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Vibrational excitation of molecules in electron scattering
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We derive the summed and averaged differential cross section for vibrational excitation of molecules
in electron scattering in the &amework of the algebraic-eikonal approach. The additional ingredient
is that the T-matrix elements are derived in the mean-field approximation using intrinsic vive
functions for the vibrational excitations.
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I. INTRODUCTION

In most electron-molecule scattering processes at in-
termediate energy (2—50 eV), the rotational final state
of the molecule is not resolved, and in many cases the
initial state of the molecule is distributed over many ro-
tational states as well. In these cases it is only the cross
section summed over final states and averaged over ini-

tial states that is of interest. By contrast, typically the
vibrational states can be resolved. The job of theory is
to calculate this rotationally summed and averaged cross
section. This can be done by first calculating each indi-
vidual rotational state cross section and then summing
and averaging, but this is not just time consuming, it
also is wasteful since it first introduces a great amount
of detailed information, and then averages most of that
detail away.

In this note we want to reemphasize [1,2] that in order
to calculate the summed and averaged differential cross
section it is not necessary to first calculate the individual
rotational transitions separately. This cross section can
be calculated directly using intrinsic wave functions. No
detailed knowledge about the various rotational states
is needed. For vibrationally inelastic scattering, we use
a generalized dipole operator and show that its effects
are easily calculated using mean-field methods. These
two steps —using only intrinsic states and exploiting the
mean field —can be generalized to a wide class of prob-
lems where they give promise of great simplification.

In Sec. II we show how the intrinsic state formalism
simplifies the calculation of the summed and averaged
cross section. In Sec. III we introduce the vibron model
and show how the eikonal T-matrix elements can be de-
rived in the mean-Geld approximation. In Sec. IV we

apply the formalism in a simple illustrative case. Section
V presents some conclusions. Some technical details are
presented in the Appendix.

II. DIFFERENTIAL CROSS SECTION

The intrinsic state formalism assumes that a molecule
has an internal equilibrium state or shape. That state can

be a real geometric shape as in the fixed dipole shape of a
diatomic molecule, or it can be an "algebraic" state found
in the mean-field approximation. The intrinsic state usu-
ally breaks the rotational invariance of the Hamiltonian.
The individual rotational states can then be obtained by
projecting the intrinsic states onto states of good angular
momentum and parity.

The basic assumption made in medium energy
electron-molecule scattering is that the electron goes by
the molecule in a time short compared with the rotational
time. This is equivalent to the assumption that the scat-
tering is diagonal in the intrinsic state. Assuming that
the rotational motion is independent of the vibrational
state, the completeness of the rotational states allows the
sums involved in the final-state summing and initial-state
averaging to be done by closure. In this case the summed
and averaged cross section is particularly simple. It is the
cross section in a certain intrinsic state averaged over its
orientation. For a diatomic molecule that orientation is
specified by two angles, which we denote by A.

As a result one finds that the rotationally summed and
averaged difFerential cross section for electron scattering
from a diatomic molecule from vibrational state v to v'

is given by [1,2]

dn[(k. .. n(r(k. ..n) ]',
dO 4'

where q = ~k —k'] is the momentum transfer. This form is

quite general. It depends only on the completeness of the
rotational states, and on the assumption that an intrin-
sic state formalism exists in which vibrational excitation
does not change the orientation O.

It is particularly simple to calculate the T-matrix ele-

ment in the eikonal approximation. The eikonal approx-
imation is a short-wavelength approximation and thus it
shares the same domain of validity as the approximation
that makes the T-matrix element diagonal in A. The T-
matrix element for vibrational transitions v + v' in the
eikonal approximation is given by
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V(r) = — 2r" T .
r~ + R(~

(3)

Here T is the dipole operator in the molecular space,
and Ro a parameter introduced to crudely model the
short-range electron-molecule interaction that cuts off
the dipole interaction at short distance. The eikonal pro-
file function is then

"f-"(".") (4)

To calculate the matrix elements of the dipole operator
between intrinsic molecular states it is convenient, but
not essential, to use an algebraic description of the ro-
tational and vibrational excitations of the molecule in
terms of the vibron model [3]. The combination of the
eikonal approximation for the scattering and the vibron
model for the molecular dynamics is usually referred to
as the algebraic-eikonal approach In th. e next section
we discuss the derivation of the T-matrix elements in the
vibron model.

