrum has been calculated by Collett and
Walls [11] who have shown that perfect squeezing occurs
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FIG. 1. A double-ended cavity with a Kerr medium as a
quantum-nondemolition-measurement device. Amplitude quad-
ratures of the coherent input fields from the left- and the right-
hand sides serve as the signal and the probe, respectively.

at the critical point at the resonance frequency. The
spectrum has a single peak or two peaks depending upon
the range of parameters. We wish to study this system as
a QND measurement scheme.

III. CALCULATIONS OF THE OUTPUT
QUADRATURES

In order to evaluate the effectiveness of this scheme as
a QND device we need to calculate the correlations be-
tween the signal input and the probe output and also the
correlation between the signal input and output. It is,
therefore, necessary for us to obtain expressions relating

v. and ¥y being the cavity damping rates at the left-
hand and the right-hand mirrors, respectively. In the
frame rotating with the frequency o, of the coherent sig-
nal and the probe inputs, Eq. (2) can be written as
%=—i8a—21')(a{'a2—ya—\/2ymain , 4)
where 8=w,—w, is the detuning. The equation of
motion for the classical mean value a=(a ) of the intra-
cavity mode is given by

‘Z—C:=—i6a—2i)(ialza—ya—-\/mam . (5)
In the steady state,  is given by

~(V2yrap itV 2y rag) /Iy il +e)],  (6a)
where

e=2xlal?. (6b)

If we call the phases of a, a; ;,, and ag;, as 0, 6, and
Or in» Tespectively, and define n; and 7% as

WL:\/2_7’:|aLin|/(?’|a|):

. X — 7
the signal and probe outputs to their inputs. For this we N =V 27 g lagl/(vlal) (7
proceed as follows.
' Using the input-output formulatlop of Collet.t and Gar- Eq. (6) leads to the following relations:
diner [13,14], we can write the equation of motion of a as
Mg cos(0—0p;)=—1—m; cos(6—6,;.), (8a)
9 i mla H o)~ ya =V Ty e | |
dt Mg Sin(0— 0 ;) =(8+¢€)/y —n, sin(6—6, ;) . (8b)
=—ia)a—2ixaTa2——ya——\/2yva- (2) : ; i i
¢ in“in > By defining the fluctuations around the semiclassical
where y =y, +vx and mean values by the fluctuation operators Aa(t) defined by
L K a(t)=a-+ Aa(t) and linearizing Eq. (4) we can write the
V27 iu@in =V 2Y18r in+V 2YRARn » (3)  equations of motion for Aa(t) and Aa' T(2) together as
J
d | Aa() —y—i(8+2¢€) —ieexp(2i0) | | Aa(1) Wern Aa i, (1) )
ar |aato) |7 | ieexp(—2i0) —y+i6+2) | |aatn) | TV 2 i |aat (0| -
Taking the Fourier transform of Eq. (9) we obtain
Aa(w) | V2y, |—7v+ilo+8+2e) ieexp(2i6) Aa (o) 0
Adf(w) | M) —ieexp(—2i0) —y+i(w—8—2¢) Aafin(w) ’ (10)

where the Fourier components are defined as

Aa(a))=—an t)expliot)dt , (11a)

Aa =——2;~an )expliwt)dt (11b)
and

Mo)=(y —iw)*+(8+€)(8+3¢) . (12)

[

The boundary condition at the left-hand mirror is
a; o=V 2yra+ta;;, - (13)

Using this for the steady-state semiclassical mean values
in the form

=V2y,ata;, , (14)

we get the following expressions for the phase difference
(6—06, ., and the magnitude of output amplitude
|a; oul in terms of the corresponding input quantities:

Qr out
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cos(0—0y ) =[V 27, |lal +]ap il c08(0—0, 1)1/ 0L o »

Sin(0—0; o) =lay il sin(0— 6, )/l ouel »

and

(15a)
(15b)

lay o= lap ml?+2yv L lal?+2v 2y, lal lay il cos(6—6, ;)