III. VIBRON MODEL

The vibron model [3] describes the molecular states
of a diatomic molecule in terms of a dipole boson pt

(p, = 1, 0, —1) and a scalar boson st. The total number
of vibrons N is conserved by interactions in the model.
The vibrational wave functions in the intrinsic frame can
be parametrized in terms of three geometric variables, a
coordinate P, and two Euler angles A = ($, 8, 0) [4],

iN, v, P, A )= R(A)iN, v, P ),
with

1 'U

(N, v, (9)= (—pe(+ vl —(9e9e)
gv!(N —v)!

x 1 — ~8 + po 0), 6

where R(A) is a rotation given by

R(A) = e-'4"-'"
The value of P can be determined by minimizing the ex-
pectation value of the Hamiltonian in the ground state
iN, v = 0, p ), or equivalently, by solving the Hamilto-
nian in the Hartree approximation. The intrinsic ground
state is easily seen to be a condensate of a dynamically

appropriate linear combination (depending on P) of st

and po bosons, while vibrational excitations are created
by promoting v bosons from the condensate to the or-
thogonal combination.

In our previous work [2] we used a simple form for the

T„„(q,A) =( k', v', A]T]k, v, A )
k

d be'~' ( v', Aie'~i ) —liv, A ),
2vri

~

~ ~

(2)

where we have taken a dipole coupling between the in-
coming electron and the molecule

dipole operator in the molecular space

D (pts sty)(i)

where p„= (—1)i "p„.Since this operator is a generator
of U(4), the matrix elements of the exponentiated dipole
operator between molecular states can be interpreted as
representation matrix elements of the symmetry group.
With the exception of the rotation group for which the
representation matrix elements are the familiar Wigner
17 functions, the use of representation matrix elements of
other groups is not very common in physics applications.
There is therefore much interest in the group theoretical
technology required to calculate them. In Ref. [5] we
showed how to derive them for the U(3) and SO(4) limits
of the vibron model.

The D form of the dipole operator gives a good account
of dipole transitions within a rotational band, but a study
of infrared intensities in hydrogen halide molecules [6]
showed that the dipole operator

Te = deD„+ ed& (e""'D„+D„e""'), (9)

where A„ is the p-boson number operator, provides a
much better description of the available data for vibra-
tionally inelastic transitions. The same operator T„was
used to describe vibrational excitation in electron scat-
tering [7].

The calculation of the matrix elements of the eikonal
operator with this more complicated form for T is a
formidable challenge, since the dipole operator is no
longer linear in the generators of the symmetry group.
There is one feature of the algebraic description of
molecules that can simplify the calculation greatly. For
most molecules the number of bosons N is large. This
means that one can calculate matrix elements to a good
approximation in mean-field by replacing the boson oper
ators by their expectation values in the mean field. The
corrections to this approximation are of order 1/N. We il-

lustrate this method in a study of electron-molecule scat-
tering with vibrational excitation. The method is illus-

trated for vibrational excitation of diatomic molecules,
but we would like to stress once again that it ean easily
be extended to more complicated molecules and to any
other dynamical scheme.

In this note, however, we only want to introduce the
method, and illustrate it with some simple examples.
The extension to vibrational excitation of larger (tri-
atomic and polyatomic) molecules and to treatments be-
yond the eikonal approximation will be the subject of a
future publication.

A. Vibrationally elastic scattering

The matrix element appearing in the integrand of the
expression for the T-matrix element, Eq. (2), ean be eval-
uated simply in the mean-Geld approximation. For vibra-
tionally elastic transitions it is given by

(N, v=0, p, Air«'i'T-1[N, v = 0, p, A &

=(Nv=0, p]Re'~i! R —liNv =0,p),
(10)



1390 R. BIJKER AND R. D. AMADO

where R is the product of the orientation rotation and a
rotation, (4) = (pb, x/2, 0), of the transition operator to
the z axis

R= R (A)R(b) = e' "e'i~ ~'~ e '» (ll)

As a result we find that the T-matrix element for vibra-
tionally elastic scattering for v = 0 —+ v' = 0 is given

by

The vibron operators appearing in the z component of
the dipole operator are transformed into

astra-' = st,

'Rpt'R ' = (sin8)pt —(cos8)p~,

Tpp(q, A) =
27ri

d2) iq b

&igog(b) cos(&b-$) sin 8

RptvR ' = cos(gb —Q)p~t

—sin(pb —p) [(cos 8)pt + (sin 8)pt],

Rpt'R ' = sin(pb —p)pt

+cos(pb —p)[(cos8)pt + (sin8)pt] .

(12)

The coefficient (p is the intrinsic matrix element of the
dipole operator of Eq. (9) in the mean-field approxima-
tion

(p = ( N, v = 0, PiTilV, v = 0, P )
We now evaluate the matrix element in the mean-field
approximation, in which the boson operators are replaced
by their expectation values in the condensate, namely

st -+ QN(l —P2)

=2Npd1 —p~ (do + d, e" ~
) (15)

and can be normalized to the static dipole moment of
the molecule by (p = d,„~i. The angular part of the
integral over the two-dimensional impact parameter, b =
(b, pb), can be evaluated analytically by expanding the
exponentials in terms of Bessel functions. As a result the
T-matrix element simplifies to a one-dimensional integral
over the impact parameter

k
Tpp(g, 0) = —.

OG

b db Jp(qb)( Jp((pg(b) sin 8) —1) + 2 ) (—1)"J„(qb)J„((pg(b) sin8) cos[n(Pq —P)]
n=1

The convergence of the integral over the impact parame-
ter is very slow due to the dipole nature of the interaction
potential. Numerically it is very efficient to first sub-
tract the leading-order contribution from the integrand
and then add back in again the correction integral. We
show in detail how this is done in the Appendix.

B. Vibrationally inelastic scattering

Using the same mean-field arguments as above, the T
matrix for vibrationally inelastic scattering for v = 0 ~
v' = 1 is given by

k
Tip(q, A) =

27ri
d b e' '

i(ig(b) cos(Pb —P) sin 8

incog(b) cos(gb —P) sin e
) (17)

where (i denotes the intrinsic transition matrix element
of the dipole operator

(, =& m, v = l, p]T]m, v =o, p &

= (1 —2p )v N(dp + die" s )
+2P2(1 —P )Ny N Adie"

I

transition operator and contributes only if the SO(4) dy-
namical symmetry is broken (for Pz g 0.5), whereas the
second term arises from the exponential part of the dipole
operator. (i can be normalized to the dipole transition
matrix element (i ——Rpi [8], either taken from exper-
iment or from ab initio calculations. In deriving this
equation we have used the fact that all parameters (dp,
di, and A) in the dipole operator scale with 1/N.

Note that the elastic T-matrix element Tpp 1,
whereas the inelastic one Tip 1/~N. This indicates
that in leading order in N there are only hv = 0 transi-
tions, in first order Av = 1 transitions, etc.

Also in this case the angular part of the integral can
be evaluated in closed form

OO

Tip(q, 0) = —— b db (ig(b) sin8

x ) J„((pg(b) sin 8)Ji „(qb)
n= —OO

x cos[(l —n)(P~ —P)] .

The first term in (i comes from the linear term in the The convergence of the integral in Eq. (19) can be im-
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proved using similar methods as for vibrationally elastic
scattering. Details are given in the Appendix.