=(y*al>/2y )nL +4(y L,y +4y L /v )mg cos(6—6, ;)] ,

(15¢)

where we have used Eq. (7). Using the boundary condition at the mirror on the right-hand side, we can get similar rela-

tions with R replacing L everywhere, for example,

lag oul*=(r*lal?72y g mk + 4y g /7> + 4y g /7 Mg cOS(0—06g ;)] - (15d)
Now by using the boundary condition, Eq. (13), for the fluctuation parts of the operators, i.e.,
Aay o (0)=V2yAa(w)+Agp () , (16)
we get the following expressions for Aa; ,(w):
Ay o @)=A" N ) {[(y —ioNyg —yL —io)+2iy (8+2€)+(8+€)(8+3€)]Aa, ()
+2iey; exp(2i0)Aa) (@) =2V vy Ry —ilw+8+2€)]Aag (@)
+2ieV YL v r exp(2i0)Aa} ()} , (17)
which also leads to
Aaj (@) =17 0){ —2iey, exp(—2i0)Aa; (@)
+(y—ioNyg —yL —io)—2iy (8+2€)+(5+€)(5+3€)]Aa] (@)
—2ieV vy 7 exp( —2i0)Aag (@) =2V y LYY —i(0—86—2¢€)]Aa); (o)} . (18)

We define the amplitude quadrature AX%°"(w) and
the phase quadrature AXX°"(w) for the output from the
left as

AXIJFO‘“((O):AGLout(m)eXp( —i0 o)

+AaLT out(m) exp(ieL out) (193)
and
AXE ()= —i[Aay gu(@) exp( =i o)
—Ba] g (@) exp(ifp o)1,  (19b)

and similarly for the output from the right and the two
inputs, with suitable superscripts and subscripts. We give
the expressions for AX%°"(w) and AX®R°*(w) in Appen-
dix A.

IV. CHOICE OF PHASES AND EVALUATION
OF CORRELATION COEFFICIENTS

Now we shall define the quantities needed for verifying
the criteria for the QND measurement. The measure-
ment correlation coefficient C*AX5M AXRoU) s
defined as

lcov,, (AXLin, AxRout)|2
var, (AX %" )var, (AX R out)

(20)

>

CLAXE™, AxRow )=

where the covariance cov,,(4,B) of 4 and B is defined as

r
covw(A,B)=fdw’[( A(w),B(w’))+{(B(w'), A(w))]/2

21)

and the variance var,(A4) of 4 is defined as

var, (4)= [dw'[{ A(w), Aw")) +{ A(w"), 4(w))]/2 .
(22)

The value of the measurement correlation coefficient
gives the precision with which the signal input amplitude
quadrature can be determined by measuring the probe
output amplitude quadrature. For an ideal device, this
should be equal to unity.

The back-action evasion
C2(AXEn AxLout) is defined as

correlation coefficient

[cov, (AXEin, AxLout)|2
var, (AX%™)var, (AXLout)

(23)

Co(AXEm AXE o )=

The back-action evasion correlation coefficient gives the
ability of the device to avoid the degradation of the sig-
nal. If this is equal to unity, no noise or uncertainty is in-
troduced to the signal during the process of measure-
ment.

Now the correlation coefficient C2(AX4 %, AXR %) is
defined as
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lcov,, (AXEout, Ax R out)|2

var, (AX4 %) var, (AR o)

Ci(AWﬁout’AXIiout)z

(24)

In the linear approximation, the conditional variance
V,(AxLout /AxRout) s related to the correlation
coefficient C2(AX Lo, AXR o) by

V, (AXE5ou JAX R out)
=var, (AX L") [1—-C2(AX " AX R )] .
(25)

This conditional variance describes the effectiveness of
the scheme as a state preparation device. For the ideal
case this is equal to zero. In this case we know exactly
the amplitude quadrature of the output signal on measur-
ing the amplitude quadrature of the probe output.

We find that the best choice of the phase relations is
the following:

0—0Lin=m 0—0g,=7/2, (26)

which, together with Eq. (8), leads also to
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Orin—0rLin=7/2, my=1, and Ny =(8+€)/y .