IV. APPLICATIONS

H .~=AP4+BL, L+sn„+6'n„',
E(p) =(N, v =O, p]H i]N, v =O, p&

=zp +yp +z,
with

(20)

To apply these methods in a sample calculation we
have to determine the parameters in this approach.
Those in the vibron Hamiltonian and the total number of
vibrons N can be determined by studying the rotational
and vibrational excitations of the molecule [2]. Once the
Hamiltonian is specified the value of P that character-
izes the structure of the intrinsic states can be obtained
by minimizing the energy surface. In the vibron model
for diatomic molecules the equilibrium value of P can
be obtained analytically for the most general one- snd
two-body Hamiltonian. In the notation of [2], the energy
surface is written as

summing and averaging the contributions from the indi-
vidual rotational transitions (dashed line). The results
of these two methods are identical to the accuracy of the
plot. This agreement is no surprise, it is really a test of
completeness. We present it here since so many molec-
ular scattering calculations, even when they begin with
the amplitudes in the intrinsic state, Grst project and
then sum and average. We want to stress that is not
necessary.

Even though we used different dipole operators in the
two calculations, Eqs. (9) and (8), respectively, the fi-
nal results are virtually identical, since in both cases the
strength of the dipole operator is normalized as to re-
produce the static dipole moment of LiF. Equation (14)
shows explicitly that the vibrationally elastic scattering
is determined completely by (0 = d,„pt.

In Fig. 1 we also plot the cross section for excitation
of the first vibrational excitation (v = 0 ~ v' = 1).
The linear term in the dipole operator D cannot induce
vibrational excitations in the SO(4) limit. In previous
work [2] we calculated inelastic excitation using D, but
introducing a symmetry-breaking term in the Hamilto-
nian. Using only the linear term we find cross sections

z = (A+ 6')N(N —1),
y = N [e + b + 2B —A(N —1)),
z = AN(N —1)/4 . 103

I I I t
t

I I I I
i

I 1 I I
t

I I I

The energy surface has minima at p = 0 for y & 0, and
at p = —y/2z for y & 0 and z ) 0. In the exact SO(4)
limit, one has y = —z or pz = 0.50. An examinaf;ion of
typical vibron fits to diatomic molecules [2] yields values
of P near the SO(4) limiting value (for example, Pz =
0.57 for LiF and Pz = 0.54 for KI).

The parameters in the dipole operator, do, di, and A,
can in principle be determined by studying the infrared
transitions [6]. However, as we have seen in Eqs. (14) and
(17) the vibrational excitations v = 0 ~ v' = 0, 1 only
depend on (o and (i. These intrinsic matrix elements can
either be calculated by inserting the appropriate values
of the parameters in Eqs. (15) and (18), or be determined
directly from the static dipole moment, (s = d,„~t, and
the transition matrix element, (i ——Roi.

As an illustration of the methods developed in the pre-
vious sections we apply our approach to electron scatter-
ing from LiF. The parameters in the vibron Hamiltonian
are taken from [2]: A = 7.929 cm i, B = 1.898 cm

—127.268 cm, and 6 = 0 cm . The number
of vibrons is N = 113. The coefficients ( appearing in
Eqs. (14) and (17) are determined by the experimental
dipole moment of LiF (0 = d,„~t ——6.58 D and the dipole
transition matrix element (i = Rei = 0.2718 D, which
was obtained from an ab initio calculation [8]. Finally,
the dipole cutoff radius we take is Ro = 0.5 A.

In Pig. 1 we show the summed and averaged di6er-
ential cross section for vibrationally elastic excitation
(v = 0 ~ v' = 0) of LiF by 5.44-eV electrons. We
compare the results obtained in the intrinsic mean-field
approximation by integrating over the orientation of the
molecule (solid line) with those obtained by explicitly
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FIG. 1. Differential cross section in A /sr for vibrstionslly
elastic v = 0 —+ v' = 0 and inelastic v = 0 —+ v' = 1 exci-
tation of LiF by 5.44-eV electrons. For elastic scattering the
averaged mean-field calculation (solid line) snd summed cross
section from individual rotational transitions (dsshed line) sre
virtually identical. For excitation of the 6rst vibrational state,
we show the cross section calculated with a simple dipole op-
erator (dotted line) snd with s generalized dipole operator
(dsshed-dotted line). The experimental dsts [9] are normal-
ized to our results at 40 .
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that are three orders of magnitude smaller than the elas-
tic (dotted line). A study of infrared intensities showed

[6] that for vibrationally inelastic transitions it is impor-
tant to use the generalized dipole operator of Eq. (9).
Figure 1 shows that the cross sections calculated with
this operator (dashed-dotted line) are only two orders of
magnitude smaller than the elastic one, just as we expect
from 1/N counting. Similar results for inelastic scatter-
ing have been obtained by Mengoni and Shirai [7] and
independently by Alhassid and Shao [8].