27
Under these conditions Eqgs. (15¢) and (15d) lead to
lal/lag ol =V 2y /(y =271, 08)
lal /|ag oul =V 2y g /[(8+€)*+(2y g )*]V2 .
Now we define the dimensionless quantities
v./v=8, &/y=d, €/y=e, and 0/y=w ,
Hw)=Mw)/y*=(1—iw)?+(d +e)(d +3e) , 29
and
[=1(0)+1+(d t+e)d +3e) . (30)

In Appendix B we give the expressions for AX% %" (w)
and AX % °"(w) in terms of these dimensionless quantities
and under the phase relations given in Eq. (26).

Using Egs. (21) and (22), the covariances and the vari-
ances occurring in Egs. (20), (23), and (24) are calculated
and given in Appendix B. Using Egs. (20), (B4), (B7), and
(B9), we obtain the following expression for the measure-
ment correlation function:

ClAXEM AXROU)=4g(1—g)[(I +1—2g)*+4(1—g) w?]

X {4(1—g)[(1—ghw*+2(1—ghw?+gl(l —4g +2)+(1—2g)]

+(d +e)[(wr—12—4w(2g>—4g+1)+4(1—g)1—2g) I +1—2)]} ' .

(31)

Using Egs. (23), (BS), (B8), and (B9) the back-action evasion coefficient is

Co(AXLM AxE )=

(1—2g —w?)*+4(1—g )w?

(1 —2—w?)?+4(1—g)(l —1)+4g(d +e)®

On making use of Egs. (24), (25), and (B6)—(B8), we find for the conditional variance
V, (AXEout JAX RO ) =({(1 —2—w?)*+4(1—g)] —1)+4g(d +e)?}
X {4(1—g)[(1—gw*+2(1—ghw?+gl(l —4g +2)+(1—2g)?]
+(d +e)[(w2—1)2—4wi(2g2—4g +1)+4(1—g)(1—2g)(] +1—2g)]}
—16g (1—gleX(d +e) w3l +4g —2)%)
X([(I —w?)?+4w? {4 —)[(1—gw*+2(] —ghw+gl(l —4g +2)+(I —2g)*]
+(d +e)[(w2—1)>?—4w*2g*—4g+1)

A discussion of the properties of these correlation func-
tions is given in the following section.

V. RESULTS AND DISCUSSION

From Egs. (31) and (32), we see that for w =0,
(d +e)><<1, (d +e)d +3e) or I >>1, the measurement
correlation coefficient and the back-action evasion
coefficient approach unity and the conditional variance in
Eq. (33) approaches zero. Thus, for parameters satisfying

+4(1—g)1—2g) I +1—2g)]}) 7" . (33)

f

these conditions in addition to those imposed in Sec. IV,
the device described here would serve as a perfect
QND measurement scheme. Figure 2 shows the varia-
tion of the measurement correlation coefficient
Ci(AX%E™, AXR ") versus the frequency for two values
of g=0.7 and 0.9 and for ¢ =100.0, d = —99.9. Figure 3
gives the variation of the back-action evasion correlation
coefficient C2(AX%" AXL°") versus frequency and Fig.
4 shows the variation of the conditional variance
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FIG. 2. Variation of the measurement correlation coefficient
vs frequency for e =100.0, d = —99.9, and g =0.7,0.9.

V,(AXLout /AXR %) versus frequency for the same pa-
rameters. For w =0, all these quantities approach almost
their ideal values for the QND measurement. For the
larger values of g these quantities have larger width
which would facilitate the measurement. These quanti-
ties all show slowly varying behavior with respect to the
parameters for g 20.6. For g =0.5 an instability in the
system causes rapid variation in the correlation
coefficients. This is shown in Figs. 5-7 where we have
shown the variation of the correlation coefficients and
conditional variance for w =0 versus the input phase
difference divided by =, ie., (0g;,—0.:)/7 for
e=100.0, d=—99.9, and h =7, =1.0. These were ob-
tained numerically from their expressions derived by
making use of Egs. (A1) and (A2) for w =0 from which
(6—0g ;,) was eliminated in favor of (8 —6, ;,) by making
use of Egs. (8a) and (8b) and then finding (03 ;,— 6, ;,) in
terms of (60— 6, ;) from Egs. (6) and (7).

From Egs. (6), (7), and (29), we can express |a; ;,|? and

|
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FIG. 3. Variation of the back-action evasion correlation vs
frequency for e=100.0, d =—99.9, and g =0.7,0.9.

Conditional Variance

w frequency

FIG. 4. Variation of the conditional variance vs frequency
for e=100.0,d =—99.9, and g =0.7,0.9.
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FIG. 5. Variation of the measurement correlation coefficient

vs (input phase difference)/m for e=100.0, d=—99.9,
h=n;=1.0, and g=0.7,0.9.
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FIG. 6. Variation of the back-action evasion correlation

coefficient vs (input phase difference)/m for e=100.0,
d=—99.9, h=7,=1.0,and g=0.7,0.9.
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FIG. 7. Variation of the conditional variance vs (input phase
difference) /7 for e=100.0, d=-—99.9, h=7,=1.0, and
g£=0.7,0.9.
|aR in|2 as

lap il*=er?/(4gx),
) (34)
lagil>=evX(d +e)/4x(1—g) .

For small values of the third-order nonlinear susceptibili-
ty, the two input intensities have to be large. From Eqgs.
(34) and (35), we also get

lagil®/laL m|>=g(d +e)*/(1—g) , (35)

which gives the ratio of the two input intensities. For the

chosen values of d and e given above and for g =0.9, the
above ratio is 9% and for g =0.5, it is only 1%. Thus for
the device to be a good QND-measurement scheme the
optimum phase difference between the two inputs should
be Ogi,—0;;,=7/2 and the ratio of the two intensities
lag inl?/ay inl?>5%.

VI. CONCLUSIONS

We have shown that the device consisting of a double-
ended cavity with a Kerr medium having a third-order
nonlinearity in the susceptibility offers a very good
scheme for the QND measurement. The signal and the
probe are, respectively, the amplitude quadratures of the
inputs to the left- and right-hand cavity mirrors. Good
QND-measurement correlations are predicted for a phase
difference between the two inputs of 7/2, and with a ra-
tio of probe input intensity to signal input intensity in the
range of 5-10%. These parameters would seem to be
quite accessible to current experimental techniques.
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APPENDIX A

Using the definitions in Eq. (19) and Egs.(17) and (18), we get the following expression for AX Lout(gp):

||
}"(w)1aLout|

axton (o) /

=V 2y {[(yny /27 )+ cos(6— 0, )][(y —i@)y =2y, —i@)+(8+e€)(5+3€)]
+2y,(8+€)sin(0—0, ;) —n ey sin2(0—0, )} AX L™ (o)
—V 2y {8+l nLy +2y L cos(0— 6, )]~ [(y —io)y =2y, —iw)+(8+€)E+3€)]sin(0—0, ;)

+2n; ey sinX(0—0, ;)| AX L™ (o)

—V2yr{(y —i@)[2y, cos(0— Ok iy)+ 7,7 cOS(Op 1n =01 in)]
—(8+€)[2y, sin(0—0g ;) — 1Ly sin(Ogin— 01 i) ]+ 21, 7€sIN(O—0; ;1) cos(8— O ;) ] AX R " (@)
+V/ 2y g {(y —i@)[ MLy Sin(Og = 0,1) =27 SIN(0— g in)]
—(8+€)[2y cos(60 =0 in) T 7.7 cOS(Og in—OLin) ]
—[2n,yesin(6—06; ;) sin(0— 0z, ) ]JAX R M(w) , (A1)

where we have also used Egs. (15a) and (15b) to eliminate (8— 8, ) in favor of (6—6, ;,) and |a; .,/ is given by Eq.
(15¢). Now interchanging L and R (L<>R) in Eq. (A1), we also get the following expression for AX Rout;
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al

|
AXR out /
* (m) )"(w)laR outl

=—1V2y . {(y —i)[2yg cos(0— 0 ;) +1rY c0s(Og in— 01 in)]

—(8+€)2yg sin(0— 0y i,) Mg Y $in(Orin— 01 in) 1+ 20r Y €SIN(O—Og i) cOS(O— 0, 11) }AX L™ (@)