In contrast to the elastic case which only depends on
the static dipole moment of the molecule, Eq. (17) shows
that the vibrationally inelastic scattering (v = 0 —+ v =
1) is determined both by the static dipole moment (p ——

d,„~i and a transition matrix element (i = Rpi.

V. SUMMARY AND CONCLUSIONS

We reemphasized that in order to calculate the
summed and averaged differential cross section, it is not
necessary to first calculate the individual rotational tran-
sitions separately and then sum them. This cross section
can be calculated directly using intrinsic wave functions.
No detailed knowledge about the various rotational states
is needed.

The method was applied to vibrational excitation of
diatomic molecules using a dipole interaction only. It
is straightforward to generalize this treatment to larger
molecules and to include other multipole interactions,
such as, for example, a quadrupole interaction.

For those more complex operators, even for a more
complex form of the dipole operator, algebraic evaluation
of matrix elements is difficult. However, semiclassical
(large N) expansions are very appropriate for the cases
considered here. They make it possible to evaluate the
matrix element of any operator that is an arbitrary func-
tion of the algebraic operators. This greatly simplifies
our eikonal treatment, but similar ideas can be applied
in other more accurate dynamic schemes where they hold

l

promise of great simpli6cation. These include direct cal-
culation of scattering in the intrinsic (body-fixed) frame
for vibrational excitation of both diatomic and more com-
plex molecules.
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APPENDIX

In Sec. III we showed that the eikonal T-matrix el-
ement can be expressed in terms of a one-dimensional
integral over the impact parameter, see Eqs. (16) and
(19). The convergence of the integral can be improved
by using that for large values of the impact parameter
(b & bp) the eikonal phase approaches the point dipole
form (pg(b) ~ 2n/b with a = med, „~t/5 k. The Bessel
functions appearing in the integrand can then be approxi-
mated by J„((pg(b) sin 8) ~ (n sin 8/b)" /n!. As a result,
for b & bp the integral can be calculated numerically us-

ing Eqs. (16) and (19), while for b & bp we rewrite the
T-matrix element as

T„„(q,0) = T~,'„!(q,0)+T~,„!(q,A) . (A1)

The first term has a rapidly converging integrand (as a
function of the impact parameter), as we have subtracted
the leading-order contribution from the integrand. The
second term represents the remainder, which in case of a
dipole interaction can be derived analytically.

For vibrationally elastic scattering (v = 0 ~ v' = 0)
the contribution to the eikonal T-matrix element for b &

bp is given by

Tpp (q 0)(1)
Z

and

OO

b db Jp(qb) (Jp((pg(b) sin 8) —1)

+2 ) (—1)"J„(qb) J„((pg(b) sin 8) ——
i cos[n(P~ —P)]

1 osin8 I"
n! b

(A2)

Tpp (q, 0) = —. ) (—1)"—,(n sin 8)" „ i cos[n(P~ —P)] .(g) k . „2 . „J„ i(qbp)

n=1 qbo
(A3)

Similarly, for the vibrationally inelastic scattering (v = 0 —+ v' = 1) the integral is calculated numerically for b & bp

using Eq. (18), while for b & bp we first subtract the leading-order contribution from the integrand and then add back
a correction integral. As a result we have for b & bo,

(1)
OQ

Tip (q 0) b db (i ) (—1)" J„(qb) cos[n(Pq —P)]J„+i((pg(b) sin 8)g(b) sin8

+J„+i(qb) cos[(n+ l)(P, —P)]

2 t'o. sin8) "+
x J„og b sin8 g b sin8-

pn! ( b ) (A4)
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SDd

Tio (g, 0) = ——. ) (—1)"—,(cr sine)" „cos[(n+ 1)(P~ —P)] .(2) k 2(s . „1 . „+y Jn(qbo)

n=p A. qp
(A5)
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