—V 2y ((y—ie)[ +mgy sin(Og ;s — 0L i) +27 g Sin(6— 6 ;)]
+(8+€)[2y g cos(0—0; i)+ gy cos(Og in— 01 in)]+2ng vesin(0—0, 1) sin(0—6g ;) }AX L™ (o)

+V 27 r {[(yn& 72V R )+ cos(0— O 1) [(y —iw)(y =2y g —iw)+(8+€)(5+3€)]
+2y g (8+€)sin(0—0g;n) —Mre€Y SIN2(O—0p 1)} AX R ™ ()

—\/m{(S—%e)[nRy-%ZyR cos(0—0g )1 —[(y —ioNy —2yg —iw)+(5+€)(5+3€)]sin(6— 0O ,)
+2ng ey sin2(0—0g ;) }AX R (w) (A2)

where |ag o, is given by Eq. (15d).

APPENDIX B

In this appendix we give the expressions for AX% °“(w) and AX % °*(w) under the choice of the best boundary condi-
tions given in Eq. (26). Also we give the expressions for the covariances and variances which we need for the calcula-
tions of the correlation coefficients and the conditional variance of interest.

By using Eqgs. (26)-(30), Egs. (A1) and (A2) reduce to

AXEO (w)=[1(w)] ([ —2g —w?—2(1—g)iw ]AX L™ (w)—2g(d +e)AX L™ (w)
—2Vg(1—g)(d +e)AX R (w)+2Vg(1—g)(1—iw)AX R i"(w)} (B1)

and
AX RO ()= {1(w)[(d +e)*+4(1—g)*]"2} 1 2vg(1—g)[] +1—2g —2(1—g)iw]AX L™ (w)
+2Vg(1=g)[(1—2g)(d +e)+iw(d +e)]AXEi" (w)
+(d +e)(—2giw —w*+1+4g*—6g +2)AX R i"(w)
+2(1—g)(—2giw —w’+2g —DAXR"(w)} . (B2)

For calculating the variances and the covariances, defined in Egs. (21) and (22), which occur in the definitions of the

correlation coefficients, we shall use the following relations which hold for the coherent input:
(AXE™(w), AXE M (w")) =8(w+w'), (AXLM(w),AXEiM(w'))=i8(w+w’),
. . (B3)
(AXEin(w), AXE ™ (w'))=—i8(w+w’) .

Similar relations hold for the input from the right and we shall assume that there are no correlations between the two
inputs. Using these relations and Egs. (B1) and (B2) and for the best choice of the phase relations given in Eq. (26), we
obtain the following expressions for the covariances and the variances needed for the calculations of the correlation
coefficients of interest:

4g(1—g)[(1+1—2g)°+4(1—g)*w?]

[(1 —w?)*+4w?][(d +e)*+4(1—g)]

(I —2g —w?)?+4(1—g)w?

(1 —w?)?+4w?

16g (1—gleX(d +e) w>—1+4g—2)°

} [(I=w??+4w?[(d+e)*+4(1—g)*]
var, (AXR o) ={4(1—g)[(1—glw*+2(1 —g)w?+gl(1—4g +2)+(1—g)?]

+(d +e)l[(w?—D*—4w?(2g>—4g +1)+4(1—g)(1—2g)I +1—2¢)]}
X{[(I—wH)+4w?][(d +e)*+4(1—g)*]} !, (B7)

| cov,, (AXLin AxRout)|2= , (B4)

ICOVW(AX{;m, A X{,‘_out)|2=

) (B5)

| cov, (AXLow AxRou)2=

) (B6)
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oy 2)2 _ _ 5
var, (AxLow)= =2 w*P+41—g)l —1)+dg(d +e)

(I —w?)+4w?
and

var, (AXLim)=1 .

) (B8)

*Permanent address: Departmento de Fisica, CCEN,
UFPB, Joao Pessoa, Paraiba, Brazil.
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FIG. 1. A double-ended cavity with a Kerr medium as a
quantum-nondemolition-measurement device. Amplitude quad-
ratures of the coherent input fields from the left- and the right-
hand sides serve as the signal and the probe, respectively.



